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For the Reader- 
--. 

Note that all the codes in tlie sample problems given in this book ;can be accessed 
on htcp://extras.springer.c~rn/. Only some of the codes are pksented in the. 
Appendix. There are over25O pages of codes that can easily be copied and pasted 
on the MATLA.3 M-file irorder to follow'the procedures laid out'in this book. To 
follow the modeling procedure, the reader can actually copy portiO'ns of the code to 
be followed on to a new M-file. A new M-file can be opened by1 clicking on 3he 

- sheet icon on the MATLAB worksheet. Run the program by clicking on the Debug 
menu and by double-clicking save and run on the pulldown menu option. This 
will enable you to follow the solution procedure in an allcolor mode. Other 
poaions can be added ,as the reader goes along. For example, for the code Diri- 
c1et.m listed, follow the geometry construction, copy the codes up to the geometry 
description, and run. Later on to follow boundary conditions, add the codes'for 
boundary conditions and run again. Then add codes for mesh generation ..., then 
PDE coefficients, etc until you get to solve the PDE. The reader can follow step by 
step in this way. 
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Chapter 1 
~ntroduction 

The finite-element method is the solution of variationalfonnulatio of system 
governing equations applied over a domain discretized into sub-domains (finite 
elements) with possibility of different boundary conditions on the discretized 

. surfaces. 
Since 'the aim of most analyses is to find unknown functions which satisfy a 

known set of differential equations in a domain with all sorts of boundary con- 
ditions, the finite element method finds useful application in the solution of these 
problems. Thus, problems solved by the finite element method are either boundary ' 

value problems or initial-value problems or both. The solution of most of these . 
problems by exact methods of analysis is not possible thereby leaving the option of 
solution by approximation methods. Thus, it becomes imperative to be able to 
formulate the problem as a varicrtional problem and to be able toadeive-.$e .- - 

. algebraic equations associated to the variational problem. The least squares, 
collocation, Rayleigh-Ritz and the Galerkin methods are wellestablished in 
solution of many engineering problems and these are well-outlined in mmy books 
on the finite element method. This book, however, has focused on the use-of the 
Galerkin method for the solution of the finite-element problems stated &the book. 
The use of ~ a t h ~ o r k s ~  pdetoolboxTM presents a faster and efficient tool as it 
eliminates code writing and post computational analysis. 

0. Oluwole, Finite Element Modeling for Materials Engineers Using MATW@, 
DOI: 10. 1007/978-0-85729461-0-011 (D Springer-Vwlag London Limited 201 1 
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Chapter 2 
The Weak ~ o r k l a t i o n  

. - . .__, 

-..The* nodal Mte methud2s a v a m n a l  fomuhion of goycrning equations 
ap&ed piecewise over' a domain divided into nodal subdivisions. The term'vari- 
&al'hne refers to its modem use which permits its use as qpivlent wei&hted 
integral to the origind problem governing equation (see Sect. 2.4). The principle 
of solutioii'itself may not necessarily be admissible as a variational priaciple [I]. 
Clinical treatments of the classical variational formulation terminology can be 
assessed in other f ond  texts and handbooks [ 1 4 ] .  
Tbe basis of the nodal hite element method is the reprcscntation of the domain 

by an assemblage of subdivisions called bite elements. w e  elements are 
interconnected at nodes or nodal points. The trial function appmxjmates the dis- 
tibution of the ptimary variable m o s s  the system of bite elements. Polynomials . 

. offer ease of manipulatioL1"and are commonly used'in the nodai cipnssim. 
3, 

2.2 Mesh Elements 

Onedimensional (ID) elements are line elements, while 2D elements can be 
triangular or bilinear elements. Three-dimensional mesh dements are p1yhedrds 

. or cuboids [7, 81, Distorted elements em also be used [9, 101. 

23 The Fdte  Element Method Procedure 

Same'steps are invalved + k + &e 16nik elemem analysis. These ape -- . -. " . . * .  -1. I)1M+etlzation of the domix It C R P S ~  of &ection of the shape of mesh 
- d d n t s  atid .its c o n s d o n  over the whole domain; numkhg  of the nodes . - 
*and dements and rhe codm@s. . . 

.' - . '  . . . .  
,, 2 -: , .L I Y .  .:.,.-, ,-• : -*L 
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2. Select& of interplation kction. . 
3. Derivation of v a M o d  formlation of the differential equation for a typical 

element. 
4. Derivation of elements stiffness matrix. 
5. Assemblage of global stiffness matrix. 
6. Imposition of boundary conditions. 
7. Solution of assembled global equation: 
8. Representation of results in tabular or graphic form. 

2.4 Weak Formulation of Governing Equations 

The main approaches of the finite element method are in the redirection of the 
differential equation of the continuuin problem to its integral form and using a trial 
function over the nodal form of the equation. 

Let us take an approximate trial function as ii = c', hiui where hi is the set of 
interpolation functions; ui is the set of nodal primary variable (displacement, 
temperature, etc.). 

Thus, this function is an approximation solution in the elemental domain 
defined by a 'set of integral form of the original differential equation. 

Thus, a problem in 3D, defined mathematically by a set of differential equa- 
tions, D valid in a domain R together with the associated boundary condition B can 
be expressed in a weak formulation as 

- 
where w is the weighting function and ii is.the trial (approximation) function. The 
first term in E ~ .  12.1 is further subjected to integratien-by parts. 

I... _ 
' 'Thus, (2.1) is: the approximate form of (2.2) 

When wi = hi, the method is the Galerkin method. 

2.5 Gradient and Divergence Theorems - 
?, 

These theorems are used in the derivation of weak foimulation. Let A and B be 
scalar functions defined on a 3D domain. - 
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2.5.1 The Gradient Theorem 

? a  - a  - a  
where V is the gradient operator = I - + j - + k - 

ax a,) az 

2.5.2 Divergence Theorem 

Subsequently from Sects. 2.5.1 and 2.5.2 we can derive the following which are 
applicable in the inkgation by parts of partial differential equations. 

where .. . .  . - 

a2 a2 a2 v2 = laplacian operator = - + - + - 
8x2 ayz az2 

and 

a a a 
V = del operator = pr,G+nyr+n;;-.  

, . . . 
. - . . . ,  , . , ,  . .  oy oz 

. . . . .. . . .  , .  

' 'Ilie'ie text [l 1, 121 will be found useful. 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



2 : The Weak Formulation 

2.6- Integration'by Parts 
. . . .  . .... . . . . . .  . ..,.,, ,, , 

'If k i d  B are sufficiently differedable I D  functions, thei"ihi-f0ll6wing 
, . .%.,_ . . . . 

applicable: 
For a first order differential eipiati'oC, ' 

-. ... , , . . ,,. 
  or a second order differential equation, . . 

For a fourth order differential equation, 

2.7 Weak Formnlationi . , 

Strong formulation involves evaluation of the highest order of the derivative term 
in the differential equation. For an example take a 1D second order differential 
equation d2u/d$ = 0, 0 5 x 5 1. In the weighted residual method, w being the 
weighting or test function and IZ the approximate solution or the trial function 
when applied to the equation becomes 1; w [d2ii/dx2] dx. Of course d2il/dX2 is the 
residual of the original differentid equation d2u/dx2. The integral must have a 
noi-zero finite value to be an approximate solution to the differential equation. 

Thus, there is a problem of finding appropriate approximation (trial) function 
for a strong formulation which must be differentiable in the order of degree of the 
given differential equation and at the same time has a non-zero finite value. 
This problem is removed when integration by parts is applied to the strong 

formulation reducing it to a weak formulation. 
Thus 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



2.7 Weak Formulations 

-We& formuladons applied over sub domains rkpresent the Finite Element 
equation. Thus, instead ofidefining .~ - trial hnctionin terms of generalized coeffi- 
cients, the trial function is ::.defined . . in terms of the nodal variables. 

.,.. 

Example 2. I One-dimensiahal, second order differential equations 
Consider the differential ecuation 

. ..:. . . 
..Y - 

- .> ,  ,.. . 
. . 

ddll subject to the boundary so~ditions - u(O) = 0 and (aa;) = 1. j 
- . -The- weak formulation :~.& be obtained through the following steps. Apply 
integration by parts (see &it. 2.5.2) 

. ~ ..... ~ . .  

Equation 2.5 is the weak formulation. 
Applying the boundary conditions would give 

Equation 2.6 is the weak formulation'with applied boundary condition. 
The variational formulation in (2.6) can be expressed as 

0 = B(w: u) - E(w) 

The quadratic functional I (EL)  of a variational formulation is represented as 

and for the equation under examination this is 

. 0 . . 
, . *. 

. ... 

The quadratic fuktio'&l:l(u) represents'. energy in many engineering applica- 
.tions, the minimization of which gives equilibrium solutipn to the problem. More 

. .  , . .  
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insight in&= use of functionals in finik element analyses can be found in further 
texts 113-171. It should be noted though, that in a trpical finite element analysis, 
the domain would be divided into £inite elements each having boundary condi- 
tions. In such analysis, the weak formulation that would be applied over the 
elements will be Eq. 2.5 the limits now being the element dimensions. Thus, 

represents the weak formulation of the finite element equation over a domain of 
n - I 'elements and n nodes. 

0- el' (-a"'+.)&+ (wag)  
i=1 dxdx 

xi 

Example 2.2 Two-dimensional, second order differential equations 

XH1 

Consider the equation 

xi 

The weak or variational formulation can be obtained through the following 
steps: 

Weight the integral and obtain the integration by paas of the weighted integral. 

Equation 2.8 is the weak formulation to be applied to'thesystem divided into finite 
elements. This is a typical heat conduction equation. In this case substitute; u:= T. . 

If we assume the domain is of rectangular geometry: to be solved as a mono- 
lithic entity having specified boundary conditions, we can go ahead and substitute 
the boundary conditions into the weak formulation. ~ s s&ne  the boundary condi- 
tion is convective on one side in the x-direction; (i.e., kaT/ax = -h(T - T,)) and 
insulated on the remaining sides (i.e., aT/an = 0 or q = 0). 

Then, the boundary integraI $ w(kaT/an) dr becomes 

1 

Tfre weak formulation in this case will be: . . I k [ b * a ~  awaT) J o =  , -- +-- ax. ax ay ay dw dy - wh (T - T ~ )  dx 
R! r4 
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and the quadratic functional 
: - 

> 

Exainple 2.3 Three-dimemiod, second order differential equations 
Consider the three-dimensional second order PDE. 

then the weak formulation over an element @ is derived thus: 

Quation (2.10) is the weak formulation. 

Example 2.4 Transient problems 
Transient problems aie b e  dependent or unsteady state problem, 

Let us consider a ID equation 

2 . .. . 
The kkak'fomiiiatiori 'is derived &us: ' ' , 

* Equation 2.1 3 is the weak formulation without applied b o u n w  conditio~s.: 
- .  

- h f 7 l e  2.5 Fourth or& ~crcnt id  equation . .,. , . .  , 

In this ex'mple, it ii 'nec8ssaijr to inregrate by parts twice to distri'bute the 
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2 The Weak Formulation. 

derivative equation between the dependent variable M and the test function w (also . . 
the weighting function) - - . . .. 

.- 

for 0 < x < L subject to the boundary-conditions 
. ., 

. . 
The weak formulation is derived as follows: 

.. . ., , . . 
L 

O =  / [ ( .dw)d( '~2uj  -- aX. - dx a- dX2 + y f d x +  '] [: 'd '( . . i i2i)] w- a- . .  , 

d" dr2 0 .  
0 

Integrating further gives 

This is the weak formulation. Of course when applied to the finite element 
domain, the integral is taken over the element domain as well as the boundary 
conditions. Specification of u and du/& in  this equation constitutes the Diriclet or 
essential boundary conditions and the natural boundary or Neumann conditions are 

satisfied with the specification of [d/dx(a&)] which is the shear force and 

(ad2u/dS) which is the bending moment. 
If we apply the boundary conditions, we obtain 

A practical example of Example 2.5 is the transverse deflection of a cantilever , 

beam under transverse loading (f) and end moment (Mo). Such an equation will be 

, $ [ E I ~ )  + f = 0 subject to 
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2.8 Exercises 

Derive the weak fomuMons I& of he foUowing: 

2. Beam under loading force, P 

3. For a transient heat conduction problem 
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Chapter 3 , . 

Linear Interpolation Functions 

3.1 Parameter Functions and Interpolating Functions 

'Parameter functions are the now parameters being solved for in problem 
dehitions. For example, in hcat-tmsfer problem, the nodd parameter is tem- 
perature. Thus, parameter functiok are what we refer to as iatqmlation functions 
(see Sect 3.2) or approximadon functions in the f i n i t e  element equation formulation. 

These parameter functions need to satisfy two cdt ions ;  compadbili~ and 
completeness to ensure convergence as the domain mesh is refined. 

Compatibiliry condition: For t?' continuous problems, the pantmeter function 
and its first n derivPtrives must be continuous between elements. Thus in problems 
in which continuity is dc ien t ,  there is no continuity b~tweeq+~elements. 
Examples of. continuous pbIems are conduction hear transfer where the weak 
or vari~tional formulation has a h t  order derivative (see Examples 2.2 and 2.3). 
C' continuous problems are problems that have seeand order derivatives in the 
we& fornulation such as in beam bending (see Example 2.5 in Chapi,2). . . . 
. Completeness condition: For F continuous problems, the fuoctibn 
must be able to give a constant value as well as constant partid derivatives up to 
the (PI + 11th order as the element size decreases to a point For continuou.s - 
functions, the parameter function and its first partial. derivdve must give constant 
values as the element size decreases to 8 point. An example of a p v e t e r  . . 
function fur a continuous function is Eq. 3.3 (see Sect. 3.3). . . . . L .  . ., . . . L .'.,. ..- . . 

d5 If cz is zem, ir = d l .  Also, a; = e2. Therefore, the completeness requirement is - 

satisfied. 

3.2 Interpolation, Weight& and A p p r o ~ t i o n  Functions;: 

. Znterpolation b t i o n s  when mnstnrcted with nodal p h a r y  variables . beconie. . . . 
approximation fmcZd~ e.g., 9 - 
0. OIuwole. Firrite Ehmnt  ModeIing for Maretiah Ertgineers Using MA-, 
DO1 : 1 0.1007/97ti-O-85729-66 I -0-5. d Sprinper-Jrer& , . London Limited 201 I 
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3 Linear Interpolation Funchns 

Fig. 3-1 A two-node linear -x 
element . XI' 

ul ... x2 
.I 

* I 

C 
I. - 

- d 
- .  

r: - 
= + czx = hl(x) ul + h2(x) . (3.1) 

where ii is the hterpolation or approximation function + and u2 =*.the nodal 
b-uariable+kln the Galakin method, the weighting function, .. . w wads . . - . . - . hl(x) and 

hzCx) while the approximation function, C is 

.- - ' {The finite elemenr eqimtion which .is now a weak fo$ulation- consisting of the 
weighting function, the approximadon function and th& derivatives are substi- 
'tuted with. h e  these linear functions and h i t e  values which d o r m  the fmite 
i laent  into a matrix of b&ed equations amenable for solution from well- 

' h o r n  sdlution methuds. Let us Look at examples of h e a r  interpolation functions 
. . 

for me, two and ihnx-dkmiod  ete element analysis. 

3 3  Linear Interpolation Function for One-Dimensional Analysis 

he-dim~nsional~~roblcms that are of the continuous type are represented by 
two-node linear element as shown in Fig. 3.1 below. The interpolation function, 
for this problem can be represented by a linear polynomial iS(x), where 

and cr and cz are constants to be determined h m  nodal analysis. In mabix form 
Eq. 3.3 is - * t nl 

The shape function asswiated with nodes I and 2 are shown in Fig. 3.2. 
Tbus, applying Eq. 3.3 to the two nodes, the linear &ape functiom associated 

with the two nodes are 

Placing 4 s .  3.5 in matrix form .gives 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



3.3 Kin- htC~0Wm % I C ~ Q ~  f~ h - @ d o d  h d ~ ~ b  
, .:* 

Fig4 3 2  Lineargbp 
- function' 

h'@ 
1 

Solving Eq. 3.7 usid Cramerg s rule gives 

-Placing Eqs. 3.7 and 3.8 back in (3.3) gives 

This can be written as 

Rearranging (3.10) to give form ii = Irl(x)ul +h2(x)u2 gives 

Thus,. , UNIV
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1 1 ~ v e ~ m ~ ~ o ~ . f o r f f h ~ o f t b e n o d a l ~ b a n d k  
ximgtion functim, 

' & w i i ~ 3 . 1 2  and 3.13.- shape hctiom and are the test or 
, . ~ g f u n ~ i n t h t w ~ ~ ~ t ~ d Y o u ~ ~ P h t n n i t  
vdue s s s d a u l  with hl ( X I )  =; 1 and h2OTl) h 1 (see Rg. 3.2) and deri.v&Ie ,fmm 
Eqs.3.12d3.13.Al~oh~(xZ)=0;andh~~~)=~uaing~qs.3.12and3.13.. - 

Thus, = zq and u'(x1) = uz using Eq:3.11: 
AISO, the sum of z t ~  the shape 'is uniq i.e., c,, &(r) = 1 from 

Eqs. 3.12 and 3.13, 
Similarly, diEm&ating (3.12) and (3.13) give 

. . 
Mmtiating Eq. 3.1 1 gives; - 

- - 
di. -u1+112 - - U ~ + U ~  -= - - 

a .  dx x 2 - X ]  he .: 

Equations 3.15-3.17 h d  mcfuhtss during the ddvation of element f i t e  
dement equation which we shall see in Chap. 4. Theonderivation and use of multiple 
node elements a~@ Mgher order fmctiom can be found in other bite element 
books and handbook 11-41. 

