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A M m &  Attmtim b m t l y  boen fPcusad on hgular aspem of tht behavim of dynamicd systems. One 
of such behaviourrtl modes is chaos whib has been widely reported as having a great potential in 
communications. This study aimed at demons&atiug the major conqts  $ non-Smear dynamics and chaos grid 
the applicadm of these properties in c o ~ i c a d o n .  The bebavioural madm of hgistlc map which is a simple 
dyndcal system were iavestig&d w£th dweewt values of system parameters and initial conditions by .: 

computer sirnuhion using MIcwsoR Excel. The s h W m  mulk indicated the sensitivitiwi of the logistic map 
to parameter changes as we11 as d t i o m  in the initial d i t iom.  The noiss-Like chaotic trajectory obtained 
for certain pafameter v8Rte was employed id muking a message signal. The mdting signst confirmed the 
potentid application of chaos h accwe c d e .  
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A dynamiwl system is a set OF functions that specify 
how variables cbauge over tima (Clallton, 1997). It b a 
non-linw aystm which may h ihuibed by a 
differential equation or a map (difference equation) 
(&lam et a!., 1983; Drazin, 1992). Dynamicrtl system can 
exhibit a great variety of bchaviml modes some of 
wbiefi are dwmph nature (Frelre et d., 1984). O m  the 
years, thmt bas h a lot of andpis of the regular 
motion of d y a d c a l  ~~ l i i  tbe solar systwn. 
Attention has recently been finwed imgufar aspects 
a f  tbe W o w .  Indeed, most dymmiml systems such 
as wwhw are highly irregda and n~toriously l yd i f f  to 
predict (Hml II, 1992). 

Cham refers b tho mpmdicbble, seetnin& random, 
motion of trajecrorieg of a dyrulmical system which was 
first obmed io the ! m d m d o a a l  Van Der Pol 
equation witb rm fotcing term el d., 1983). Chaos is 
mathematically defined as b i n e s s  generated by a 
simple deterministic sydm (Pwm and Carroll, 1990). 
Tbis randomess is a result of the sensitivity of dimtic 
system to initial cohditim. If any two W c a l  chaotic 
~~ haw slightly different initial miditiow, they will 
diverge from each othm to give urrcorrciated outputs. 
However k a u ~  tka tptems ate deterministic, chaos 
sometimes has some o r d ~ l ~ s  inhereat in it. Two 
identical cbaotic systems driven by tbe m e  signal will 
produce the same output even tpwgb, the o q u t  is 
u n ~ * l t .  Thus, &os can essentially be tb*t of 
as d e t d i c  n o k  Chaotic dynsmiw bave i a M  

chemicaI engineers with r q a e t  to fllrids ap$icatio~ls and 
biotehology engineers as regards periodic beat pattems 
in a rabbit M (Lim and dumg, 1997). However, chaos, 
mcwt of the h e  bas undesirable effect in mecbical and 
el&cal enginwing design and must be averted. Ckkitl 
efPects blamed on noise in electrical systems are examples 
of chaotic Wviour of a completely deterministic 
n a m  (Freire el d, 1984). The iavestigatio~ of the 
syaclwnhtion of chaotiE systems began only m t l y  
but it already has some fruitful teturn, especially In the 
areas of commmmunication and signal: processing (Chen, 
19%). Tbe synchronization problem consists of making 
two gystems osciHate in a s y a c ~ ~  manam 

Thee*: A m m m  of behavim of a dynamical syste!n as 
a function of time is often r e f e d  to as time +os. An , 

amm is the sEatus tbat the system eventually settIes 
down to. It is a set ofvahe8 in tbe phase w e  to which 
a syslem migat- over time or item-. A phase space 
o r  state space is an abstract space used to repsent the 
bebavimm of a system and iis dimensions are the 
variables of the sysw.  It ia cssmiaily a graph in which 
each axis is associated with one dynamic variable. When 
a system setIIes down to a point, the attractor is called a 
one-poht amctw (Clayton, 1997). When a system settles 
down to alimating betmen two points, irs arcrectaq Is 
referred to as a twwpoiat attractor. The change from a 
one-point attractor to a two-point atmctor is ref& to 
as a bifurcation or period doubling. B a t i o n  is a 
qnalitative change in the bebavioup (attractor) of a 
dpamical system awxiated with a change in a control 

