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The annlysis of a transierzt 2-Diine~~sionnZ hecrt co~.ldwction problem by the 

Firaile Element Method is herely presented X4e soIzitr'dn approacI7 was 

that of partial discretisation : &?TO& isopapamedric elemenfs were trsed in 

the discretisation of the problem donmain ir~ dhe &padial coordinateJ while 
linear tempor& elements me used in the discretisation of the time domain. 

fie GalerAin 's weighted ~esidual Gethod war. -~sed in the dewiopntent of 

theasptern epcrtion in tke space &mainJ md their @msfom~io~2 info ihe 
time domain. lke resulting system of epnfrnfronJ which is u two -po~nt 

recursive relation, was solt;ed zlsing. fke Gmss - Cholesky Method .The 

deveJoped trIg01'ithnz was used on a Zi~zear, transient 2-Dimmsiond 

problem, entd the results obtained were an improvemerzt on those ubhined 

by Bruch, J. C . and Zjwokoski , G . 

Kepvarcbs: Finite element, 2-Dimensiop~d, Transie~t, Energy, Heat, 
Co~d~ct ion,  Jacobism 

Design calculations and safety considerations have made it important for the engineer to 

have a precise knowledge of the temperature field .particularly non-stationary temperature 
field, to be encountered in service by components and /or systems. The attempt in this 

project is to develop, using the Finite Element Method, an algorithm which can be used in 

determining the non-stationary field of components, referred to as solution domain. The 
focus here will be on problems which are best analyzed or can be approximated as 2- 

Dimensional. Examples of such class of problems where the transient conduction of heat 
is of particular inierest are the cooling or heating of hrnaces, heat treatment of metals, 
illerrno-structural analysis of space deployable Vehicles etc. Many engineering problems 

45 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



Finite Elerneat Analysis of a Tmnsie~t 2-Dhenrsioad Heat Conndnetisra Bmblem 

in real life, inciuding the examples given above preclude analytical or closed forin 

solutions. This may arise fronl any or canbination of the following: irregular afld varied 
geometryy mixed boundary conditions, ;,an-linear material behaviour, e.t.c. When such 
situations arise, res& has to be made :D numeric& or iipproximte melhods of solution. 

Amongst, the numerical methods are to be found the finite difference method fn,hdJ and 
the finite element method (F'EM). Thes;. two being fie   no st popular ones. However, the 

. FENI offers s e v d  advantages over t b  FDM; For example, the accuracy of the results 

can be improved, without complicatifig the boundary conditions, by usi~~g higher order 
elements the finite element d y s i s .  While the same attempt in thi FDb5 usually poses 
some difficulty .For this and other reascns, the FEM has bcen used in this work. 

MATjME:MA'PTZCIPL FQlWWULATIOlV OF TWE ?ilWkNSEFtJT @EAT COP4DUCTHON 
EQUATION FOR A 2-1) CASE 

In order to obtain the governing differe~tial equation, cerLain assuinption have to be made: 

(a) The material particles of the body are at rest, that'is, convective heat transfer within 

the solution domain would not be mmidered. 

(b) The therrnophysicd properties are not temperature dependent. 

.(c) Xwpllase change or latent heat. ef:"d& takes place. 

(d) The analysis for heat conduc-2on is decoupled &- from tbe stress conditioit. 

From the basic equations of heat trmsf5r: (i) Energy balance equation, (ii) Rate equations, 
we have for a re&mgular domain: 

Heat inflow in time dt + Heat genera;zd in time dt = Heat outflow in time dt + ~ b ~ g e  
in inteiaal energy in time dt. 

qrd" + qycU + @kdy&= qX +&dt + pdT+ ------------------- f 1.0) 

Expressing qx+k and as a &o-term Taylors' Series and substitxitin3 h equation (1.0) 
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Equation (7.0) is the equation that governs the transient 2-D conduction of heat within the 
m&es of  the assumptions made 

I t  would be seen that the equation is a second order partial differential equation, and as 
such wodd require, in addition to the initial condition, two boundary conditions. 

Wal condition: T (t =, 0) = To 

Boundary condition: . 

FINITE ELEMENT ANALYSIS OF'A T-MNSIENT 2-D MEAT CONDUCTION PROBLEM 

The application of the Finite Element Method is now made to the analysis of a transient 2- 

D heat conduction problem. The concepts and procedure normally adopted when using 
FEM are incorporated, particularly as they relate to this problem. 

The solution domain is divided into sub-regions, using 4node isoparametric elements. See 
figure (3.0). The 'isoperimetaic element discretization admits the simulation of solution 

8 regions with curved boundaries, to a high degree of accuracy. Also they are well suited to 
non-structural problems. The present problem under miisideration is an example of non- 
structural problem. 
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Finite Element Anra8ysis of a Transient 2-Dimlensioad Heat cCo~~dt~cs.tion Problem 

One of the characteristics of isoparametric element formulation is that the interpolation of 
eleme~tr coordinates and the element nodal field variable (temperature) are done via the 

same interpoiation functions. These are umdy defined in natural coordinate system. For 
the 4-node isoparametric element used it takes the form: 

NI = %(I-&) (I-S) 

...................... N2 = %(I*) (l+s) See figue (4.0) (1) 

N3 = %(I-r) (l+s) 

N4=]/4(1-r)(I-s) " 

Where the element coordinates and field variable ue.inteqolate-d as: 

x = NI xl + N2x2 + N3x3 +N4% 

Howevq since the nodal temperature are a fbnction of the global or Cartesian 

coordinates, and the interpolation fUnctions a hnction of the local nahual coordinates, a 

mappirig"is needed. This mapping. is fnom the Cmeian coordinate and vice versa. For an 

isopwametric element fomulatiqz, this is acbieved via the Jacobian. Which for a two 
dimensional problem, is given as: 

ELEMENT C l H A R A C T ~ ~ C S  WWCIES . 