'. I 

3.4 LLnear Intephtion Fanctlons for 'Xlw01Dimensi~ 

Disaesization in twdhmsiun damah is dbne usjng either the.-&h~gnlar.-. 
elanent (Fig. 3.3) &r the biIint8f rectangular element @g. 3.4). 

t 

c: 

- 
The interpolation k o n  for the thee-node he'ar nisnkJlar eleme~E'shOwn-~ . 

Fig. 3.3b for e'continuous quatims is . .  - , : .  UNIV
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Fig. 3.3 a Triangular discretization of two-dimensional domain. b The three-noded Iinear 
triangular element 

Fig. 3.4 a Bilinear discretization of a two-dimensional domain. b A four-noded bilinear element 

In matrix form (3.18) is 

Finding the nodal values at each nodal point gives 

where xi and yi are coordinate values at the ith node.. u2 and u3 @~,g+rpry -, . . . 
no'& v&i&les. Equation 3.20 is of'the form U = BC. .. - 
- To find the unknowns (i.e., cl, cz and c3) we invert the matrix equati&, Thus 

'... .:. 'C"B"U- . . .... , - 

. . - 

=- 
2A jr2 -3'3 Y 3  -PI'"' Y I  - ~ 2  

Xj  - X2 x 1  - x 3  X2 - X I  
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3 Linear Interpolation Functions 

A in matrix Eq. 3.21 is 

which is the area of the linear triangular element? . . 
Substituting (3.22) back in (3.19) gives . . 

Equation 3.24 is of the form 

= hl (xty)ul+ hz(~,y)uz + h3(x, y)u3 

Thus, 

Equation 3.24 is the approximation or trial function while Eqs. 3.25-3.27 are 
the test or weighing functions in the Galerkin finite element method. 

From Fig. 3.3b; y2 - y ,  = 0 and y3 - y, = y3 - y2. Therefore 
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3.4 Linear krmpoIation Functions for Two-Dimensional Aaaiysis 
' , . *.; . 

0 .  
,- 

. = f base x. height =:,-a of the a@ ~ ~ - m a i n  

Note that Eqs. 3.32-3.36 will be mtdd  in the finite element equation deri- 
vation (see Chap. 5). 

3.4.2 The Bilinear Element 

The i n t e ~ l ~ m  function for the hihear rectangular element as shown in Fig. 3.2 
is U
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Expressing in fann of tbe n@d vduei gives ' 

1 Xl  Yl X l Y l  

1 x3 Y3- X3Y3 

1 a Y4 4Y4 

Applying the same stcps as used in Sect. 3 -4.1 gives the shape functions 
. . 

whe& a and b are the element parameters. Thus, 

Remember, in the finik element equation, there dill always be the need to 
substitute for M&, dddy, dW& and W d y  where i .= 1, 2, ..., 4 (the element 
nodal numbers). Thus, 
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. . Also, 

di dhl(x,y)ul d l l 2 ( ~ , ~ ) ~ 2 + ~ 3 ( ~ , ~ ) 4 + ~ 4 ( ~ ~ ~ ) ~ 4  
. -- 

dx- dx .+:  &. d K :  . h .  
. . 

dh, (x, y )  dh2 (x, y) dl23 (x> Y )  dh4 (x: Y) 
dw dx du 

4 

Similarly, for 

3.5 Linear Interpolation Functions for Three-Dimensional 
Problems 

For interpolation-in three-dimensions, four-node tetrahedral elements (Fig. 3.5) or 
eight-node prism elements (Fig. 3.6) can be used. 

3.5.1  our-Ndde TetraIzedraZ Elements 

ne.linear interpolation function can be. expressed once again as .. . . ,. .. - 

This can be written in terms of local nodaI values as 

- - Solving .the equations by applying the same techniques as used in Sect, -3,4.1 - :.. 

; .gives. thi-function . .  . 
* 

. , - 

5 = hl(x,y,:)ui + .h?(x , y , z )u~  + ~ ~ ( X , Y ~ Z ) U ~  + ~ Z ~ ( X , V , C ) L L ~  . (3.47) 
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3 Linear Interpolation Functions 

Fig. 3.5 A four-node 
tetnhednl element (I-D 
triangular surface elements) 

. t i  . 
,'' I.' 

1' I 

.z 'I 

Fig. 3;6 An eight-node brick 
element (2-D rectangular 
surface elements) 

The shape functions are 

h;(x,y,z);  i . = l - 4  
.? 

b 

kl(x,Ylz) =s11 + S ' L I X + S ~ ~ Y  + s ~ , z  
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P % 1 XI YI . 21 
1 j ,: [ 1 x2 yl ] . z2 s l l i y d e t  x- fifa and V=-det 

1 .r3 y3 . 3 . 
x4 YC b 

x j Y 4 3 I  

3.5.2. Eight-Node*B&k . * Elements 

j 7 
The hear  herpolation fuhctiw can be expressed once again as. 

i = c l  +ez&ay+ccz+~~xyf  C m f  hYZ+Csxyz - .  . .. . L 

(3.50) 

Thc approxhdon function can be obtained using the &me methods as 
Sect. 3.4.1 The shape funi;fions . . become 

3;6 Other Coordinate Systems Used in Derivation 
of Shape Functions 

The shape functions defined above have been Wed in terms of the. global 
.-coordinates x, y and z. However, Serendipity coordhtes can be wed as well. 
These are lA, normalized coordinates de&d.re~ative to the. @OM coordinate 
system.s&named because of the chance discovery of tbe shape functions for four- 
node xectangilIar elements, It has become wry convenient to use this coordinate 
with Gauss-Legendre quactrahxre is applied [2,3]. 

.. 
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3 Liuu Intupolation Functions 

Pig. 3.7 Se~dipity 
coordinates in a linw 
element 

3.6.1.1 Serendipity Coordinates Applied to OneDiiensional Problems 

A two-noded lineal element has a serendipity coordinate, ( (Fig. 3.7) such that 

Thus, 

Thus the interpolation function becomes 6 = hl (t)ul + h2(()u2 and the geo- 
metric mapping function becomes x = hl(5)xl + hz(t)xz. Using this coordinate, 
from Eq. 3.52., the shape functions become 

i h1 = ( 1  - 5) and 122 = /Z (I+{) (3.53) 

Note also that this can be derived from the shape functions using global coordinate. 

3.6.13 Serendipity Coordinates Applied to Two-Dimensional Problems 
I 

This coordinate system applied to the bi-lineal e1ement;is easily applied like the 
lined element.  hi$ time, the coordinates are 5 and q (Fig. 3.8). .. 

( ) ' . "' (y - 8) 
5 = and rl'= 

. : .  b .  . 
(3.54) 

. a .  . c  :. - .  
Note that 2a = - xz and 2b = yl - y2. When these are substituted%into the 

one-dimensional .relation in Eq. 3.50 it gives Eq. 3.54. i . . ,. .. . . .. . . ,_ .  ... :.. =:. . 

Thus; the shape functions which are also the wdghting , , functionTh~,.t.be 
Galerkin h i i e  element method become : , .,. ..t  - . ., . . 

1 
h1(5,q) =z( l  - t)(l - 4 UNIV

ERSITY
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Note also that this can be derived from the shape functions using global coordinate. 

3.6.13 Serendipity Coordinates Applied to Three-Dimensf onal Problems 

Serendipity coordinates. can be applied to the brick element in three-dimensional 
shape function derivation as follows: The coordinates are c, q and' 6. 

-1155 +1, - 1 I q ( + l  and - I l f < + l  

element half lengths in the x, y and z directions are I. This implies that 

Thg shape functions for e continuous problems are: 
! : - . . . . . . . . . . . . . .  

1 
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3 Lihear Interpoldon Functions 

Fig. 3.9 Length coordinates 
of n two-node line4 clement 0 L p 

- 
3.6.2 Length Coordinates 

-:.:Length coordinates are h e d  for one-dimensional elements. The foxmulation is' 
.-:such that simple integration foxmulaecan be applied to-the integals:thereby,g~ing 

.- calkuhtion (see Chap. 5). Length coordinates are also local normalized coordinates 
' likexhe serendipity coordinates. In this coordinate.system,. two independent length 
courdinates, L1 A d  L2 are introduced, each traversing. the  lined length from 
opposite directions to any designated point, m along the , lineal .. . length (Fig. 3.9). , 

'Thus, taking 0 < ' L 1  I 1 and 0.5 5 1 and L1 + L2 = 1 ; ' ~ ~  = 1 - LI;  
length bm 

It can be seen that length LI = 
length ab 

length am 
Similarly, length = 

length ab 
Thus, the shape functions will become 

ii = hl (L)zil + h2(L)u2. This implies that the transformation equation is 

Mapping from L coordinates to x gives X = XILl + X2& 

aii ah, ax -=-- a h  ax 
~ L I  ax a ~ ,  ~1 + Z ~ L , U Z  

ax - is the Jacobian term. Since, the length coordinates are natural coordinates, 
aL1 

method of solution follows the same procedure outlined under triangular iso- 
paramefic elements (see Sect. 3.7.2). 

3.6.3 Area Coordinates 

This coordinate system is also a natural coordinate system and is n~rmalized as 
well. An example of its application to a three-noded triangular elenlent is as shown 
in Fig. 3.10. 

* <  F 

& 
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3.6 Other Coordinate ~ ~ s t & s  Used in Derivation of Shnpe Fuocrions 

The coordinates here;:& area coordinates LI, and & djined as 
. .. 

m m b c  - 
Area L1 = .- 

area abc 
Area& = afeamac 

area isbc- 
area d 

Area&= 
area abc 

They are related thus$: 
4-. -;,: 

L, &+b = 1 

05$<l, . .- 01411 k d  01L3S1 
I - 

~ o t e d s o f r o m ~ l g : & 8 ~ a r e a o f h c = a r e a o f h n c . ~ h u s , t h e ~  
functions for nodes 1,2 - 3 an 

h i m  =L,, h2(L) =4 mdh3(L) = L j  (3.5 8) 

- . *WE derivation of &, daivatives of the shape functions are outlined under 
Sect. 3.7.2. 

Si; 

Volume coodhtes  k ;Ire for te(rahemal elemem. Io this case, the cmrdinates 
are L1, b, h* and L4. 

' 

m, 
Volume vi 

4= i =  1,2,3,4 Total volume ' 
Thcse volume fractions are related thus; LI + & + L3 + & = 1 
'The shape functions are 

kopatamttric elements are dements &fined in what is called tbe 'natural' coor- 
dinaces system as opposed to global (qz) c o o ~ t e  system and at the same time 
have the Mxles used to define the geometry or sys- at the same location and the 
same n v b r  as the parameter M o m  sought. Since.-they are sitslated on nor- 
malized codimates, it makes it easy to work with deformed elements on compIex 
geometries because they can e d y  be mapped on to master elements. Thus, the 
serendipity, area and volume coordinat~~ are used for isometric elements coupled 
with tht GmssLegendre intc@m pmwcbre to faditate solution of the integral. 
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Fig. 3.10 ~ r i a & b  
a?-t - 
madbate8 and b M S  of 

.mnmntmea- 

Elements v h e ~  the p a m m e ~ c  nodes a~ mure than the geometric nodes can also 
be used in finite element com$utaIions. These elmeah 'are called subparamehic' 
elements. In &is situation, th& interpolation fuactiws ge no Ionger linear [2,3]. 

, . f 
3.7.1 fineat Isopmametrie Element I 

I ... : 

For a b e a r  elemeit (i-e., 2 node element), the (qr cooqhate system is chosen in 
such a waythatthenodesloc8ted attaxis artlocattdit el = -1.0md i& = 1.0 : ,  

as opposed to the hodes on X- axis (see serendipity e lhot  for one-dimensional h n  - 
probleminSect.~.6.1.1).Theshapefunctim.are: - - .  --. . . 

I 1 1. 
~ h ~ ( t ) = ~ ( l - t )  and h 2 ( ( ) = - ( 1 + ~ )  - t 2 .-- (3.601 

This shape funitions can be used for the geomerric ._ &aPPing as well as inter- 
plating the parameter u within the element. ._ : .  -... 

The interpolation function h o m e s ,  * '. . ., . . , 
' ..-7 - ' 

and the geoqtric mapping funcrion; 

To campule values needed in computing element &ices, the chahi. du.of . -  
differentiation can he used as shown bdow: - 

aii ak,(oax. ab(r)ax. - = -- 
at ax at  UI +-- ax at. '"* 
ai  ah 1 (t) a€ ah2 ({I -- - -  ul f -- ax a~ ax . --at axmU2 
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aT 
3 = - is called the Jacobian; obtainable f m n  Eq. 3.62 - 

a t  

. ' 

Substituting (3.64) in (3.63) gives 
did -- 1 1 -1 

u2 =- 1 
dX x2 - X I  u1 + x2 - X I  

hi U1 + - hi UZ 

Also 

a2 -- I I - = -  
dx x2---X1 Jar 

a &l(O We can see that the values of -, - (t) 
dx dx 

and - 
dx for hear isopara- 

metric is the sane for the bear elements using physical c~ordhates (3.12) and 
(3.13). 

Thus, in cdmputing for the weak famulation (see Sect. 3.41, we wiU have 

'. . . -,-.. , - - , .I 

Solving rb is  gives the same equation as:Eq.:3.8. 

- I  - ._ -. . . f .  * 
.*.,<.*. . I.. . . . I .  . .  .. . ,<.  & .  

&&nates, L], ,mirG &&-&f used f& Ormgdar i s o p m e c  
' :i> 

. , _ . , + .  . eleme&;'where - Lt + & + = 1, LI and & hdqmdenr and & is . . . . , . @en- . . 
dent Thus, 

- I + ,  ' . . .  8 
. . - i.: . . 

& = l - L , - I Q  1 

& = k ( x , ? J )  . ... I .  I . ,  

LI=I; l (x ,y ) ;  and O j L , < I ,  OsL&1andO<L3<I 
. . r  ... 0. ... .r.*. 0 ,. . -* I... . .c ..., : ,._.?._ 1. - - 
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The Jacobian in this case is a 

. , 

Atematively, using thti parriai'"~&~ti&dn .. . .  , . rate, .  
.. ... >.. . .-. 

[J1 in this case becomes, 
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3.7 I sopmtr ic  Elements :' 
> . .  

The weak formulation for a two-dimensional second order problem can now be 
recast by substituting the different terms and integrating using the numerical 
interngation formulae for &angles. -- - 
:' Note-that this method bf derivation of the Jacobian and shape function deriv- 
atives'using the area coordinates can be applied to len,e and volume coordinate 
derived shape functions & well. 

3.7.3 ~uudrilateral ::~~o~arametric ~lernent 
. -; . . 

' .  :The;;quaQilateral elem& can be represented with a bi-linear isop-etric 
e1erqent:The shape functions are same as for serendipity elements (see Eq. 3.55) ;.: 

where -1ltSl and - .-.. 1Sq11 
Thus, . .. . . ..I 

Similarly, the transfo&tion equations apply 

ahi ahi ax ahi ay -=-- ahi ahi &t ah, i3y +-- and - = -- at ax ae ay at +-- all ax arl ay av 

Following the same procedure in Sect. 3.7.2, 
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Thus, 

JI 1 = -'/4(1- V ) X I  + '/.(I - ~ ) x 2  + '/4(1 + q)x3 - 1/4(1 + t1)x.j 

512 = - '/4(1 - V)YI  + '/4(1 - ~ 1 ~ 2  + '/.(I + 3 ) ~ 3  - 114(1 + )1)y4 

J21 = -'/4(1 - t)x1 - + t)x2 + + t)x3 + l/4(1 - T)x, 
JZ = -1/4(1 - <$I - '/4(1+ &)j12 + li4(1+ t)y3 + '/'(I - ()y4 

Also, 

d h i ( 5 , ~ ) '  ahi ah; where =;r l l -+  r12- 
dx at arl 

Similarly, 

where, r~j,  i = 1, 2; j = 1, 2 are from the inverse m&ix . . of 
I .. . i:. 