Comap~nding Author: LA. -1, hpmnar af Elemid and Elecftonic Engirwrbg, U n i m t y  or Ibadan, Tbadan, Nigeria 
165 . , 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



J.  Bag, Applied Sci., 7 (2): 164-1 69, 201 2 

parameter m, 1992; Clayton, 1997). A dynamial 
system having an infinit&point enrector often & a 
mgt attractor is h o w  us Chaotic System. Tke 
Logistic Map or Logistic Difference Equation is a model 
often used to introduce chaos (Cbyton, 1997). Although 
it is simple, it di1ays the major chaotic concepts. As 
example of the logistic map, d d e r  a Limited Growth 
(VeAulst) Model which was wed in 1845 by Verhuist to 
predict American population from census data (Hamel II, 
1992). This model f e x p m d  an (Cfayton, 1997): 

RESULTS AND DISCUSSION 

Plotting x, against n for -1 and x, - 0.5 gave the 
time series graph shown io Fig. 1 a, b isa phase porbait for 
r 0.5, Figure 2-5 shows the time series aad phase 
pmits for xl = 0.5, I-; x, = 0.5, r -33; x,=05, r= 3.54 
and x, = 0.5, r - 399, mspectively. 

(1) 
3 1 t - 0 . 1  

%+L =mrn [l-za] -+ 1-05 

Where: 
x,+! - The new populatim 
x, = The old population I .. . .. 
r - The rate of popuhtion growth - 

I 
n - The time interval 

In Eq. 1, lkt, x, is the d a b f w  while r . j s  the 
parameter. C h ~ t i c  amctors being noise-lW in 
appearance can k used to hide infarmation from an 
unwanted receiver. To recover the infomation, it is 
necessary to h v c  another copy of &e chaotic sy@m 
with exact parameters which arc used in the transmitter. 
The chaotic system at the receiver end must synchroh 
with that at the transmittw end if the exact information 
transmitted is to be recoverad 8t the re~civer end. In 
general, mo perk& symm am r e f e d  b as himg ~~ if either their phases or fwqmcits are 
locked For Chaotic System, however the notion of 
Frequency and p k s  are in general not well defined md 
can thus not be used in ~~g syuchmkfion 
(Parlitsa el al., 1999). A slight variation m the initial 
conditions causes identical chaotic symm to diverge 
and faU out of q n c h n i g m  with each other. Also, my 
dight change in the parameters rcsults in a cbange in the 
trajectory and this will a&ct synchronization bctweea the 
transmitter and the receiver and it then becomes 
irnpossibb to recover tho infinmation at the receiver end. 
Various sychmhtion techniques have bsen widely 
rqmted in the litmatwe (Pecum aud Camrll, 1990; Yang, 
2004; DBdieu et d., 1993, Parlitz ef d., 1999). 

To observe the various Wvimrral modes o f  the 
logistic map, the function is simulated Mimofi Bxcal 
using dierent values of parameter, r and initial 
eo~ditioas. Tbe h e  series and phase portraits were 
obtained by plotting &, a g a h t  n and x.+, against x,. 
respectivdy. To d e r n m k  the potential appIication of 
chaos in communication, a cbotic signat was added to a 
messae signal (a pure shsoid) to hide the information 
from unwanted receiver. 

