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low dimensional and that it is strongly affected by ' 

dissipative effects. Multifractal chaotic attractors in a 
system of delay-differential tquations modelling road 
traffic is the hallmark of Leonid et al (2002) paper.-The 
cars move in a closed circuit and the system" variables 
are each car's velocity and the distance to the car ahead. 
For low and high values of traffic density, the system has 
a stable equilibrium solution, corresponding to the 
uniform flow. Decreasing the density from high to 
intermediate values. a sequence of supercritical Hopf 
bifurcations forming multistable limit cycles. 
corresponding to flow regimes with periodically moving 
traffic jams was observed. Using an asymptotic technique. 
it is Tound approximately that small limit cycles born at 
Hopf bifurcations and numerically preform their global 
continuations with decreasing density. It is deduced from 
this study that chaotic and nonchaotic attractors coexist 
for the same parameter values and that chaotic attractors , 
have a broad multifractal spectrum. 

There is no doubt that an extensive and laudable research 
efforts have been made by numerous authors on the 
subject of fractal characterization. Notwithstanding, 
available. literatures do not provide an in depth study of 
linear superposition of symmetric IFS- based attractors 
and fractal characterization. Obviously, this is a lacuna 
that is calling for researchers' attention. The ultimate aim 
of this paper is to exploit the possibiiity of creating a new 
fractal so as to increase significantly the stock number of 
handy fractal images through the combination of limited 
base symmetric attractors' codes. 

2. METHODOLOGY 

Bamsley (1993) uses iterated function systems (IFS) to 
provide a framework for the generation of fractals images. 
According to definitions given by Hsueh-Ting Chu and 

Chaur-Chin Chen (2003), a transform f :X--)Xon a 

metric space (X'd) is called a contractive mapping if 

there is a constant O l such that equation (1) holds 
' 

while an iterated function systems (IFS) consists of a 
finite set of contractive mappings 
w, =,for i=1,2 ,..., n, denoted as 

= 
w 1 9  w ~ y - ' . y  w n )  and captured by equation (2) 

2 
for R metric space. The present study focuses on 
simulation, superposition and fractal characterization of 
fractal images with at least one axis of symmetry and that 
meets the -requirements of equations (1) and (2). The 
superposition of the fractal images was effected on the 
square window dwdbed by equations (3) and (4) using 
the linear transformation equations (9) and (10) and 
relevant variables defined by equations ( 5 )  to (8). It is 
important to note that choices of lower and upper limits of 
window coordinates variables has no significant effect on 

the fractal characterization of superin~posed fractal 
images . 

-2 < x w ~ ~ u w  - 1 2  

2 < I S I ~ K ~ I I  < - - - 2 

xmin = M i  (x ,  , i = l,2, .. ., n) 

x,, =Mm(x,,i=l,2 ,..., n) 

ymi, =Mn(yi,i=1,2 ,..., n) 

y,, =Nm(y,,i=1,2 ,..., n) 

2.1 Superposition 

The IFS-parameters of four (4) fractal images were 
identified from literature, ranked and tagged 
correspondingly with integer number between one ( I ) and 
four (4). A total of fifteen distinct superposition cases 
were studied according to combination equations ( 1  1) and 
(12). 

4 ~ , + 4 ~ Z + 4 ~ 3 + 4 C 4 = 4 + 6 + 4 + 1 = 1 5  (12) 

2.2 Fractal Characterization 

The fractal disk dimension based on optimum disk 
counted algorithms of Alabi et a1 (2007) and Salau and 
Ajide (2012) was used for the fractal cl-laracterization of 
this study. It assumed the existence of power law 
relationships between the independent variable 
observation scales and the dependent optimum disk 
counted. The mathematical equivalent is given by 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



International Journal of Engineering and Technology (IJET) - Volume 2 No. 12, December,  2012 
I 

equation (13) for independent variable (X), dependent 
variable CY), constant of proportionality (K) and the Y =  KX" 
fractal disk characterizing dimension (D). 

Table 1: IFS-Parameters of four fractal images culled from literature with name and number tag 

2.3 Simulation Parameters 

The simulation was driven with arbitrarily picked random 
number generating seed value of 9876 starting from 
arbitrary coordinate's point (1, 0.5) and iterated 
continuously over 500 and 2000 transient and steady 
solution points respectively. The disk count was 
performed in space of ten arbitrary start coordinates 

- points and over each of ten scales of observation 
systematically tied to the attractor characteristic length. 
The characteristic length is the distance between farthest 

coordinate pair on the attractor. Thereafter the optimum 
disk counted (minimum) determine from the range of ten 
possibilities per observation scale. 