The use of the: ~acobian with numerical integration technique (the Gaussian . 
quadrature) is northally employed. See applied numerical texts [5, 61 fordetailed . 
treatment of the Gauss-Legendre quadmture. 

. , 
- 3.8 Exercises - 

1. Solve Eq. 3.6 ubing i n ~ r s e  matrix rule. 
2. Derive the shape'functions for four-node tetrahedral elements in SeCt. 3.5.1 and 

eight-node brick elements as described in Sect. 3.5.2. 0 .  . . 
3. Equations 3.40 1a.e called Lagrange shape functions because they can be 

obtained by products-&one-dimensional shape functions. Obtain the sets of 
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one dimensional shape functions if the nodes are located at x = -a and x =: a; 
and y = -b and y = b. Hint: Use the one-dimensional shape functions listed in 
Eqs. 3.12 and 3.13. 

4. Using the relationship betweed the serendipity coordinate, r and the global 
coordinate, x, show that the shape function in Eq. 3.53 reduces to Eqs. 3.12 and 
3.13. 

5. Show that the shape functions in Eq. 3.55 will reduce to the Eq. 3.40 using the 
relationship between serendipity coordinates r,s and the global coordinates x, y. 

6. Show that if the point m in Fig. 3.7 is located on the global coordinates, then 
the length coordinate shape functions (Eq. 3.57) are equal to the global coor- 
dinate shape functions of Eqs. 3.12 and 3.13. 

7. Show that the area shape functions in Eq. 3.58 are equal to global shape 
functions of Eqs. 3.16-3.18. 

8. Show that the derivatives of the linear triangular isoparametric shape functions 
in Sect. 3.6.4 are the same as for linear triangular shape functions in Sect. 3.4.1. 
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9 

Chapter , . .  4 . . .  - 

Qerivation of Element ..A ~atr ices,  ~ s A r n b l ~ -  
- 

andTS~lution .._ . . . .-. - _-._?- ,. ._ _ . of b the Finite Element . 

Equation , I 

. .  

, . 

4.1 Derivatiop of Element Matrix fdr One-~idemional . 
, 

Problems' - -.. -.. . . . - , .  ~a Galerkh Method, Assembly 
-and Solutimjb* .? . .  

- , -  . .. . .. .- ..-u.-* 
, .. 

b P ~ e e  f-co&idkr a one-dimensional second order ordinary differ enrid e q u a t i ~  

4.1.1 Weak  onn nu la ti on 

The weak fomulaeion fbr ran element wiIl be 

w h e n  w(du/dr]C1 is rhe ~ e y n a i  boGdaq wnditibji;: 
+: Let-us leave out the Neumana boundary ooa&ozi term for now and'uibr?[ dur 

.1 ' 
, the other,te&k . - . -. in . the e.q&tion, LC., 
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..36 4 Daivation of Ehcnt  Ma, A b l y  and Mution 
. . 

. m he -on fonc t id s  ir = hl(xjul +h2(*)& (see 5 ~ d  3.3.) 
For the ith elemtn? 

U 

= hl (x) ul+ h2 (x)u~+I .' 

The test (weighting function) is 

WI = h j (x )  a d  ~2 = hz (x )  (Gd* method) 

Substituting (4.5) and (4.6) in (4.4) yidds 

where hi and hi denote dhl /dx and dh2/dx, respectively. 

From (3.15) and (3.16) hi = -I/h, and = l /h, .  
m a ,  

xi+i - x X -Xi  hf(x) = and hi+*(x) =- 
he . 

wherever there is' a product of the' test function and the tirial function, the resultant 
is a matrix. The test function alone produces a vector. bus, Eq. 4.7 becomes 

This is the element finite element equation, . ,. . ., , i - - .: ,,.. ., 

Me PIG= PI' - 

~t is now d to compute a~ thed*element equati$ns. 
I .' :- 

I 

4.1.2 Assembly of Element Equations 
I .  

I 

Let us divide the domain under consideration into three. Finite element equations . 

can be ~ t t e p  in local (dement) nodes as 

Element 1 

Element 2 
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where Kij, 4 and are the elements stiffness, variable and the force vectors, 
respectively. 

To express the element equations in global nodes, the correspondent global 
nodes has to replace to element nodes using interelement continuity conditions 
stated below: 

and 

This correspondence between the element (local) nodes and the global nodes 
can be expressed in a Boolean co~ectivity matrix, Bij = global node-number 
corresponding to the fl node of element i. .. . 

Thus, 

The implication is that the coefficients of k(e) also add up (e.g.) (3,3) location of 
(2) (1) 

+-&; &&e&b~ed rnaerix has kl:) and k&; (2,2) location has kl and h2 . ::,: ;, -, . . '.: 
To express the element equations in the global nodes, each equation kbSt be 

expanded such that.the matrix and the.wctor:size . . . . ~  
, 

are the same as the total .- . ,  number . . .~ 

. , ,of degrees of freedom in the system. . . . . . . . .  . . . . . . . -. . . . . . . . 

In the example under consideration, the total number of degrees of freedom . is. 
equal to 4. Expressing the element equations in global values give: . , , . , 

. . . . . .  . 
~lement' 1 ' - . . .. . , - .  
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4 Derivation of Elcmenf Matrices, Assembly Sdurian 

Element 2 

Element 3 

3 
;; C . . - - 8 4  

Assembling the element d c e s  _ . into , ..- global . ._ manix gives 
. ,  - - .  

12 0 f i l l  

0 

At this point, the Neumann boundary condition is added to give: 

~ h i h  the generalized global U t e  elemmi eq&& for the second order ordinary 
diff eremial equation Eq. 4.1 given above, $' and q will have to .be determined. ' 

In solving the finite eIeyent equation it is important to' solve for the nodal vaues 
@@uy kiabIe) first This is done by imposing the Diicw (essential) 

.- boundary conditions &t in the sblving of this finite element .equation. In this 
example, u(0) = 0 and u(1) = 0 and the domain 0 <x 5 1. Substituting them into 
the global finite dement equation gives . . 
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4.1 DcriMtion of ~ ~ . e m e n C k r i x  for One9imeneioa PmWm 
. r i  

39 

+ : 

Since all the values 6 this resultant d are known the nodal vaues 
(uz& u3) can be-obded by solving -- thc resultant 

4.1.4 Obtaining ~ & m a n n  Boundmy Coraditbns 

. * .  - .* 
In the example under &mideration, the Neumam conditions: ~' (0)  and d(  1 ) are 
not provided. These c& be obtained by substituting back into Eq. 4.18 and 
solving. d(O) and u'(1)::can be obtained .from the resultant set of simultaneous 
equations. . 

4.2 Derivailon of Element Matrix for Two-Dimensional 
Problems U* the Galerkh Method 

Let us use the pisson equation in two-dimension expressed as: 

The weak formulation is 

Equation 4.24 can be rewritten as 

where 

4.2.1 Using Mmgashr Discretization 

Siibstitutiyg (3.33), (3.34), (3.35) snd (3.35) into [qe gives 
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.I. ,i 

Y2-Y3 - 'J 

m e =  IT j[$(n-n)[$~i("-s n-n A-* 
Y1 -Yz 1 (::I 

Thus 

where 
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4.2.2 Using Banear Elements 

Using bilinear rectangular elements for tbe' same problem of Eq. 4.23 and 
substituting bilinear rectangular equations of (3,42), (3.43) and (3.44) inEo the 
equation gives: 

Also, for the bilinear Atangular element, 
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42 

Thus 

4 berivation of Element Matzjces. Assembly and Solution 

v 2 u  = Q 

The weak formulation will be 

b . '  - 

4.3 Derivation of Element Matrix for Three-Dimensional 
Problems Using the Galerkin Method 

Let us consider the three-dimensional Poisson Equation 

Thus using a four node tetrahedral element 
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4.3 Derivation of Element .Matrix for Three-Dimensional Problems 

The same workings as done for the two-dimensional problem (see Sect. 4.2) 
would be done here to get the element equations. 

$,- w(du/dn)ds c k  betreated looking at boundary coriditions on the four sides. 
of>.the tetrahedraI, placing the boundary conditions as specified for the nodes. , . 

4.4 Transient Problems 
. , , 

Let us takefor an example one dimensional.-transient heat conduction in aLddmain 
. , a. The .equation is 

. . 

. . ~ . .  where c r  is' -&quai . to . .  W(pC;), k is thermal conductivity and C,, is the specific heat 
capacity at 'constant pressure. Heat generation (Heat, source, Q) is not included 

' here. . ' . .. . . ,. . 
. , 

The weak' formulation is: 
, .. , 

M a  1 ' ,  
29 > 
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 he element equation can be exprrssed as [L'] [f]'+W [u]'= [F"]' which is 
merent from the steady-state form in that the solution is time dependent. How- 
ever, the matrices [Lq and [K'] are not time -dent. 

Using the shape functions for tiangular elements derived in Chap. 3 for the 
clement equation formulation for [LC] 

where u = variation of u with time 

Nbte For t w o d ~ p 1 s i o n  probI.cms, [L'] will be - 

4.42 Time Integr&a Method for Trimkptt Problems 

Finite Wmce inethods are used for the time derivatives. Conmionly liskd 
methods are; the f m q d  difference, backward difference and the Crank-Nicukon 
method. Detailed analyses of these methods ire obtained in standard, Wejricd 
Methods texts [I, 21 and will not be discussed here but the backward difference 
method will be applied in the examples. The bachward difference and Crank- 
Nicolson methods :are unconditionally stable. 
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4.4.1.1 Backward DiEerence Method 

In this method the finite element and the time derivative can be written as: 

. ,. [L] { i ~ ) ' + ~ =  [K] { U ) ~ ' ~ ' + [ F ] ~ + ~  (4.42) 

with 

respectively. Substituting (4.43) in (4.42) gives the finite element equation; 

(+At- ([L] + At[K]){U) - A~[F]"*'+[L]{u)' (4.44) 

Solving the one-dimensional problem of (Sect. 4.4) using four element mesh, 
the backward difference method and taking a = 1, the assembled equations follow 
the procedures used for Eq. 4.1. Thus: 

taking Ul = 400 and U4'= 25, i.e., one end heated up and the other kept at room 
temperature. 

. . . . "f+at.. ". . , 

I+& 
([L] +dr[ l l ] ) . [~] . .  ,.=. .&IF) +W { u)' 
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4 Ddvation of Element M h c s ,  Assembly a d  Solution 

. .  . 
App1Mg time step size of ha= 113 and using the boundary 'conditions give 

1 0  o o o i J  c. 

Substituting t = O in Eqs. 4.484 4.48b gives 

v:l3 = nodal ampemme at time t = 113. 
The itemtion can be continued until the desired time soluiion is obtained by n- 

substituting t = 113 into &. 4.483. 

4.5 De'r4vation of Matrix Equation$ for kispmetric 
Problems 

We wiU take an example of tk Poisson' equation in cylindrical @oh) cuurdinate 
system. The equations can be written as follows: 
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4 5  Detivxion of.Mzluix Quaions for &isymmcVic hrob1tms 
1 

one-dimension 

' -7 

8% . i au r a% .:: 2. -+--+--=f ~ ~ p ~ ~ o m  
aP rar +ai? :. 

r 0 and z are the ladii;l cinzunferential and axial axes, q t i v e l y .  
:.,In axisym~etric prouem, u is independent of 0 and as such the three- 

dimensional equation n d W s  to 

. . /{ w 7. !- ldu d2u) +--+- -(Wf)}dn=0 
, d 9  rdr &2 . . 

P I 

. ,* 
Collecting the values iql together gives a typicd heat c o n k o n  problem with 

heat generation. . '5  . 

' Id  dl4 
/ { w ( ; z ( r z )  +$) )- (Hf)}dn = 0 
P 

Using thcAntE.onsbip 

the equation becomes 

. . Since Eq. 4.57 Itas become a t w d i m d d  problem, the two-dimensional 
. &apifuactions will k applidinthe derivation ofthe fii3ik element matrix quation. 

using heat h g u k  elemen&, the w o n  becomes: . . 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



also 

A is the area of the element and rc is the r coordinate value of the centroid of the 
trimgular element. 

.azlm, 

where 
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Thc dux [FJ-d can be solved litre the tw0-dineDSiom.l problem. The same 
procedure can be done for any olher physical problem e.g. axysymmetric stress 
analysis by Obtaining the element quarims from the g o v d g  equations. 

4.6 Sample SoIutiom on Elements Matrix Computation, 
Assembly and Solution 

- Problem 4.1 .Let us compute the clement mstrix for Poisson's equation.foz:ae - 
t rhguhr  plate shown in Fig. 4.1. Hux at all boundaries = 0 snd a = 1. . .  . -  - .  - .  
Solurion Let us takc the plate as a single haragular element. 

k32 
. . .  
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mg. 4 2  A rectapguiu 
domain with four trinnflar 
meshes .,- 

4 Dbrivarion of Element h t r i c t s ,  a r n b l y  and SoIution 

.'?'hd-vdties of the [a matrix can be cddated with the equations deiived ia this 
.chapter for tw&emional problems. 

. Thus: 
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4.6 Sarnple Solutions on ESerncnts Mauix  Compumim, b x m b l y  and Solution 
# 

i, 
Problem 4.2 Consider a.'~t:anOgbr domain. discretized into fo'hr b a r  triangdar 
elemeng as shown. The X;aplacim equarioa works within this do&. Find nodal . 
temperatures if there is 716 heat generation, i;e;Ta = 0 (Fig. 412). 

v* 

. Soiutidn In hoblens 4.&e successfully got an clement s&ess matrix. [Ke]. 
: h this problem (4-2), we ked to tind each element matrix first. To do this we must 
first son out the local &global node numbering. We can number the elemenrs as 
sm below. The local imrnbering helps in calculating the [F] matrices. 

-.. . ..As - mentioned, the l d  nudes help in cdculatiag 'the [Xe] matrices, is=., 
assigning of shape func~&. The global nodes are nsefid in identifying the ele- 

: mint position in the domain and global saffness ma&. 
Using Eq. 4.26; 

1 -0.5 -0.5 

. The elemenr &ces'&re the same in this situation. 
Re-stmcturk~g the clesent matrices in giobal nodes giY'es; 

Notice the placement of values at the local nodes (1, 2 , 3 )  in the global nodes 
(1, 2, 31, respectively. 

Notice h e  placement of v d a s  at the local nodes (1, 2, 3) in the globai nodes 
(2, 4, 51, respdctively. 
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Notice the placement of d u e s  at @ local nodes (1,2,3) in the global nodes 
(5, 3, 21, respecti~cfy 

0 0 0  0 0 I* 

. 0 0 0  0" 0 ' 4  
0 0 0  0 
0 0 0 0.5 

0 0 0 -0.5 -0.5 

Notice the placement of values at the local node$ (I, 2, 3) in the global n&s 
(6, 5,4), respectively. 

' h e m b h g  all the elemental matrices into the global matrix gives. 

In this particular example, the gIlobd'matrix is occupied by thtse local vdms: 
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element 2 element 3 dement 4 

Fig. 43  Local and global numbering of Fig. 4.2. Orepresents local node numbers; i = global 
node numbers 
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4 Derivation of Element.,bh~ic~s; Assembly and Solution 

.This information can easily be obtained by using the Boolean connectivity 
matrix for this particular problem as presented below. - . - 

The Boolean connectivity matrix presents in a very easy form the connection 
b&tWeerirthe local nodes for each element .and the global nodes and from this inter- 
co%ecfivity, the globaI matrix is easily derived. Study Fig. 4.3 and the construction 
of ttiis Boolean matrix. This matrix is particularly useful in writing computer codes 
for matrix assembly. The numbers represent the numbers in the global matrix while 
the position of these numbers in the matrix represents the local values that would 
occupy the numbers on the global matrix. Try to reconcile the use of this connectivity 
matrix with the values presented in the connectivity values above. 

4.6.1 Calculating the. Column Vector 

In this Laplacian, the column vector is the flux: 

The flux value at nodes 1,2 and 4 are udcnown and the nodal values u3, US and 
U6 can be calculated by solving the matrix equation [K]{u) = {F) and substituting 
ul, uz and u4 = 5.0. The solution gives u3 = 6.65, us = 5.76 and u6 = 6.38, and 
F1 = -0.83, F2 = -0.76, and F4 = -0.69. The negative flux values show flux 
going in negative y-direction. 
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4 One-Dimensional Four@ Order Differentid Equarion @em Bending Pmblemj - . . .. 
*I * .. 