Fig. 1: Time aeries graph 

F& 2: Time series and phase prtrait for I-, x,= 0.5; a) 
Time sefiea and b) Phase porttait 
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Fig. 3: For r = 3.2; a) tranguIar wave oscitlator and b) 
bifurcation w period doubling 

Fig. 4: Time series and phase porhit for r - 3.54, x, 0.5; 
a] Time series and b) P h m  portrait - 

The time series in Fig. 6 showed entirely different 
trajectories forinibl cw4tions x,-0.3 and x,= 0.301. The 

Fig. 5: At r = 339; a) S h g e  attractor and b) Choes 

Fig. 6: T i c  %ria for r - 3 . e  x, = 0.3 and r = 3,99; 
x, - 0.301 

trajectwy of thc signal was obtained by adding the 
message-sip1 In Fig. 7 and the chaotic signaI in Fig. 8. 
The graph in Fig, I in which b, goes towards zero as n 
increases is usually re.ferred 'to as a one-point attractor. 
The system shown in Rg. 1 behaves like an RC circuit 
where the curve represents an exponeatialIy decaymg 
current or an RL circuit where the curve repmwik an 
exponentially decaying voltage, Figure 2 lows  that 
regardless OF the starting value, the system displays* 
nokzero we-point aitractors. The system illustrated in 
Fig. 2 behaves like an amplifier with almost constant 
p i n .  For r = 3.2 as shown in Fig. 3, the system 
seala down to alternating.behveen two points. This is a 
two-point attractor which is also a periodic amactat. 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



J.  Eng. dPPhed Sci., 7 (2): 155-169.2012 

the system has an unpredictable ttaj0ctPry indicating that 
chaos has set in. While tbe behavwurs of the system 
sbown in Fig, 1-4 are predictable ~~ they all havt a 
~ i t e  number of amictors, the system shown in Fig. 5 bas 
an infinite number of attractors and so it is chaotic and its 
behavim is unpredictabIe. 
' This system'would produce an unpredictable output 

no m a w  the iuput sigaal. Another important feature of a 
Chaotic System k its sensitivity to initial conditions 
(Clayton, 1997). Any two identical chaotic systems 
having slinhtty different iaitid st&s will dtym'gc h m  

Fig. 7: Siriusoidaf message signal 

Fig. 8: Choatic signal waveform 

Fig. 9: Secured message signal (original mcsmge signal 
plus choati~ signal) 

The system shown in Fig. 3 behaws S i  a triangular 
wave osciltator. The change fmm a one-pint attractor to 
a twwpoint amactor is referred to as a b i t i o o  or 
period doubting. F i p  4 shows another bifurcation from 
a two-pint atmotor to a fOUPPOint amactor with r = 3 54. 
The system in Fig. 4 also beha{& like an oscillator but 
with its frequenq halved {or perid doubled). At r - 3.99 
as shown in Fig. 5, th system has idmite-point attrackor 
which is referred to as a shmge attractor. At this point, 

- - -  
each otber, Consider the h e  seriea forr-3.99:x,=0.3 ' 

and r= 3.W; x, = 0.301 mid using the first 40 iterations 
as &own in Fig 6. It i s  eked from Fig. 6 that eves a 
d l  ehm ia the initid condition as low w 0.001 causes 
the time series to diverge a m  one mother. The chaotic 
signal e&ctiveIy concealed the message sigaal as shown 
In Fig. 9 from unwanted receiver, demonstrahg the 
application of chaos in swre  commnnication, Atthough, 
the dpmical system modeiiad in this research is abstract 
in nature, it is not impodibIe to build a practical system 
that has the p p d e s  of the system. Thus, a Chaotic 
System may be used to mask an Information signal such 
that an unwanted interceptor would not be able to make 
qny meaning of it. The information is therefore made 
secure by mpioyhg c l y s  (Kennedy et ol., 2000), 
,Practical chaos-based s m e  communication systemti 
make use of higher dimension systems such as the Loren2 
System and the (Shurt oscillator whicb are moF complex 
and hence, provide higher security d information being 
transmitted. 

The major behavioufaI modes of a dynamical system 
including chaos have been discussed in this research and 
illusaated using computer simulations. The simulation 
results show the stnsitivity of dynsmical sflams to botb 
changes in system parameters as well as the initid 
conditions. The applications of the different bebavi~ural 
modes of tbe modil1ed dynamical system were discussed 
with a special attention paid to the application of the 
chaotic behsviowr of the dynamiml system in secure 
comunicstim. 
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