3. RESULTS AND DISCUSSIONS 

Figure 1 compare very well with Paul, S. Addison (1997) 
and serve good for the validation of fractal image 
computation and characterization computer programme 
developed for this study. 
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Koch (1) 
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Figure 1:Steady 2000-coordinates IFS-generated fractal image 

Table 2: Comparison of analytical and estimated fractal dimension of fractal images 

Referring to table 2 the present algorithms afforded low dimension estimate using the present algorithms is a very 
range of percentage absolute relative error of 3.2 to 7.1. good alternative method for case situations where 
The trend of fractal dimension using present algorithms analytical dimension is not available or difficult to 
compare very well with analytical dimension with evaluate. 
coefficient of correlation being ~ ' = 0 . 9 7 .  Thus, the fractal 

Table 3: Variation of fractal dimension of new generated fractal with different combination superposed 

Case ' 

Number 
Fractal Dimension of New generated fractal image 

Present I Average over individual dimension of 
Number tags (1 -4) of superposed 

fractal image 
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Referring to table 3 eleven new additional fractal images 
were generated with their distinct fractal dimension from 
only four base fractal images or aitracors. Thus, 
superposition by different fractal images combination can 
multiply drastically the total number of handy fractal 
images for aesthetic design purposes without the rigour of 
searching for new IFS-rules. 

The variation of the two estimated fractal dimensions with 
increasing number of fractal images combination is 
provided in figure 2. The variations maintain general 
trend with average fractal dimension consistently lower 
than estimated dimension by present algorithms. I-Iowever 

the deviation between the dimensions generally increases 
with increasing number of fractal images superposed. The 
fractal dimension of fractal images that resulted from case 
number seven (Koch and Carpet) and case number fifteen 
(Koch, Xmas tree, Triangle, and Carpet) compare very 
well in magnitude. Thus, the magnitude of fractal 
dimension of fractal image that result from superposition 
action is independent of number of attractors superposed. 
For case ten (Triangle and Carpet), the estimated fractal 
dimension (1.6223) by the present algorithms is nearly the 
same with average over superposed attractors. This 
translates to occurrence of one out of eleven probabilities. 

-+- Present algonthrns -rc-- Awrage owr superposed Images 

1 9  
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e 
-2 1.7 
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E - -a 1.6 - 
$ 1.5 
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1 3 5 7 9 I 1  13 IS 

Case Number 

Figure 2:Variation of fractal dimensions with increasing number of superposed fractal images (attractors) combination 

Fieure 3: Fractal image result for untransformed superposed Koch, Xmas tree, Sierpinski triangle and Carpet 
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x-window 

Figure 4: Fractal image result of transformed and superposed Koch, Xmas tree, Sierpinski triangle and Carpet viewed through r 
w&w wtndm~ 

square window (-2 < X < 2 by -* ' Y 2). 

Figure 3 and 4 refers. The fractal structures in figure 3 are 
different and distinct compare to structures found in 
figure 4. an impact of the transformation factor. Despite 
the fact that four base fractal images were superposed the 
wider distribution of grey regions and the outline of the 
Koch and Sierpinski triangle remain discernable in figures 
3 and 4 respectively. In figures 3 and 4 the coordinate 
range is 0.0-1.0 and -2.0-2.0 respectively. In figure 4 the 
new fractal image posses' one axis of symmetry and 
impresses its unique aesthetic value with very rich fractal 
structures. 

Figure 5 gives the variation of the estimated fractal 
dimension with increasing square window size. The 
square window size zero corresponds to the 
untransformed and superposed case situations, s~milar to 
case situation reported in figure 3. The estimated fractal 
dimension is independent of square window size for all 
cases reported in figure 5. However change in estimated 
fractal dimension is noticeable from zero to higher value 
square window sizes for all six arbitrarily selected cases 
with direction being from lower to higher or vice-versa. 

Figure §:Variation of the estimated fractal dimension with increasing square window size for six (6) arbitrarily selected cases. 
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4. CONCLUSIONS 

This study has shown the possibility of creation of larger 
number of new, structurally and aesthetically rich fractal 
images using superposition of transformed coordinate 
variables of finite symmetric base attractors. The new 
fractal image has at least one axis of symmetry. Its 
tolerable estimated Fractal dimension and magnitude is 
independent of square window size and number of base 
attractors respectively. This study re-affirms that visually 
pleasant fractal images has associated higher fractal 
dimension. The findings of this study have potential 
applications in textile industries and general fashion 
design specializations. 
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