4.7 one-~imensiorhl Fourth Order Differential :Equation 
(Beam Badink Problem) - 

This example is brought forth here m innodm the reader to an example of a C' 
~ontinuous. parameter fnnction. For beam bending problem, u = bansverse 
deflective (positive up<@ of the beam, f = tFansverse dishbuted load a&ng 
downward ::- 

The weak formulatid~is detailed in Chap. 2, Example 2.51 
. -+However, remember & our section on p m e t e r  functioh and interpolation 
. +functions we did ralk*&out compaiibility artd eompleteaess requirements for 

deriving shape functionit for different. p b k m  statements. In ?his example, we 
cannot use a e conrinuoub shape function because this is a C' donhuous equation. 
.The inkqoIation function will therefore be a cubic polynomial despite it being a 
tug-noded domain becaii& there are four nodal variables for the beam eleme9t. 
' 

The interpolation fu&tion therefore takes the form for deflection as 

and jfie slob 

(eldx) = #(x)  = c2 + 2w + 3 c d  (4.63) 

ms  unction (4.62j- satisfies born the compatibility .anti completeness 
rcq&ent far the problem solution. 

Pinmy vatiables are M and Mdx. 
The secondary variable is 

~chection and slope at both beam ends of lmgth I can be computed as; 

, 3 
5 ; u(0) = Cl 5 Y1 

+(O) = c2 = lk, 

Solving (4.64) in terms of the . . now v d a b h  gives the shape functions 
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4 uknvaaon ox hleement Mamw, Assembly and Solubon 

3 2  22 
h,(x) = 1 -p+- 

13 

21 2 
hz(x) = ~ - - j - + ~  

3x2 2.x! 
h3(x) = T- - P 

2 X3 
h4(x) = -T+F 

Applying the approximation and weighting functions to (4.61)gives the finite 
element' coefficient matrices [Ke] and r): 

where a = El for beam bending. 

4.8 The Use of Other Coordinate Systems in Derivation ' 
bf ~inite Element Equation 

The natural coordinate system is very much used in fkite element computation 
because of the ease of computing higher order e leent  based matrices using 
simple integral methods and the Gauss-Legendre quadrature. This se,oment pre- 
sents the application of some simple integral formulae-for the length, .area .and 
volume coordinates. The calculation of the stiffness matrix still has to be through 
the Jacobian route'outlined in Sect. 3.7 on isoparametric elements. 

4.8: 1 Length coordinates 

Let us derive the f q e  vector of Eq. 4.7 using ha* coordinate shape functibns 
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4.8 The Use of Other Coordinate Syslems in Derivation of Finite Element Equation 

This gives us the force vector. Compare this solution with Eq. 4.8. 

4.8.2 Area Coordinates 

In this example we shall derive the first portion of the force vector matrix for the 
second order equation in Eq. 4.20 

4.8.3 Volume Coordinates 

These text 13, 41 provide further insight into mapping and working in other 
coordinate systems. 

- 

. . ~ .  - .  . . . . . . . .  
. . . . . . . . .  . - . .  .... . .~  . . , . . , 

We .... shall calculate the forcemadx-6r Eq. 4.36 
. 

. .  . , .  
- ,  . . . .  , . , .  .............. 9 i:, 

.. < . . .  

. 
.. 

. . . . . .  .... .. 
, , 

. . 

. . 
. 

,- 
1!0!0!0! 

(l.+.O + 0 + 0 + 3)! 
O! 1!0!0! 

.(O+l.+O$O+3)! 
0!0!1!0! .~ 

. .  (0 + 0 + 1 +o + 3)! 
0!0!0!1! 

_(0+0+0+1+3)!  
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4.1. Derive Eq. 4.8 fk~from (4.7) 
4:2. ~ & e  fa the ~ ~ U I I E W  b ~ w ~ l d i f m n :  ofXq,.'4.39-Ziy'using Eq. 4.48a 
43: Check whether the interpolation function expressed b Eq. 4.62 satisfies both 

the compatibility and completeness requirement for Eq. 4.61 
4A. For a three meshed bar, derive & weak fornuhiup, a d  the ~t~ element 

equations for unsteady heat transfer in the bar 
- 

subject to the boundary conditions; T(O) = To; and 

-4;s; -Using a three element me34 derik I& weakfoaxlulation and .hence the 
' element equations fai .. -. . . . . . . . . 

d(aE)=f  a i r i l  'ax ax 

Subject to the boundary conditions; T(O) = To; and 

Take a to be independent of x. 
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Chapter 5 
TM S t q s  to Modeling Using PDEtoolbdx 

Graphics Interface ,:.. 

5.1 Engineering add Modeling 

Many physical processqs find their mathematical models expressed as partial 
differential equations. Designing for new products and processes need a great deal 
of modeling to undersGd the old processes and the proposed new design. Partial 
differential equations (PbEs) and their solutions are applicable to many engi- 
neering problems. This chapter sets the ground for a modeling journey using the 
PDEtoolbox graphics user interface (GUI). 

5.2 Steps for Modeling with the PDEtoolbox 

The following steps will guide the reader step-by-step through the modeling 
process. By the time the reader gains mastery, helshe can delve into modeling 
zones never. explored before. We will outline these steps and build up on each in 
different se,ments of this chapter. The steps are: 

1. derive the &fining(governing) PDE for your problem, the domain and 
boundary conditions (and initial conditions if problem is time dependent); 

2. open MATLAB and PDEtoolbox 
3. spec* the application you want by using the Options + Applications menu or 

the pull-down menu window; 
4. draw the geometry(domain) of the problem on the graphics interface(GU1) 

using the Options and Draw menus; 
5. set the applicable PDE and the initial and boundary conditions; 
6. mesh the domain and refine mesh as applicable using adaptive or uniform 

meshing. 
7. solve the PDE using the Solve + SolvePDE menu. 
8. explore other solutions using the Plot -.+ Plot Parameters ... menu. 

0. Oluwole, Finite Element Modeling for Materials Erhgineers Using MAZL@, 
DOI: 10.1007/978-0-85729-661-O-05, O Springer-Verlag London Limited 201 1 
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5 Steps to Modeling Using Graphics hmface 
4 - 

us now go detailed into the outlined steps. 

5.2.1 Stmting the MTLAB PDEtool GUI 
:* 

Start MATLAB by double-clicking on the desktop MATLAB icon. Type PDETool 
at the MATLAB prompt to start the GUI. ATternatively,.ss shown in Rg. 5.1 enter 
the graphic user &terface through the M A W  start button at the bottom, left - ,  : . 

hand corner. ~ i g &  5.2 shows the FDEGUI. 

5.2.2 Specijring the Application o p e  
i 

h the Opn'm 4 &pplim*on menu (Fig.' 5.3) or from the dropdown menh-oh the . .. 
top right, scfect apblication rype; hear transfer, diffosion, structural mechanics ~ < t h  . 

plane strain, etc. Note that this selection m t  be made before specify@ boundary . 
conditions and PDE coeffr rk .  Boundary values and PDE cotfficients change if 
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5 2  Steps for M W g  with the PDEtoohx 

Fig. 5 2  The MATUB PDEtoolGUI 

Application selectionI1 is made after boundary conditions and PDE coefficients are 
set leadihg m enors in computation if c h g e d  values are not corrected .. .: . . .. 

5.2.3 . .- Dmwing. the Probkm Geumeby 
* 

. L .  C - . . I  I - - .. , . .  

Draw the geometry, is., domain of the problem on i&c G U  using the Opiions and 
Dr&:menus: Use the 'Option&.i h i  f imifs..  .menu to set di~pIayed:2~D axes.. . 
and O p ~ o m  -+ G F ~ ,  Options 4 G M  Spaking;.. and Options -, Snap menus to 

. -automaticaily'imp - to grid .@intiy 5.4). .-By drawing rectangles, .ellipses or 

. $lYgdn3,'.the domain Can be built up by addition or subtraction from the ser 
f o m l a  window (Figs. 5.5 and 5.61, e.g., SQ1 + C1 or SQ1 - C1, 

Also, draw buttons in the tool bar just below the top menu bar can be ixsed w 
draw qppr ia te  object by clicking on the appropri* icon. -click on &eVdraar - -. 
sp& and' '&kg to draw the object. - .- 

Nore carefully that it is important ro choose convenient axes limits, preferably 
- ~ ~ ~ i : ~ . & - . t ; i ~ g M m e w . ~ ~ o n s , -  .I;*. % . . .  I , .  

:.'- "I3o~dary 4 Bolin8aqj Mode a d  B0wzda1-y -, R e m e  'Subdumui~r 
Border; mwanted subd6mairi .borders can be - Z ~ O V C ~  by selectix the unwanted . . -- 
border and clicking Rensove Subdamin Border. . .  

.- . 
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5 steps to Modering Using pdet0~lboxm Graphics Interface 

Fig, 5 3  Sele~hg the application typc 

Fig, 5.4 Grid spacing before drawing 
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5.2 Srtps for Modeling wid the PDEmolbx 63 

\ 

* .  . , 

, . 

5 5  Draw the problem domain using the Draw menu 

5.2.4 Specifiing the PDE 

Using Ehe PDE 4 PDE mode, and 'PDE -, PDE pecijcati'on.. . Figs. 5.7 and 
5.8) the PDE type an be selected and the W E  coefticients can be entered In 
'multiple' domaiaed problem, you must select the domain whose values are being 
entered, e.g., heat d e r  in a molten steel casting enclosed in sand mould. Tfie 
mould must be selected for entry of its parabolic PDE values while Wmnt 
pambofic PDE values must be entered for the molten metal. 

5.2.5 Specifying Boundary Condittow 

Enter ~~ mode by clicking aa the XI button or selecting B a M t y  + 
Boundary Mode (Figs. 5 . 9 . d  5.10). Boundary conditions can be selected when in 
boundary mode 'by doubk-clicking on thc Wind boundary and filling 
the boundary conditions pig. 5.1 1). AIkxdvely, singleclick on the desired 

- lmmdary and click Bormdary - Speafi B o d r y  Conditiom.,. to .specify 
boundary conditiom. If w v d  m e s  have the same conditions, they CUI be 
selected by s h i i c k h g  on tbc desired bomdaxies. While in boundary mode 

. . 
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Fig. 5.6 A sqw ~~ 

- .  
- U 

boundaries can be selected by using Edir + Select kt2 and Boundary -r Specify 
Bo&g Cunditiom ... to specify boundary condihq.for this group of segments. 
Note that as you ,use the PDEtool GUI, you will &d the most convenient way of 
getting ~cound* he useofsfadliry: 

5.2.6 Meshin the Domain and Mesh Re@ement 7 .- . 

Using* Mesh -r ?ammeters, initial mesh parameters, jiggle mesh paamems and 
mesh refinement p~tthod can be selected (Figs. 5.12 an@ 5.13). For coarsest mesh , 
inf can be input in the form by clicking on the trjangle bunon or..selecling 
Meshw* initial& Mesh, initial mesh can be pnerated. . - ... . .. . . . . . . , . 

For non-tmsiknt problems adaptive mode of mesh bfmement is an option and - 

can bem16cted from Solve + SoEve Parameters menu mgs. 5.14 and 5.15); &re, .. . 

the desired h u m  n u m h  of triangles or maximum number of nfineinent steps -- - - 
can entend in/ the form. ,.-., . - -  - . . . .. . 
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5.2 Steps for Modeling with the PDEtdbax 
, . 

Fig. 5.7 The PDE menu fur specifying the PDE type and d c i e n t s  
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66 5 Steps tb Modeling using .~det~olbox~"" Graphics Interface 

Fig. 5 3  Using the boundary mode 

. . 

5.2.7 Specifiing Initial Conditions for Transient Problems 

If the problem is transient, ?he Solve -+ Parameters. .. menu (Figs. 5.14 and 5.16) 
is used for setting the time duration and increments. The variable u(t0) represents 
the initial conditions on the domain at t = 0. Tirne:O:? represents t = 0 and 
t = final time in seconds (Fig. 5.13). 

5.2.8 Solving the PDE 

Solving the PDE involves plotting the result on the GUI or on a separate pop-up 
graph in $D. This means that the properties to be plotted must be selected..By 
selecting Plot -, Parameters, or clicking on the mesh button, the plot selection 
form pops up and the plot propexties can be selected (Figs. 5.17 and 5.18). For 
Colormap options, jet or cool is recommended. Plotting in x-y grid, show mesh 
and Heigktf3D plot) are also recommended but user can choose appropriately as 
desired after familiarizing with tools. After selectiop of plot properties, click on 
the plot button on the plot pakneters form or click on Solve -, Solve PDE.. .menu 
or press the = button. 
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5.2 Steps for Modeling with the PDEcoolbox 67 

Fig. 5.10 The square domain in boundary mode 

Fig. 5.11 The boundary condition form for h e a t - d e r  application 

5.2.9 Extracting Values fiom Plots 

Values of plotted property at desired points in the domain can be obtained by 
clicking on the selected points in the domain, with the wines displaced on the 
status bar at bottom of the GUI. Exact solutions at these points can be found by 
using the Mesh -, Export Mesh and Solve + Export Solution menus to export the 
mesh parameters and the solution parameters to the MATLAB worksheet. The 
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Fig. 5.22 M a b g  mmu showing the mtsh options . . 

! 
ng. 5.13 A trime& meshed domain 
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5.2 Steps tor Modellng unth the YJJhtoolbox OY 

Fig. 5.14 Selecting the solve option 

. - . - . . . - . . 
, .. , - . , . . . , .. . -- 

Fig. 5.15 Solve parametersform for non-fransient problems ] 
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' 5 Stepn 'to Modeling Using ~ d e r o o l b o x ~  Graphics herface 

sia solve param~aa inpit, fmPor d e n t  h e a t - ~ e r  application 

Rg. 5.17 Sclactiag the plot pammectrs 
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5.2 Saps for Modeling with the PDEtoolbox 

... dts'rred value u(ny) can hen  be obtained from the MATLAB w&eet by 
. d u a t i @  uxy= tri2~~id(pf t,u,x,y). from the MATLAB prompt 
. insexting sgecuc values of x and y into the x, y bracketed 
withg,t ,u .  ~hemes~ttrianglenumbertncanalsobeobtained 

* using luxy,tnl ='tri2gridtgftfufx,y). The vertices of&e triangle 
canbefoundbyevaluating;p(:, t(1;3,tn)) hmth&MATUBprampt,Note 
that other properties of your plot caa be emacted as well, e.g. panmetera involved 
in your domain geometry o? the boundary conditions or PDE or even parameters 

- involved h your graph. Go to the qpqr i a t e  pddom mmu and cfick the 
-desitedppeay17xport... . 

SO- US&I ~ X B  f ~ r  the rtadcr am ltsted h & Rek [I-?]. 
I. 

5 3  Exercises 

5.1. Use the draw icons situated below the top menu bar to draw a circle of radius 
2 , r e ~ r a n g l e o f s i d e s O ~ x ~ 4 d O ~ y ~ 2 , ~ d s q ~ w i t h O ~ x ~ 2  

' a P d O ~ y 5 2 .  
5;2, Draw a square of sides 4 cm with a squm hole of sides 2 cm. 
5.3. :Draw b e t  circles of .radius = 1 inside a rectangle of sides 0 5 x < 6 and 

Osys4. 
5.4. Select one of the circles dram in Exercise 4 3  by clicbg on it and ddtb. 
5.5. Re-lael one of the remaiaing two Mes in b i s e  4.3 by doubleclicking 

it to open the object dialogue box 
5.6. Draw an squilateral trim& of sides = 1. Opcn tbe rotate box from the dmw 

mcnu and rotate 908. . * 
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5 Steps o o ~ . U s h g  ~ b o x ' m  Gqhia M a c e  

3. 'h.~ath~orks,fac. ( 1 9 9 8 ) h d A ~ ~ ~ ~ ' h ~ @ a g ~ d ~ c a J  cmqutbq: started 
with MATUB, &on 5. Tbe Mathwork h., NatiCk 

2 Tbt W W -  h. (2004) MAW' tk. @age d tEchnid mqmhg: Man 
~ ~ 0 1 1 : A - E ~ 7 . T b e M a t b W ~ l n c , N a t i c k  

3.  be mwwks, I~C. cm~) MATLAB*  ti^ ~snguage o f v ~ l l a l -  pr0-g. 
v e o n  7. lh MiubWakt~ hc., Natick 

4. The Mathworks, b. (1999) dynamic sy6km Idmulation for MATUB", 
v&m 3. The &&W& hc., Natick 

5. Lysbvdi SE (2003) Enginewing md seieni5c computations using MAW@. wlty, 
Hoboken 

6. Tbe Mad~Wmks, b, (MI 1) Support. ~Jhvww.mat frworkacDmlw~B=l .  Accessed 
1% Jan 2011 

7. Y q  W, C a  W, Cbung T'S, Marris J (2005) Applied numerical metbods using MATLAB@. 
Wiley, Ncw Yo& 
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Chapter 6 
Application of ÿÿÿ toolbox- to Heat 
Transfer Problems 

6.1 Setting-Up the GUI for Heat Transfer Problems 

. Basic procedm required in heat W c r  problems are setting the application 
mode, drawing the domain geometry, imposing the boundary conditions, the PDE 
specification and plot W c a t i o n s .  Great care need to be taken to make sure that 
all details in the governing equation are taken care of. We will lookat these 
procedures further, , 

Applicarbn mu&, Set menu Options + Applicalion to heat mmfer 
Boundary conditions. For 13irichlet condition expressed as h T  = r, set 'h' to 

unity and 'r' to the temper- desired. 
Fur Neumann condition expressed as n*k*gmd(Z') + q*T = g, set -'q' to zero 

and 'g' to negative of desired heat flux {or zero for adiabatic condition). n is the 
outward unit n m  'vector. 