Applying Gderkin's method to equation (6.01, with q = 0, we have, 

Applying the Green Gauss theorem to the derivatives of second order gives: 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



1 In matrix form, 
I 

pp)pie)+ [KP) = (Fp) 
Where, 

In evaluating these integrals, nurnericd integration is required. 

The element characteristics matrices are now assembled to give the g!obal matrices [C],  
[K], and (I?). That is: 
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rir (4 
... (F)= c (F) ,nr = no.. . of- P I ~ ~ w s .  

e=i 

These the11 gives the systen~ equation 

This incorporation can either be done \+a the finite elemen; method 01- t3e finite digel-ence 
method. Nevertheless, the finite elemtint approach would be ussd here as, this lead to m 

unconditisnalf y stable scheme. 

Using it linear temporal elenlent, an apprwxirnaie si)!~rtiarr. would be: 

IT) = Ni (Ti ) + Ni+l ( Ti+l ) ........................................................ ( 10.1) 

Ni = 1-p 

Substituting ecluations (10.2) , ( 10.3 ) , ( 10.5 ) in'io ( 10.4 ) 

d 1 si.=-kl-ir)T+ T. ]_L,--r+Lr ------------------------ 
d~ z A*'L ~t 1i-1 

(10.6) 

F = Nifi + Ni+, .................................................................... ..(10.7) 

Using the Galerkin's method (10) 

Substituting (10.1], (10.61, and (10.7) 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



dividing 3 through 3 by @Tdp 

Far Gderkin's method W = N = shape functions 

Choosing N = p , which gives a more stableand accurate result 

I-lence,the final equation to be implemented on the clsrnp~~tw is : 

Which is a two- point remu-sive scheme. 

WSUETS AND CONGLUSlONS 

f i e  program was applied to a linear, 2-D transient hwt conduction problem for which 

I both malytiwl alld bite element solllfions exist. The pmbiem was iiiken from that solvet1 
by Zyvoloski et al. 

I The domain of the problem is a sqtinre o~ te  .with no heat generation, and the bourrdary 

conditions are specified. &ly a c~utsrter of the problem was considered because of the bi- 

syrnilletric nat~re of the problem. 
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Finite Element Analysis of a Transient 2-Dinnensio~d Heat Cotldeaction Problem 

Other specifications: 

Thermal conductivity = 1-25 ( BTU/mhr OF) 

Density x specific heat = 1.0 @TU/m2 OF) 

Length of domain in the x-direction = 3.0 m 

Length of domain in the y-direction = 3.0 m 

Initial temperature = 30,O OF 

The domain was divided into 100 elements with 121 nodes. In considering only one- 
', 
quarter of the domain, only twenty five isoparametric elements with t l&y six nodes were 
considered. 

It can be concluded that the Finite Element Analysis, using partial discretization, has been 
applied successfUlly to the analysis of linear, transient 2-D heat condudion problem. This 

is amplified by the results obtained which compare favourably with both analytical and 
existing finite element solution. 
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START 0 
CALLL DATIN 

(PltODLEM PAMMETERS 

CALI, S T F P  
L I IANDLES TI@ GENWATlON AND 
ASSEMRLY 0 F 7 1 - 1 ~  ELEMENT AND 
l;L.O&AL MATIUCBS RESPECTIVELY) 

CALL SOLVE I 
(F0l:OltMtlTION OF EFFECTIVE SYSTEM 
MATRICES) 

(SOLVES T I E  EFFECTIVE SYSTEhl 

I OUTPUT RESULTS 1 

+ 
INPUT fJARAMETEIIS 01; GAUSS PTS AND 
W ~ G T ~ I  I:UNCTIONS 

INITIAL.I/.IL 'I'IiE GLOISAL STlFFNESS AND 
CAPAC'I'IS:\NCE MATICICRS 

1 TAKL; EACH EllihlENT IN TURN 

INlTlAl-IZB TllE ELEMENT M A T ~ C E S  E - 1  (c3 
I $ 

READ GAllSS POINT PARAMETERS IN ANTI- 
CLOCK l~ ' lh1 i  ORDEll 

1 
C 

CALL SI-IAPE 

.I IS TI IlS TCIE LAST ELEMENT7 I 

I ASSCLIII1.E T ~ J E  GLOBAL MATRICES I 

+, i s  THIS LAST ELEMENr? 4 I@ 

StlBROOTINE SOLVE I 

START a 
1 

iNlTLALIZE TI-IE EFFECTIVE MATRlCES 
I 

( INPUT TI-[ETA TlME I 
1 

1:ORhrlULATE EFFECTIVE 
M ATIZICES 

V 

IMPOSE INUlAL CONDITION 

CALL BCND 

CALL DECOMP 
CALL SOLT 

( SOLVES I:Ol<.l'illi: NODAL TEMP. AlTE11 
I'IME = 0. I IiU USING THE CHOLSKY 
A I GT[-IOD 

RETUKN 
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Figure 4.0: N B B f i  TEBWEWPhXTJRE AT TBE END STATE (= P.2ER I& STEPS 
033 . lOCbb)rn) 
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Figure 5.0: NODAL TEMP9. AT STATE (P.2ER) XN STEPS OF 0.075 
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0.5 1 t . 5  2 

Distance (rn ) 

Figure 6.0: NODAL mm=%rWS AT THE END STATE (= I.2W ) IN STEPS 
OP o.o§oOm 
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1 Figure 7.0: NODAL T E m E W T U m S  AT TEE I%:lW STKlr: 4=1.2 Z I [ H B )  IN SmPS 
OF .025HR !A 
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