For convective boundary condition, set 'q' to convective heat transfer coeffi-. 
cient value and 'g' to product of heat transfer d c i e n t  and ambient temperature. 
, PDE specifiatioq. The elliptic Fburier equation expressed as -div(k*- 

= Q + k*(T,,, - T )  over a domain $2 is for steady-state situations, 
while the parabolic quation, r b * C V  - div(k*grad(T)) = Q + hYT, -iT) 
describes transient problems. . . 

6 2  Example Problems on Heat Transfer . 
in Materials Engineering - 

Som~ sample problems in Material Engineering are presented in this segment. to 
familiarize the reader with how to use PDEtoolbox in. mat&& modeling.t]sefirl 
texts are listed in the Refs. [I-53. . . I. r 

No& hslt alI the codes in the sample pmbZems lgivea in this book can be 
accsed on htrp://emas.springerIcod. TO follow he modeling procedw, - the 

0. Oiuwole, Finire Elemem Modeling for Moferfols Engineers 'u* MA TUB@. 
DOI: 10.1007/978-0-85729-66 1-0-6, C Springer-Verlag London Limited 20 1 1 
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' 6 AppliCation of  toolbox^^ to Heat Transfer Problems 

reader can actually copy pom011~ if the code to be followed on t i  a new M-FILE. 
~ , i e w  M-file can. be. opened by clicking pn the new M-fileicon on the MAnAB 
workspiice just below the menu*=. Run .the program by clicking on the..Debug 
menu and double-clicking save and,, ,mn on the pull-down menu qption. This will 

'enable" you to follow the S0l~ti0n ,pg~c,iidure..~n=,~~ all-color mode. Other pwons 
can bg +dded as the reader goes along. F O ~  examPk,.t& ct&.dirichlet.rn 

'&lbtir'(iee Sect. 6.2.2.1); to follo~~1h'&.~eometry!coX$&&on;c6~i .. . .~ , ... ,,. .. .,, . . the L- ,:.-- 

: .to: geometry description and run. Later..m.td ., ,.... . follow.how:the.~boy'h&ry -,.. con-= 
- ~ g ~ % t ! ~ p ,  add the codes for boundary conditions' kd riln-agaa: fikn atid. 
..for mesh-generation.. ., then pde coefficients, etcLuntil. pou get codes to-sol\jre pde..: 

.. '.'.The.readet can follow step-by-step in this way. Running all the codes will give the 
. s .  . . '  _ . . . .. .: . . ,  . ...,. . .. . final solution in the domaixi geomefry. ., .. 

, . 

6.2.1 Steady-State Heat ~ m n ~ f ~ t '  - 
. . .  .. . . . . . . . .  

A m+t&0.50 mby 0.01 m (K = 7 3 . 7 0 ~  ( . . . : ~ .  'c). . . .  end kept L at ,o,:,I, ki f. orm t&- , . ' 

p e r k e  of 400°C and 'the other at 25OC. The sides,.& inidat&. 
. .  Using PDEtoolbox, find the steady-state temperature distribution in the metal. 

The solution to this problem can be accessed in the METAL,m file. 

Solution steps: 
1. Open the PDEtoolGUI and specify hek m f e r  application. 
2. Choose the right scales for your domain, grid .and snap from Options menu (see 

Chap. 5 on geometry drawing). Draw your domain using the Draw icons or the 
draw menu. You could choose axes limits of [0 0.61 and [0 0.021 for both x and 
y axes in the menu Options. + axes limits and then snap to 0.5 by 0.01 or using 
the object dialogue box set Left-Bottom-Width-Height in the dialogue box to 
0-0-0.5-0.01, resptctively. 

3. Select the PDE. Fist click on PDE mode in the PDE drop down menu list. Then 
click on the geometry to open up the PDE specification box. The elliptic PDE is 
applicable here for steady-state situation: 

r div(k*grad(ZJ) = Q + h*(T,, - 7') where T is temperature, h is the con- 
vective heat transfer coefficient, Tax, is the ambient temperature. Your 
knowledge of finite element equation derivation obtained from Chaps. 2 to 4 
c6mes in useful here. From the problem formulation, we have only dirichlet 
conditions involved here, the Neumann conditions are zero, no heat source 
and no convective conditions. Insert values into the PDE specification form. 
Q = 0, h = 0, Text = 0. 

4. Put in the boundary conditions, the insulated sides are kept as Neumann's 
- condition 

dT -- 
dF 
- 0 by keeping q = 0 and2 = 0. 
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6.2 Example Problems on Heat Tmsfer in Matcrids Engineering 

Fig. 6.1 Solution to Example 6.2.1 in a 3D plot mode, b 2D coluur plot m&e 

, The ends are dirichlet .~mditions with T = 400 and T = 25. Keep h = 1. 
5 ; ; : ~ h h . ~ u r  domain and refme mesh. You may use the adaptive rebement 

method here by fiUinP the solve + paramefers form. 
6. Select your plot parameten and press the plot button, 

. solution is presented in Fig. 6.1. 

6.22 Trmient  Problems (Heating and Cooling Problems) 

A metal plate 1 m by I. m .was initially at a temperature of 25°C. Suddenly the 
boundaries were kept at 250,100,500 and 25OC going antic1.ockwise from the top. 
The flat surface itself was experiencing convective heat transfer. Find the 
temperame distribution in (i) 10 s, (3) 3000 s. Use the values; Q = 0, 
K = 73.4 W/m O C ,  C, = 1300 JkgK p = 7680 kglm3, h = 28.39 w/m2 OC 
and T,, = 25°C. 

The solution to this problem can be accessed by m i n g  the dirichler M-file. 

Solurion steps to 62.2. I (iJ. Open dkichletm fie to fuIlow this solution procedure: 

1. Open the PDEtoolGLJl and specify heat transfer application. 
2. Choose the right scales for your domaia. I suggest 1 = 1 scale using Option-, 

s 4 Axes Limits.. . ; Options + Grid a? Optiom + Snap. Draw your domain 
using the RE~ANGILIE button or Drag -* RectmglelSquare. 

3. Select the parabolic PDE which is applicable for transient heat transfer; 
rho*C*T - div(k*grad(T)) = Q + h*R, - T )  where rho is the density, C is 
the speciftc heat capacity at constant pssure, 2' is the derivative of T with 
'respect to time. Insert ihe vdues'. Q = 0,K = 73 -4 W h  "C, Cp = 1 JOO J/kg./K, 
p = 7680 w m 3 ,  h = 28.39 w/m2 'C sad T, = 25'C. 

4. Put in tht boundary conditions (B.C's). AU the B.CY s m dirichlet conditions. 
5. Mesh the domain and refine mesh. 
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Eg. 6.2 a Solution to 6.22.1(i). in a 3D plot mode, b contour plat mode 

I 

Fig. 64 Saving work 

6. Open the so2ve:porameterers form putting in the initidsmditiom u(tO) i 25&d .. , . 
final rime t = 10. The solutions are.presented in FI~. 6.2. 

.. . 
You can off Iht grid from the 'Options' menu as ddmi From the Fde' m u  

on the PDEToolb6x GGUI select 'save as' and save yo&~ork Your work is *saved - 
into the M A W w o i k  folder (Fig. 6.3). Your ssved+work . . is called an M-file. 
Opening it I#& the coda for YOU work i : . -..... .. , 

From the. file nieb of the M A T W  GUI (not the Be-menu of the PDEToo1box 
GUI) the saved wbrk can be opened as an M-file (Fig. 6.4). If the M-me is opened 
from the P D E ~ O ~ ,  the codes are executed. . rw 

I 
- I' 

1 m- 

5; 
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6.2 Example Problems on Heat Transfer in Mate.rials Enginetring 

% Dirich1et.m file 
function pdemodel 
[pde-fig,ax]=pdeinit; 
pdetml('app1-cb1,9); 
pdetool('snapon','on'); 
set(axI1DataAspectRatio',rl 1.5 I]); 
set(ax,'PlotBoxAspectRatio',[l 0.66666666666666663 1 I); 
set(ax,'XLiml,[O 21); 
set(ax,'YLiml,[O 21); 
set(ax,'XTickMode','auto'); 
set(ax,'YTickMode','auto'); 
pdetool('gridon','onl); 

% Geometry description: 
pderect([O 1 1 O],'SQl'); 
set(findobj(get(pde~fig,'Children'),7ag','PDEEval'),'String','SQ1 I) 

% Boundary conditions: 
pdetool('changemode',O) 
pdesetbd(4 ,... 
'di r',... 
1 ,... 
'1' ,... 
'1 00') 
pdesetbd(3, ... 
'dif ,... 
1, ... 
'I' ,... 
'500') ' 
pdesetbd(2, - ... 
'di r',... 
11 I... ... . . . .  '1 I,. . .  

'25') 
... pdesetbd(1, 

. . ',di,t,: 
. -I,... 
:I1 ,..., 
!250,) ' ' ..... . . .  . . . .  

. . . . . . . .  - 

% Mesh generation: 
Setappdata(pde-fig;'Hgradl,l .3); 'i: 

~etappdata~~de~fig,'refinembthod';'regularl); 
pdetml('initmesh8) - 
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% PDE coefficients; 

% Solve parameters: 
setappdata(pd0-fig,'solveparaml,. .. . , 

str2mat('O','f W0','10','pdeadwo~~t' *... 
'(3.5','~ongesf,'O','l E-4',",'fixed','Inf)) 

% Plotflags and user data strings: 
setappdata(pde-fig,'plofflags',ll 1 1 I 1 I 1 1 0 0 0 3001 0 1 0 0 0 11): 
setappdata(pde-fig,'colstringl:'); - 
setappdata(.pde-f i g , ' a r r ~ t r i  ng',"); 
setappdata(@e,fig,'deformtn'ngtIil); 
setappdataCpde,fig,'heig hbtring','?; 

% Solve PDE: 
pdetool('solvet) 

Solastion of 6.2.2.1 (ii). Follow the same procedure as in the solution of 6.2.2.1 (i) 
but insert t = 3000 s in the solve jmrmtcrs form. The solution is presented in 
Fig. 6.5. 

d .> 

6.2.23 Cooling Problems 

The same steel plate of Sect 6.2.2.1 with same boundary conditions was initially . 
at. 900°C. Find temperature. distribution 'after ti) 10 s in sit;' (ii) 3000 s in 
(iii) 3000 s quenching t h  sides alone to 2%; and (iv) subjected to Ne& I3 .C 
dT/dn = -5QO on all sides, 
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.62  Examplt Pmbltms on Heat Transfer in Mawriafs Engineering 
: ., 

1 M h - 1  
1-  l ~ > b , W ~ * l  
a - m & I m * w l - - ' . n r  

, fl- u ~ ~ * , . m r ~ m w o . 1 a  z SI?* 
I - I ~ c ~ . Y , ~ ~ ~ ~ I L ~ ~ ~ w ~ * . I ~ - ~  U+.mmaaawmn x---maamawn - 
e -  . . o l r x . . = ~ , r - l . s r . m ~ r  . 
7 - I * G ( U ,  ' nm* ,*.rKP414 . 
I - u u ( p l , ' m o ~ ' , ' O U f w I I  
s - r w ( o l , . w w ~ b , v u + t r r I z  

!*O 
1 %  L a t r j  &#cr~*crarr # I  

: u - -US { l 4 . 4 w s x ~ t  O ; ~ s m z z a ~ f f ~ ~ ~  u.mlm¶lm44l E . ~ Q S L s u a W X H a 4 l r * U ' ) I  
U - ~ ~ $ l ~ * o l ~ % ' Q t ; ~ ) , * t ~ ' , ' ~ ~ C r l l ' l , ~ * . t ~ ' r ' f i ' ~  - 
,I4 .-.. 
N k d r  W r ? a x r  

!I#- ~ I I W O L I ~ ~ . ~ ~  
,a?- -!4,,,, 
:U 'dlc'.... 

I , . . .  
IW '%*,,.* 
i r  -wj 
I=- -@*..a 

,as ,&tm,... 
'I4 1, ... 
1 'a',.-,. 

!*a -wm, 
In- -a,... 
+m n a r 4 , . u .  

I 
C 

i *I*.... 

" ..;1 

Fig. 6.4 Tbe M-file shown ikidar Editor-CA MATU3nwo&ld%&lotM fi. The fW1 contents 
of this 6le is listed below aid' m be run frwn tha debug menu tod 'm' 

Solutiom: 
6.2.2.2. . (i) Apply the a& procedure as in Problem 6.2.2.1 but in the solve 

form input iniw temperatme as 900% 
The solution is prtscnted h Fa. 6.6. You will n o b  that the phte is 
cooling dowa because thc initial tenpmhm condition was higher 
than subsequent temperature the plate was subjected to. 
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FSg.,&6 Solution to Rob 
6.2.2.2(i) 

FSg. 6.7 Solution to Problem 
62.22 (ii) .' 

6.2.22. (3) Change the dnal t e v  in s ~ h e p r n ~ t e m  form. to 3040 s. The 
I .  

wlutim is presented in Fig 6.7, ,A.a., 

6.2.22. (iii) Change B.CPs to dkichlet T = 25T on all*$des on Bo-ry. Spec:. . 
z@Qti~n form and 6nal 6me on solve p&ters form to 3000. 
SolUfib is presented in Fig. 6.8. . >. 

6.2.2.2. (iv) Change B.C' s to Neumann with q = 0 and g= -500. The! hhtion is 
pmen&d in Fig. 6.9. 

k2.3 ?kmsieP$Problem ( .  Generation in Tubular Furnace) 
. .' 

- .  ... 

A tubular furnace . has om internal diameter of 0.5 m 'with a heating &anent' - 
embedded in a &lay re-ory ring of inWnal diameter of 0.5 m~4.-backupaw- - - 
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0 2  JZXSmplO l3UDUSIUU UU rrsru Alurarr, U n-- u p - a 1 1 5  . . 
Fip. 6.8 Solution to Problem 

Fig. 6.9 Solution to Problem 
6.22.2(iv) with Newmann 
BCs at T = 3000 s. We can 
see that the rate of cooling 
was much less than the side 
quenching situation from d e  
tern- 

. .  . .  . . . . . . .  . i'. , '  .. , .  . . .., , . , 
. . 

.-refrac'i&y . . . . . , . . . . . df silica bricks follows-the lkxlay ring with an internal diametet . . . . . . . .of. . . . 

0.7 m. 1t'ii foilo~ed'bjr.a:~l&s-wocii insulation with an internal diameter .of I'm 
T ,  

after which a steel shell of internal diameter of 1.1 m and external diameteraf 
1.2 m. The heating element has a power of 715 W and has capacity to heat up to . 
1200°C. Find the tempe&ture distribution from the center of the furnace to:&e end.. 
of the glass-wool insulator in 30 s and 1.000 s. if the temperature at the end of'the 

.. -gl&i w&" is 30°C. Initial 'teniPe~-w~.-3o0~. ... . , . . ..". . . . .. . . . .  . . 

. Data: K(firebrick) E 0.15 Wlm OC; K(silicabrick) '= 0.6 Wlm "C; K@,issr, 
. .. .. wool) .= 0.04 :Wlm -OC;  h(air) -= 28.39-.~lm? ,T. Take the still air temperature in 
... :. . the furnace to obey the equation, Text = 30 + .t. -- - 
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Sohtion: 
1. ~ r h w  the furnace leaving out the steel shell. 
2. Fill the PDE specgcatibn and the - .  sohie pdrumeter f W i  - 

Keep rho and C, = I to reduce the parabolic equation to . 

h the WIayform, k=0.15, Q = 715, h = 28.39, Text = 30 + t . 
In the silicahick form, k = 0.6, Q = 0, h-= 0, Text = 0 
In the glass-wool form, fill K = 6.04, Q = 0, h = 0, Text = 0 
h ~ ~ e a i r f o r m ,  fiIIK=O, Q = O ,  h=28.39,  Text=30+t  where 
t = b e  
In Ebe solve parameter fwm, ldl Time: 0:30 and ac(t0) = 30 for 30 s and 
Time: 0: 1000 and u(rO) = 30 for lo00 s. The solutions are presented in 
Figs. 6.10 and 6.11 kid the M-file transienttubular contairw the co&s. 

6.3 Exercises 

6.1 Find the hear Aux and ttrnperabue gmdicht for ~xarnplc 6.1 using METALzm 
file in the accompanying CD. 

6,2 Find the tcmptrature at x = 0.20 and y = 0 , W  by clicking on the solution of 
Example 6.2.1 using the contour rwo-dimemid plot presented in 
m~~.rn ae. 

6.3 Using example M3AL.m file, find the @mperaa~re at x = 0.20 and 
Y = 0.004 by exporting the mesh atid solution parmmcrs and using the 
expr~sion uxy = trf 2grid (p, t, u, x, y )  . You should get a 
value of 2 5 0 " ~ .  

. , i  
* A 
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6.3 Exercises 

Fig. &lt n Trmpemm & b ~ h *  in the rub* furnace afm lOOO s in 3D plot 
b Tern- distribution in tt;;? tubular h n m  after 1000 s in fkX) c m r  plot 

6.4!ImaLuate the trianglenumber (tn) o f  Exercise 6.3 &d the 
vertices of the &ngla. 
Solufiori: m=6;9;i&eaices [xlry1] = [0.2033,0.0d5] [x2,y2] = 

- 18.1917,0.0025l~-~x,,y~ = ~0.2033,0.00253 : 
6,5 Using diritklet .m ile,d tb he& fiux and temperaim gradients in 
. Examples 6.2.2.1 and'$.2.22. Emd the specific ~~ at x = 0.2, 

y = 0.5 using [q] =-'.&2fid(p,t,u~,y] as desmibed in Chap. 5. 
6.6. Solve the same pmbleim in Sect 62.3 for s steady-state siruation with the 

furnace at 120O0C. a t :  Text = 1200°C h i d e  fwnace. PDE is elliptic. 
So1urjOn is presented iq stedystmetubular M-file. 

-6.7 Find the temp- gradients and heat flux in the tubular furnace using 
sfeut$wtateMukr timd' franrimmbdar M - a s  in the accompanying W. 

6.8 Extract the tempemme values at the middle of the furnace for both transient 
at 1000°C and steady state and compare values. Solve for $emperatme dis- 
tribution in the k t  for time situations of 50 and 100 s. 
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Chapter 7 
Application of P D ~ t b o l b o x ~ ,  to Elasticity 
Problems . ,. 

7.1 Basics of Elasticity in Finite Element Application 

.Consider the free body diagram (Fig. 7.1). Equilibrium of forces yields, 

= O  

and 

- where u,, by md T~~ are stresses a&g in the x, y b t im  and shear stms, 
rqpectivelym f,,& are body forcedunit area or per unit volume assuming. wit 
thickness. * 

Thus, simplifying Qs. 7.1 and 72 yields equilibrium qmtiom 

b x  at,, -+-+f,=o 
a x - a y  

and 

where f, and f, are body forces. Note that the surface traction forces come in as 
natural ~ e u ~ i i i i  boundary conditions and diriclet conditiom are displacements.. 
T h d m  in the weighred inwgral amly  sis we can the heam facefianfms . 
as part of the force vector (see Eq. 7.5). . - .  
The g o v d g  Eqs. 73 and 7.4 are hen subjected to the weighted integral. 

formulation tox&ve the finite element equation &us; 

0, Oluwolt, Finite El-r Mo&ls?rg fbr Mm~n'als i%gin@ers using MAW, 
EOk. 1 0.1 00?/97&-0-85729-661-b-7,6 Spingw-Vcr!q &don ;Limikd 201 1 
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7 Application of P&tdboxml to Elasticity Problems 

4 .  -*.* I.. . 
I 

FIg 7.1 Fuxca acting on a 24iimmiiW idn i tes id  elemental body 

where @ are the traction ~ O K X B .  

Applying integration by parts to the first term gives 

'The constitutive stress-strain &uation is 

T when o = {ox b) and the corresponding s-s, 

- 8 a .(a, s, )I,}~- 
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7.1 Basics of EIasticiry in Finire Element Appbcarion 

for piane strain condiion 

E, v = Elastic modulus&d Poisson's ratio, respectively. , 

The kinematic equatjons relating strain to displacements are . >.  . . > .  .f' 

..*' 

= [Bl{dl 

.I 
h' 

a~ av 
. -'> -+- a~ ax . . . '-r . . 

where u and v are disphkement in the x and y h r i o n s ,  respectively. 
In G&erldn finire-eltiqmt method, weighting function, w is equal to-the shape 

functions, h (see ~ h a ~ . . - 4 ) ,  thus, Eq. 7.1 1 can'be expressed as 

Sustiiuting Eqs. 7.7-7.1 1 into 7.6 gives the element equation 

This is the finite element Bquation of tfie form, 

EPl I 8 3  = Cf" 1 
when [PI = 5 [l3IT[q [B] dR = element stiffness m&ix 

. w 
The shape functions:applicable here are conhuous functions since the 

. derivatives are of b t  order. I&mr triangular and bilinear eIemens are applicable 
here (see Chap. 3). 1i P D W b &  benr khgular element is used. 
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h e m  triangular ar fundons (Eqs. 3.35 and 3-42] can be 
- substituted into (7.13). I I . -1 

*Y 

(4 = {q YI U) ~2 243 1 ' 3 ) ~  is the nodal displacement vecm 
x md y an the directions in which the forces acting . 
E = Youngs modulus of elasticity. 
N = Poisson ratio. 
Gfc) = Element .force vectar. 
{b) = ~lement'displacment vector. 

The elemental equations are assembled and solved us& the global equation: 

7.2 Using the PDEtoolbox ia Modeling Elasticity 
Problems in Materials Engineering 

The general procedure is as elaborated in Chap. 5. 

1. Select W c t u r d  mechanics in the Options -, ~ ~ ~ l e p t s  menu. 
2. Draw the domain geometry following directions lad  out in Sect 52.3 
3. Set the 9p~Zidabk PDE and the initial and boundmy conditions. You must be 

familiar with your governing equation as well as the boundary conditions to 
successfully model with the PDEtoolbox. In PDEtooIbox application, body 
forces, f, and f are denoted K, and X, and areicaIJed volume forces. The 
&urnam cobditions are the smface tm~tions and spring constants. In the 
elliptic mode ~o.c., for problun~ of plane strain plane stress), p is taken to 
be 1 .D becauk the govcming Eq. 713 does not involve density. In the: eigen- 
value mode, )owever,- the value of p must be @bt in the PDE specification. .. 
form because& is a parameter in the eigendGe equation (seethese texts [I-31 
for detailed treatment of the eigenvalue.problern}. . ' - . . . . . . . 

4. Mesh the dobin  md rebe mesh as applicable  sing adaptive or urif~nb 
meshing, In the adaptive mode, you can use the default options to r e h e  the 
mesh in area$ whae bem accuracy is n&d ' , .  . . . ,  . 

5. Solve PDE usiog ihc sobe + Solve PDE me& 
6. Explon other solutions using the Plor 4 Plot ~ar&ters.. . menu., 

7.3 AppIic8tion.s of PDEtooIbox in Modeling 
Elasticity Problems 

: 

m p I e  7.1 SW&S diseibutim in metal sheets 
Consider the c& of 8 metal sheet 1 m x 1 m under a uniaxial tendt.mss-of - 
0.4 MN/m2. The plare is ctarfiptd on one of its sides. Fmd the displacements and 
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73 Applications of PDEtoolhi in Modding Wdty  Rob- 

F¶g. 7J X - d i s p ~ r i t  \ bight: u 

.stress and strain dismibution in the plate. Also h d  the Von-Mists displacement. 
E = 2QOE3 MN/m2; v = 0.3; 

Sol~dtian . 
This is an elliptic problem and since it is a sheet, p h e  stress conditions are 

operating here. 

1. Select &ructural M e c h i c d h  Stress in the @tiom + Applications menu. 
2. Draw the domain using Options 4 Grid, Options 4 Axes h i t s  und 

Options 4 Snap Select [O 21 for x-axis and [0 21 for y-axis and draw with a 
1 = 1 scale. Use F S C T ~ G L E  to db& ;desired d o m d  

3. Input the boundary conditions. Boundary &iditions are tbe displaccmmts, rl 
and rz = 0.0 on fixed side. On other' kt sides select Newmum condition = 0 
and g = 0. On me loaded side ,select"a' ... ... normal mess of 0.4 0.e.. q = 0, 

. I : g_=0,4). .. . . , *.,:;.-- . :,It . ,:.. ,.: -,., ; I b j , ; ;  ,,:, , ., -. 
4. select' Eii2tic -PDE andA in~ert PDE iihlues E = U)OES; v = '0.3; la= 0; 

ky = 0; p = 1; there are no body f&&. 
5 ;  Meshlthe domain using meshing procedure elaborated in Sect 5.6. you &-not 

, .-< . . 
. . need:to-fd&t 'by, +aimtCi-on sd1've"pideters. Turn off the adaptive -m@e. 
6. , ~~le~ ' thc ' :p lo i 'pkheters ,~  ., YOU cab use the 3,D plot mode. In plgtting fhe 

ddormed' mesh, select deformed mesh with desired property (e.g ..) Von-Mises 
. stress and ~ef&ned mesh displacement in (M, v)  was used in plotting Fig. 7.9. . . . .  . . . . . . , . . * I . .  

The soIutions are presented ia Fig, 7.2, 7.3, 7.4, 7.5, 7.6, 7.7, 7.8, 7;9,--7.10. 
The codes ,for this sample problem are presented in metdsheer.rn fie. .... - ,. :,-. 

~ExampIe-?.Z'EtIg'e~~id sheet under plane smss conditions 
An edge mcked mild $tee1 specimen 0.30 m x 0.12 m is bed% one end and 
stressed 0.4 MNlm2 ar tbe o w  end. Find the strtss ;distribution md .Vm-Miss. 
di@~yxnent. E = 2M1E3 MNlm2; 11 = U.3; . , 
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Fig. 7.3 Y-displacement , 

7 Application d P ~ $ O R M  @ Ugsticity &obkms 

Fig'. 7.4 X-stress 

. . 
1. Select Stmct~~ral Meclmics-Plane Stress in the Optkns . . -+ Applications 

menu. 
2. Draw the domain using Options + Axes Limits. Select [O 0.51 for x-axis and 

[0 0.41 for y-axis and draw with a 1 = 1 scale. Use RECTANGLE-ELLIPSE to 
obtain desired domain. 

3. Input the boundary conditiom. Boundary ~ondifio& are the. displacements, 
rl and r2 = 0.0, on fixed' side.. On other frze cracked. sides select Neumann 
condition = 0 and g = 0. On the loaded side select .a normal stress of'0.4 

. . 
fi.e., q = 0, g = 0.4). '. 

4.' Select Elliptic PDE and insert PDE values. E = 200E3; v = 0.3; kx = 0; 
ky = 0; p = 1; there are no. body forces. 
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7.3 Applications of PDEmibox in Modeling Elasticity Problems 

Fig, 7-6 X-strain 

5. ~ e s h  the domain using meshing procedure elaborated in Sect 5.6. So you do not 
need M select any parameter on solve parmters. Turn off the adaptive mode. 

6. Select the plot p m m t g s .  Contour plots have b e a  &ected here to fully bring 
* '  out the d e c t  of mess concenatim. 

The solution is presented in Figs. 7.1 1 and 7.12. The M-file for this sample 
problem is edgecrackp2mte~ess.m 

Exmnple 7.3 Edgeakcd  thick plate undtr' plane strain conditions 
.M edge .aadd&M steebpccimen 0.30 m.x-Q~ll.m..x.-0,l2.m is f ixcd~~two 
opposite ends and stressed 0.4 MN/rn2 at the h t u n a a c l r e d  end Rnd at stms~d is -  
tdbutioa and Von-Mses @Lacement E = 200B MN&; v = 0.3 

, *' 
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Solution 

1. Select $tmciural MechanicsPlane Snain in the Options + Applicatiom 
menu. 

2. Draw the d m  using Options 4 Axes Limits. Select [O OS] fwr x-BXi~md 
[0 0.41 for y-axis anb draw with a 1 = 1 scale. U S ~ . R ~ C T A N G ~ W S E  . . to + 

obtaia desired 'domah - 
3. Input the boundary conditions. Boundary conditions are the displacements, rl. . 

and r2 = 0.0; on k e d  sides, Oq other& side seIect Neumann condition = 0 
and g = 0. On rhe loaded side select a n o r m a l . s ~  of 0.4 (i.e., q = 0, 
g d 4 ) .  
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4. Select Elliptic PIX and insert PDE values E = 200E3; v = 0.3; Ibr'= 0: : 
-::ky = O;.;p = -l;.there are n~ body.forc es... . . +_ 

5. Mesh the domain using meshing procedure elaborated in Sect 5.6, So.you-do 
not need to select any para~_em on sokye paramet-=. Turn off the adaptive' 

. . - modt, . . . . . . . . . . . . . . . .  .:., . - - . - . - 1 - -  - -  .... ... 
6. Select the plot parameters. Contour pIots have been selected here to fully bring 

out the .effect of stress coacenazctio~. :.. - : . . 
. . . . . .  

The solutibn ib.ijrl&tedVin Figc7.13 and'7.14. The M-file fur thig -pie.. . 
~Gble'rn -is ~ ~ i s k ~ ~ a ~ k p ~ ~ e ~ i ~  , 

. . 
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:':, -,7 , 

7.11 X-~ms distributions . . . - . .  . ' C  . . * .  ,., .' 
. . ' S 

P i  7.12 Von-Mbes Stress and dcfomation displacemat 

EbmpIe 7.4 Center cracked thin plate under plane stress conditions 
A cen&raac~.mild steel eclspecimen 030 m x 0.12 m is fixed at the left end and 
stressed 0.4 b@?/m2 st the OW end. Find the smss distribution and Von-Mises 
displacement. 

Use E = 2a0~3;'v . . = &3; Take body 'forces to be zem. 
. . s ~ i d o n  . .. * . . .  

Inceamehdplates, Y-strejnis nry impormnt beoausethecrackeaGndsinthst 
*ti~@~&*avaluew6ereb~~efailsb~rapid~&a 
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7.3 ' Appucdons of PDEtoolbox in Modeling Was ticity P m b h  
t 

Fig, 7.14 Von-Mises stress and deformation disphment (u, v)  

1. Draw the domain wing Options -r Ares Limilr select axes b i t s  for both x and 
y axes and dtaw with a 1 = 1 scale. Use set f d  RECTANGLEELLIPSE 
to obtain dtsixzd do& 

2. Input the boundary c6nditions. Boundary Conditions are the &placements, rl 
and fi = 0.0, OB fixed side. On other free sides select N e m  condition r 0 
and g = 0. On the loaded side sdect a n d  stress of 0.4 (LC. q = 0, 
g = 0.4). 
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~ g .  9 3  X - S ~  dsiriiution; notice s t m s  mcenmim at cmck tip . 

3. select Elliptic PDE and insert PDE values: E =200E3; v = 6.3; bc = 
ky = 0; p = I:*r$ere are no body forces. . - . - - . . . . 

4. Mesh the domain u&g meshing procedure dabodd in Sect. 5.6. Youdo not. . 
need to seleA any parameter on the. solve parameters fonn. Tum off ,the . 
adaptive mod$. 
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1.3 Applications of PDEtoolbox in Modeling Elastiaty Problems 97 

The solution is presented in Figs. 7.15 and 7.16. The codes for this problem are 
in centercrackm file. ' 

Example 7.5 Stress effects on ductile iron microstructure (plane strain conditions) 
The hole model is traditionally used for modeling nodules in ductile iron [4]. ' 

Thus the matrix can, be represented by holes using the subtractive ability of 
PDEtoolGUI. However, we can model the matrix in other ways and see if the 
model matches the experimental observations. 

Question 
A ductile iron bar 0.50 m x 0.15 m x 0.15 m is fixed at two opposite ends and 

stressed O . ~ M N / ~ , ~  at the one of the free ends. Assuming a twelve nodule 
microstructure matrix, find the stress and strain distribution in the ductile iron 
microstructure using (i) the hole model (ii) nodule in a hole model. 

Data: Use, E = 200E3; v = 0.3; kx = 0; ky = 0 for ductile iron matrix and 
E = 10; v = 0.15; kx = 0; ky = 0; for graphite nodules. 

Solution 

.l. In Draw mode, draw the domain using a scale of 1 = 1 using Options + Axes 
Limits select [0 11 for x and [O 0.51 for y-axis, respectively. Use RECTANGLE- 
ELLIPSE to obtain holes for hole model (Fig. 7.6). For nodule in hole model, 
use RECTANGLE-ELLIPSES + ELLIPSES (Fig. 7.20). The square is the big 
square and the subtracted ellipses, the holes. The added small ellipses in the 
holes are the small nodules. Therefore, we need to use the set formula window 
below the button icons e.g. R-E represents RECTANGLE-ELLIPSE and 
R + E represents RECTANGLE + W S E .  

2. Input the boundary conditions. Boundary conditions are the displacements, rl 
and rz = 0.0, on fixed side. On other h e  sides select Neumann condition = 0 
and g = 0. On the loaded side select a nonnal stress of 0.4 (i.e., q = 0, 
g = 0.4). 

3. Select Elliptic PDE and insert PDE values: E = 200E3; v = 0.3; kx = 0; 
kjt = 0; p = 1; there are no body forces. , n 

4. In PDE mode, select Elliptic PDE and insert: the PDE values; input values for 
ductile iron type (i.e., whether fenitic, pearlitic or austenitic steel matrix) in the 
ductile iron PDE f m ;  input values for graphite in the graphite PDE specifi- 
cation form for nodule inhole model. 

5. Mesh the domain using meshing procedure elaborated in Sect 5.6 .(see 
. .. L- Fig. 7.8). SO YOU do not need to select any parameter on solve parameters form. 

Turn off the adaptive mode. 
6. Select the plot parameters. - 

Thesolution of the'holemodel i~.~resented in Figs. 7.17,7.18 and 7.19 and the 
nodule in. hole solution psented 'in Figs. 7.20 and 7.21. The M-file .for this 

;.. ; .  .. . , 
- : ..solution is holeplanestrain,rn. . . . . , . , . . . 
.. .. . , . . . . , . . , . . .  : . . . . , . 

' B b m ~ l e  7.6 Stress effects on ductile Iron microstructure (plane stress conditions) 
Question .. . , 
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98 7 Applicntion of Pdetooiboxm to Wasticitjr Problems 
I 

. . 

. , . . ,! 
Fig. 7.17 Meshing of the'& showing ductile iron Wules as hofes 

Fig. 7.18 x-sertss in a twelve d t  ma& wing hole motid 

Assuming it is possible to obtain a' ductile h n  k t  0.50 m x .O. 15 m. Find the 
x-stress, if .the sheet is fixed at one end and stressed 0.4 MN/m2 at the orher end . 

Assuming a twelve n&le microsmctute matrix, use {i) the hole model. 
- Data: Use, E = 200E3; v = 0.3; = 0; ky = 0 for ductile iron ma& and , 

E = 10; v = 0.15; kc = 0; ky = 0; for graphite pdules, 4 

> , i t  -= 
r. 
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7 3  Applications of PDEmolbox in Modeling Ehsucig ProbSems 
3 .  

Pa, 7.19 Van-Mia= a t M s  @ deformation djsphcmmqt (u, i3 
- :& 

5. 

fig 720 Ductile iron & with nodules sitting in holes (mdule in hole m&] 

Solution 

'1. In Draw mode, draw the domain using a scale of 1 = 1 using Options + Axes 
Limits select [O I] for x and [U 0.53 for y-axis, respectivdy . Us RECTANGLE- 

S *  &:ELLIPSE to obtain holes for hole model (Fig. 7.6)- For nodule 3n hole model, 
use RECTANGLE-ELLPSES + ELLIPSES (Eg; 7.20). The square is the big 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



square: a@ thc subtracted ellipses, the holes. The addd small ellipses in the 
holes are the, small nodules. .Therefore, we nsed to b e  the set formula window 
below the button icons e.g., R - E represents RECTANGLE-ELLIPSE and 
R + E regresents RECTANGLE + XLPSE. " 

2. Input the boundary conditions. Boundary conditions are the dhplwmmts, rr and 
. r2 = 0.0 on &ed side. Oil other free sides select Neumann condition = 0 and 
. g = 0. On the h d c d  side select a n d  8lms of 8,4 (it. q = 0, g = 0.4). 

3. Sdwt Elliptic PDE d insert PDZ! vdues: E ="-2OUE3; v = 0.3; XtK = 0; 
ky = 0; p =. 1 There are no body forces.' 

4. In PDE mod& select Elliptic PDE .and insert the PI% values; input values for. 
ductile iron type (i.e., whether fdr ic ,  pearlitic or ms'ltnitic steel mabix) in the . 
d d e  iron PDE fom; input values for graphite Kthe graphite PDE specs- 
cation f m  fbr nodule in hole model, . . 

5. Mesh the domain using meshing procedure elkbomted ' in Sect. 5.6 (see-- 
Fig. 7.8). So ))ou do not need m select any parmew on solve parameters form. 
~ u m  OE the idaptive m h .  

6. Select the plot parameters. 

The ~ - h l e s  for this solution is holepl0~estress.m , 

Ernmple 7.7 stress concentrations in hypoeutqtoid_iteels under plane snain 
. ' *  conditions (example mild steel) . . . .  

In this example effect of Werent phasefonsthats & overall mess distribution 
in the metal ma- is examined. This example can &b be used in studying the . 

effect of distributed phases in materials through ageing: Thus, new materials can ' . 
be designed baspd on eBective models developed h u g h  the finite element 
modeling [5] ,  

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



7.3 Applications of PDEtoolbox in Modeling Elssticity Roblems 

Fig. 7.22 2 2 d  s t 4  miaosmctm modeling using PDEtool showing pearlite and ferrite phases 
and grain boundaries 

A mild steel bar 050 m by 0.15 m x 0.15 is constrained on two opposite sides 
and stressed 0.4 MN/m2 at one of the free sides. Find the deformation displace- 
ment and x-stress. 

Data: Use, E = 200E3; v = 0.3; kx = 0; ky = 0 for femte phase and grain 
boundaries; E = 250E3; v = 0.3; kx = 0; ky = 0 for pearlite phase. The M-file 
for this progcam is in microstructurep1anestrain.m. 
Solution 

1. Draw the domain using a scde of 1: 1 using Options + Axes Limits select [0 11 
' for' x. and' [0 031" for 'y-axi's, ' kspectively. 'Use SQUARE +'POLY- 
GONS + POLYGONS to' obtain' microithcture (grains, Ferrite and pearlite 

. .,... phases and . ..... p i n  .. .~ ,boundaries ... (Fig. 7.20)); The sqnare is the domain and the. - 
added polygons, the,grains.  he-added smdl-polygons or ellipse in the grains .. 

. ... . . 
&e the small pear&! phases: 

2. input the bound& conditions. Boundary conditions ire the displacements,rj and 
r2 = 0.0. on fixed sides. On other free side select Neumann condition = 0 and 
g = 0. On the loaded side select a normal stress of 0.4 (i.e., q = 0, g =.0;4)f. ' '~ 

3. Select Elliptic PQE and insert PDE values: E = 200E3; v = 0.3; kx = 0; 
ky 0; p = 1; ~h&:areno body forces. Select ~lliptic PDE and insert &~?DE . 
values. Input valuesfor femtic steel in the femte phase; input values for pearltic 

,' , steeEn the pearlite phase; E = 200E3; v = 0.3; kx = 0; by = 0 for ferrite p&se - 
. . ahd graidbouhdafies; E .= 250E3; v = 0:3;kx = 0; ky = 0 for pearlite-phase,:. 

' ' 4. ' Mesh the..ddmain"using uniform meshihg' procedure elaborated in Sect. .5.6. .. . . .-. 
You' do n&: need to sel&t 'any' parameter on solve parameters.' Turn off the - 
adaptive mode. . , . .  
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' #&.:?a x-sw distribution sod deformatibn displacement wtem under p h  itrain 
I. . 

Fis 7.24 x-Stress and defamation displectks~t under plane smss 

5. Select the plut parameters, In this example let us use HSV color to bring oit the 
W1:ent color dihtations in the metal matrix. The solutions presented in 
Figs: 7.22 and 7.23. *., ; '1' 

EMmple 7.8 stress concentkons in hputcctoid steels under plane stress 
conditions (exnmple mild &el) . 
A mild steel sheet 0.50 m x 0.15 m fixed at one end and stressed 0i4 MN/m2 at 
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the. other end, Find the ,defamation displacmcat and the x-stress. D W  Use, 
. E=2=; G=0.3; br=0; b=0forfcrritcphwyd grain @un&es: 

. - - h-25QE3; v = 0.3; lot = -Q = -0 for pearlhe phase. 
* .. SoLu tion . '  

1. ~y~edo&d~g~:kalcof:I:Iusi~@ti~m -r A x e s ~ i ~ s ~ ~ t ~ O  11 , 

&J and [O Of l  for $&is, reseve ly .  .Use SQUARE + POLYSONS + 
mLYWPIs to obtain ~ c m v  (gmh,  Feffite ad geaclite phases and 

. .,grain bwndarie~ (Fig. 7.20). The squsre is rhe do@ id td &ed pdygom, 
.tbe:&. The added sihall palygons or ellipse in the grains are the small 
pwEk pkes .  -*? 

2 ,-wt $t bormdary c ~ o n s .  Bmdaq conditions an the dippkements, r~ 
- and rz = 0.4 on fixed si&. Od'other free ddes select Neumarm condition = O 

. andg-=O.~n~loaded~ideselscranom~elsrnssof~~(i.e.,q =O,g=0.4). 
3. Select hQk PDE an&insen.FDB V~IIM: E.= 200E3; v.= 01; la = 0; 

. k y = ~ ; ~ =  l ; t h ~ ~ & b a d y f o r c e s . ~ t l e c t ~ p s i e ~ ~ a n d ~ e a ~ ~ ~ ~ ~  
values: hputv&w for f e t i c  steel in the-ferrite phase: input vdua forpediti~ 

-.d7&the-pear11te phage; E=200E3; v=0.3;.18.=0: b = O  for f d t e  
phase sad grain b o d i S a ;  .4 13 = 250E3; v = 0.3; kx = 0; kg = 0 f& mtr: 

- phase. 
' 4 ~ ~ e s h t h e d o m s i n ~ & o ~ m t g ~ ~ c l a ~ i n ~ o c r . 5 . 6 ( s c e  

Fig. 726). You do nor &i to select my psrametcr on ; 5 0 i v t . ~ ~ t a s .  Tum 
oEtheadaptivenmde. 

5. S W  the plot p~~ameters~h this example let us use HSV color to toing out the 
a m  CCJ~X meatio& in the metal matrix. - 

The solntion~ tire p ~ n @ t i  in fig. 7.24 The M-fk is prrscnted in micro- 
s t m c t u ~ ~ m s s . r n  5le. .: 

6.1 obtain x-displacemenr deformed mesh and x-smin deformed mesh for 
ExmpIe 7.1 usidg metal sheez m-fde, 

6.2 Using edgecrac@Zanestress m.-file obtain the shear stress and shear strain. 
Also obtain the deformed mesh for displacement, and x and y sttains. Exttact 

. the stress value at the crack tip. 
6.3 Find the x-Stress, y-strain and shear s m s  Wbutims witb a displacement of 

0.01 at &e sides of Example 7.3. Use the m-fie cmtercmck 
6.4 O h m  shear stress for both hole model and nodule in hoh model and com- 

pare results. Use the m-files tsolephstmrstmrn a d  nodukplanestmr'n provided 
.inthem. 

65  Repeat bleplmstmirt with an 8-nodule matrix What do you ubsewe? Study 
the x-stress, x-smin and the shear stress and shear strzsin distributions in the 
matsix. 
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IW  ApplUXaOe Or raetoolbKUA"' to I S I ~ S U ! ~ ~ ~  Pmbkms 
-. - -  

6.6 Repeat nodule in hole model with 4 %-nodule matrix using noduleplanes~ain 
m-file and compare with resuits of hole model for a 12-nodule matrix. 

6.7 Repeat the hole model, this t .  insttad of holes, use actual graphite nodules 
by changing the subtractive signs in be. Set Formulo window ro plus. Input 
values for w h i t e s  in the PDE spec&ation fonn. 

6.8 Work out Example 7.6 for nodule in hole model subjected to plane stress. 
6.9 (i) Find the shear stress and the Von-Mises stress for Example 7.8. Use the 

rnicrosbuchlrepl~estress m-file 
(ii) Using microsnuctureplanestress m-file, add more pearlite into the matrix 

.structure and see this affects stress distribution and possible fracture 
morphology. 
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Appendix: Sample M-codes for Exercises - 

in the Text 

function pdemodel 
we-fig,ad=pdeinit; . 
pdernl('qpLcb',9); 
pdetool('snapan', *anp); 
set(& '~ata~spctRatio' ,D O.QS0000000000000003 11); 
s e t ( a x , . ' P l o t 8 0 X a ~ o '  ,[30 20 I]); 
setl=,c=',lo 60]); 
set(ax,'YLim',[O 21); 
set(ax,'XTickMode','autu'); 
set(&, 'YTickMode','auto'); 
~ l ( C ~ d ~ n ' r  'on'); 
% Gqmaq description: 
pdenct([O 50 1 O].'METAL9); 
stt(dndobj(geQdi-fig, 'Cbildren'),'Tag', 'PDEEval'), 'Stdng','METAL') 
% Boundary conditions: .;. 

p&ool('changemode',O) 
*M{4.... 
'&, ... 
1, ... 
bl',... 
'40') 
pdesetbd(3, ... 

0. Oluwde. Fir& Bemew Modal@ for Matarids ~ngineers' using MAW. ..'' 20-5 
DOI; 10.1007/978+85729661-0, Q Springer-Vcrlqg London Limited 20 1 1 
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Appmdh: S q k  M-cpdes for Exorciaezr in the Text 

'25') 
p&setbd(l,--- 
'neu',.., 
I, ... 
(O','.. 
,O*) 
5% Mesh geEration: 
setappdata@de,fig, 'Hgrad' $1.3) ; 
~eb.~pdat&de~fi~,  'rehemethud', , 'r&iarf ) ; 
pdet001( 'hitmesh') 
pdetool('refine') 
pdetool('xefine') 
96 PDE coefficients: 

% Solve paraneb: 

% Plodlags and user data strings: 
seqpdata(pdeefig,pIotflagsY ,El 1 1 1 1 1 1 1 0 0 0 1 1 0 0 0 0 I]); 
setqpdata@de-fig, 'coIsbhg' ,) ; - 

setappdaMp~-fig, '=wsrng' ,I; 
setap~~~&defig,'defomstringv ,); 
setap~(pde-fig,'heigbts~g',' '1; 
% Solve PDE:' 

. pdetaol(~wTve') 
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Appendix: Sample M-codes for Exercises in the Text 

pdetool('appl_cb',9); 
pdetool('snapon','on'); 
set(ax,'~ata~spect~atio',[l 1.5 11); 
set(ax,'PlotBoxAspectRatio',(l 0.66666666666666663 11); 
set(ax, 'XLim',[O 21); - 
set(ax, 'YLim' , [0 21); " 

set(ax, 'XTickMode','auto'); 
set(=, 'YTickMode', 'auto'); 
pdetool('gridon', 'on'); *, 

% Geometry descriptioni', 
pderect([O 1 1 O],'SQl'); 
set(hdobj(get(pde-fig,'Children'),'Tag y , 'PDEEvd'),'String','SQl') 
% Boundary conditions: . : 
pdetool( 'changemode' pj 
pdesetbd(4,. .. 
'dir', ... 
1, ... 
'100') 
pdesetbd(3 ,... 

1, ... 
'1'. ... 
1500') 
pdesetbd(2, ... 
6w,... 
I,... 

'I9, ... 
',') 
pdesetbd(1, ... 
' w ,  ... 
I,.. 
'l', *.. 
'250') 
'3% Mesh generation: 
setapp&ta@de-fig,'Hgrad',l.3); 
setappdata(pde-fig,'refinemethod','regular'); 
pdetool('initmesh') 
% PDE coefficients: 
pdeseteq(2, ... 
'73 A',... 
'28.39'. ... 
'(0)+(28.39) .*( 25.0)', ... 

, '(76k0.0).*(1300)~ ,... 
. '0:3000', ... 
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% Solve parmeters: 
setappdata(pdc-fig, 'solveparam', . . . 
~ ~ t ( ~ 0 ' + ' I 0 0 0 ' , ' l O ' , ' p d e a d ~ 0 ~ s r *  ... 
'0.5','loqest','O','IE-4',",'~d'~b;Inf)) 
% Plotflags and uscr data sbings: 
setappdata@deJig,'pl~ags',[l 1 1 1 1 1 1 1 0 0 0 3001 0 1 0 O 0 11); 
sem , ' coMg' ," ) ;  
s e ~ ~ , ~ m w s ~ g * , * ~ ~ ;  
s e t a w - f i g ,  'deformstring' ,"); 
setqpdata@ae~g,'heightsbing',"); 
% Solve PDE: 
pdetool('solve* j 

[paeIfig*aXl*init; 
pdtW3.( 'apphcb',9); 
set(& 'DataAspecWo',[l 1 I]); - -  
set(=, ' P l o t B o x ; 4 ~ ~ 0 ' , [ 1 . 5  1 I]); 
set(ax'XLim** gl 31); 
set(= bYLim',[o 21); 
see(aK'XTickMode','auto*]; 
set(% 'YTickMode','auto'); ' 
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Appcadin' Sample M a d e s  for Bjtucisws in the Text 

set(fmdobj(gbt@dtdg, 'Cbildren*),'Tag'. *PDEEvalq), 
' S ~ g *  ,*El +E2Kl+E3 ') , 

% Boundary conditions: 

'30') >.>. 

'% Mesh gemmion: 

UNIV
ERSITY

 O
F I

BADAN LI
BRARY



Appendi: Sample M a  far Exerciw in the Text . 

% Solve p m m :  - 
sstappdsta(pae-fig, 'solvtp-' ,. , 
s~mat(4~,c~988','10','pdead~~~~t',.; 
*0.~',~~o~g~t'.'0'.'1E-4',",'fixed'~Inf)) . . .. . % plotflsgs ~duserdatasnings:..:. . -..-.. .. 
~~~ta@dCdcfig,'pl0*~~',~l 1 1 1 1 1 1 1 0 0 0 1001 0 1 b 0 I]); 
seza@ata(pde_fg, 'c~lsning',' ' ); 
~~ts@de_fig,'armwstrbg',"); . 

seqp&ta(pd-fig, "deforms~',"fi ' ; 
setappdat.pde-fig, 'height-g ' ,' ! 1; - . 
8 Solve PDE: 
paeta,l(' solve*) 

, STBADYSTATETUBfTLARm 
@don ~ d ~ o d ~ l  

. . Wc-fig, ax&=deinit; 
pdewo~ 4 ~ ~ ~ ~ ~ y  ,9); 
s e t ( a ' ~ a t a ~ s ~ e c ~ o *  ,Cl 1 11); .. . . . 
S ~ ~ ~ ~ P ~ O ~ B O X A S ~ ~ ~ ~ ~ ~ O ~ , [ ~ . S . I  13); _. . 

8et(z€,'Xtim',[O 31); - 9 5 ** 
set(aGnim' ,~o 23); . - 
set(ax,'XTickMode*,' auto'); 
set(~'YTickM&','auto'); 
% Geometry description: .. 
pdeellip(0.55725 1W839694694~0.52328244274809221, 

0.54U4580 15267 17518,0.49923664122137401,,.. 
0 . ~ ~ 1 7 ;  
pddip(0.5526717557~ 1 9 0 5 6 8 . 5 2 3 2 8 2 ~ 1 ,  

0.5083969$656488543,0.47633587786Z9546, ... 
0, 'E2'); 
~xxc[0.55725 19083%9W9~0.53702290076335935~ 

0.22800763358778642, 'C 1 '); 
p~klEp(0.55725 1~3%946.69,0.53702290076335935. 
'0.283%M5U8%95,0.2793893 1297709924, ... 

n O,*E3'); 
set(hdobj(gct(pde3g, 'Childrsn'),'~ag', 'PDE~~v~I'), 
~Stting','El+E2+cl+E3') 

% Bouadary conditions: a 

, *t~l('changemode';O) lh* 

pdes~tbd(8, ... 
4dir'*;** 
1, ... 
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AppcQdix: S-ample M a d t s  for Exercises in the T m  
* 

'dirS,.., 
+ I,.*. 
@I*,.*. 
'30') 
pdesctbd(6, ... 
bdv, . . .  
1, ... 
'l', ... 
'3 0 ' ) 
pdtsetbd(5,.. . 
6dir',.M 

. 1 ,... 
41*,... 

- ro') 
% Mesh generatiin: 
7-3g,'Hgr&,1.31; 
pUppch@h-fig, ' r e ~ e t b o d ' ' ,  'reguld); 
pdetooI('bitmesh') 
% PDE coeffikients: 

sctappdata@k-fig, 'SoIveparam' ,... - 
~tflmat('o','1988',~IO',~paeadw~~t' $,.* 

GU.S*abl~~m', 'O','lE-4*v",'~ed','W)) 
9b Plodbqp'atnd user data w s :  

fig,'pldagd,[l 1 I 1 1 I 1 1 0 0 0 1 0 1 0 0 0 11); 

=tqpdat~(pde-fig, *'amrwsttiag', '.'I; 
=@pWa@kdg, ' d t f d g ' , " k  
-Jig; ' h ~ ~ , " ) ;  

. I  . I -  
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8 Solve PDE: 
pdetool('s01ve') 

METALSHEETm 
function pdemodel 
bde-fig,ax]=pdeinit; 
pdetool('app1-cb' ,3); 
pdetool('snaponl,'on'); 
set(ax,'DataAspectRatio',[l 1.5 11); 
set(ax,'PlotBoxAspectRatiol,[l 0.66666666666666663 I]); 
set(ax,'XLim',[O 21); 
set(ax,'YLim',[O 21); 
set(ax,'XTickMode','auto'); 
set(= 'YTickMode','auto'); 
pdetool('gridon','on'); 
% Geometry description: 
pderect([O 1 1 01,'SQl'); 
set(findobj(get@de-fig,'ChiIdren'),'Tag','PDEE~al'), 'String' 
% Boundary conditions: 
pdetool( 'changemode',O) 
pdesetbd(4. ... . 
'dir', ... 
2, ... 
str2mat('l','O','O','l') ,... 
str2mat('ol, '0')) 
pdesetbd(3, ... 
'neu', ... 
2,..: - 
str2mat('O', '0' ,'O','O') ,... 
stt2mat('D', '0')j 
pdesetbd(2, ... 
'neu', ... 
2, ... 
str2mat(~01,~01,~b~,'0') ,... 
str2mat('O.4','0')) I 

pdesetbd(1, ... 
'neu',..: . 
2, ... 
str2mat('O','O','p','O') ,... 
str2mat('0','0')): 
% Mesh generaiiipn: 
setappdata(pde-fig, 'Hprad' '1.3); 
setappdata(pde-fig, 'refinemethod', 'regular'); 
pdetool('initrnesb') 
% PDE coefficihnts: 
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. pkmq(1, ... 
' ~~2*({2#E3)I(2*(1+(0,3))))t.(2*((200E3]I~2*(+0~3))).*(O.3~J(l- 
. (0.3)))', 'O', '(200E~)J(2*(1+10.3)))', '0',*(200E3)~(29(1+(0.3)))','2*((200E3) 1 
- (ZY1+<0.3)))).*(0.3)J{l-. 
(0.3))','0','(200E3) J(2*(I+IQ.3)))','0','2*((200E3)1 
(2'( l+(O.3)))X2*((200E3)1(2*(1+(0,3)))).*(0.3) J(1- 

.(0~3)])*),..: 
stflmat('O.O', '0.0'* '0.0' ,'0.0') ,.*. 
stt2mat~'O.o.,'O.~~ ,,,, 
s ~ ~ ~ ~ b l . o ' , ~ u ' ~ c ~ , ~ l . o ~ } , . . *  
4a1w,..: 
fQ'O',..* 
4u+o',... 

"[O loo]') 
sez~ppdam@de~fig,'currparam', ... 
Eb200E3'; ... + 

'0.3';*.. 
- '0.O9;*.* 

40.v ;... 
I A 

' I :o']) ., *: 
8 Solve pmmeters: 
setappdata@de-fig, 'solveparam' ,... 
str2mat('0','1000','10',~~worst', ... 

' '0.5',~0~st',~'~'~e4'~","fixed",'~)) 
% Flotflags and user data strings: 
~ p d a m @ l e ~ g . C p 1 ~ ~ ~ ' , [ 1 8  1 18 1 1 1 1 1 0 1 0 1 1 0 0 0 1 I]); 
~etappda&(pde~gl'c~g' , ' ' ) ;  
8 ~ t a ~ - i i g , ' ~ t r 0 w ~ g ' , '  '); 
.m@&aWpwig, I d e f d g '  ,"I; 

' . setqpdata(pdcJig, 'heighxstring ' , "1; 
% Solve PDE: 
pdetoal('so1ve') 

CEmERCRACKm 
fuxlctioa pdrmodel 
Wdg*artl=pdelnit; . . 
pdetool('qp1-cb ' ,3); 
set(ax,'D&pecmti', [l 1 *2000M)OOQ0000002 I]); 
wax, 'PlotBodsptctRatio', [1.25 0.83333333333333 326 51); 
set(aSXLim', [O 0.5)); 
~ ~ t ( a ~ , ~ ~ m ~ , p o . 4 m m m o o 2 ~ ~ ;  
wax, 'XTickMude',: auto'); 

-: set(ax,'YTickMude','a~to'); 
pdeto0l('gridont ,' on'); 
46 Geometry m-ipti0n: 
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'Appeadix: Sample M d s  for Exercises in the Text 

pdw.fip(- 
0.~5~7786259541843,o.$145038~679389358tl145038 16793891 66, 

0 . W  122 1374U458026, ... 
o,=El*); 
$erect([0.00267 1755725 1908775 .&301$0&3969465649 1 

0.12122137404580148 - 

0.003053435 114503789].'R17); 
~P(O.l5152671755725192~0.~633S877B62593 1, 

0.001526717557~1922;0.01~885496183206 ' - I 

22, ... - 
c 

0, 'E2' 1; 
set(%dobj(get@deJg, 'Children'), "Tag' ,'PDEEval ' $, 'String', '33 I-E2') . . 4. a 

% bbundary con&tiom: 
pdetool( 'changemode',O) 
pdSetbd(8,. .. 
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Appendix: Smpk M e  for kercises in the Text 

mu', .-. 
2, ... - -- 
~ ~ ( G O ' ,  '0' ,b0v,40'),. 
strhat{~O','o')) 
pdesetbd(1 ,... 
caeu',... - 
2,... 
stP2mat('O','0','0','0'),. 
stflmat('0.4','0')) 
% Mesh generation: 
setapW@de-fig,'H-df J.3); 
~pdata(pdepaefig,'reh&tthod' ,*regular'); 
*ooI('initmesh') 
% PDE d c i e n t s :  
pdeseteq(1, ... 
sa2mat('2*((200~3)~(2*(1+(0.3~)))+(2*((2,3)~(1- 

. . (0,3)))', '0','200~3)./ [2*(1&{O03)))', '0','(200~3)J(2*( 1+(0.3)))',~*((200~3)./ 
(2*(1+(0.3))]).*(0.3] 

(0.3))','0','(200E3]I (2*( 1+(0.3)])y ,'0','2*({200E3)J ., 
(2*(l-t(0.3)))~2*((200~)./(2*(1+(0.3)))).*(0.3)J(l :. .1 

(0.3111')*.- ,.-, . I 1 

~(~o.o~,~o.o~I~o*O'I~~f;o. 1, *.. 
. . str2mat('0.0','0.0'),.. . . . 

SQ~~(~I.O*,~O~,~W,~I:O* j;.., 
, co:lo*,*.* 

to*o' ,.a 

% 

'O.O', ... 
'10 100J~) 
=Wta(pdt-fig, Lvagrm' . * .  
['200~3"; ... 
'0.3 *;.:- 
co.o ';.*. 
'0.0 ';.*. 
'1.0 '1) 
% Solve parameters 

. . 
setappdata(pde-fig, 'solvep8fam', ... 
str2mat('0','1000','10'*'pdeadwmtt ,... 
'0.5','Iong~t','O','lc-4*,",'~ed','~)) 
% Plotflags and user data strings: 
setap~ta(pdefig;'plotfhgs',[18 E 1 1 1 1 1 1 0 1 0 1 0 1 0 0 1 11); 
it?--fig,'coh~,"); 
setappdata@dc-fig,'amwsstring',"); 
- p @ w p d - ~ , C d e f ~ ~  ,"I; 
seta@m@&-fig, thei@tstring','"; 
% Solve' PDE: 
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+ *  
@etml( 'solve') 

% Geomeny desaiption: 
pdeellip(- 
0.25 8778625954 1 9843,0.4145038 1679389359, 
0.01 1450381679389166,0.0W12213740458026,.. 

0'1); .* +&a- 

pd~rt~t([0.&7 17557251 908775 0.301 9083969465649 1 
- 

0.12122137404580148 
0.0030534351 94503789],'Rl'): 
pdeeEp(0.15 152671755725 192,O. 1 193893 129770992, 

0.0015267 17557251 922,0.016488549618320622, ... 
0, 
set(hdobj(gn@dt-fig,'WdFen'), 'Tag','PDEEvd'),'S~g', 'R1 -E2') 
% Boundmy conditions: 
pdctool('changern0ae' ,O> 
pdesetbd(8, ... 
4ned',... 

. 2, ... 
~€r2mat(~O',  '0'; 'OW, 'O'), ... 
~tr2mat('Q'~ '0')) 
pdesetbd(7,. .. 
'neu', ... 
2, ... I 

~tt2mit(~oyo' 40',40'),... 
str~rnat('~'.*~'j) 
pdesetbd(6,. . . 
'neu', ... 
2, ... 

6 1 6  P'4 t i t  
, stdmat(0, 0 . 0 , 0 )  *... 

~ ~ 2 m a t ( ~ o ~ ,  j) 
.# 

pdcseM(5, ... I 
'neu', ... 
2,... 
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L,... 

~tr2nla€(~,t, '0' , '0') ,..* 
s ~ ~ ' O ' ,  '0')) 

,> . 
-pdesetbd(2, ... 
bdif ,... 'X 

2,**. 
~ ~ ~ ~ ~ ~ 1 ~ , ~ ~ , ~ 0 ~ , ~ 1 ~ ~  ,... 

. sdlmat('O','O')) 
pdesetbd(1, ... - ti 
'neu',. . . 
2, ... 

6 r i  r r  r r  v sdlmat(a', 0 . O r  Q )  ,... 
mmat(bo'*~o*)) 
% Mesh genera to^ . - 4  

seqp&ta@de~g,'Hgmd', 1-31; 
setappdata(pde-fig, 'refmmethod','reguW); 
pdetool{'iriirmesh') ' 

. % PDE &uents: k 6 

pdesetep(l,,,, 
strzmat('2*((zo0~3)1~2*(1~0.3)~~~*((20~~3~3~2*{1+(0.3)~)).*(0~3) ~(1-  
(0.3)))', '0','(200E3).1(2*(1~03)~~,'0' ;'(~E3).1(2*(1+(0.3)))', 2*((200E3)./ 

' (2*(1~0.3)))).*(0~3)J(1- 
[0.3))','0','(2~3)./(2*(1+(0.3)))','0' ,'2*((200E3)1 
(2*(1+(0.3))))+E2*((200~)J(2'(1+(0.3)))).*(0.3)J[l- 

(0.3111'),... 
s~~~0.0' , '0 .0 ' , '0 .0 ' ,~0*0' )  ,... 
Srrzmat(iO.O','Q.ol),..~ - a 

&mat(' 1.0' ,'0','0',' 1.0") ,... 
bo:lo',.** 
'O.Of,:.. . 

'0 *0',... 
'10 loo]') 
setap@m(pde_fig,'6urrpfirm', . .. 
['20oE3';.. 
'0.3 ';.. 
40.0 *;... 
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'Appendix: S-le M - c o b .  for Exercises ia the Text 

Yl,u I;.. 

'1.0 '1) 
8 Solve parameters: 
secolp@ta(pdepaefig, 'solveparam', . . . 
s ~ ( ' ~ , 6 1 0 0 0 ' , ' 1 0 ' , ' p & a d ~ ~ ~ t ' ,  ... 
g~.~*,~~ongest','O',Te-4",",'~td','inf-))).- - -  
$b Hotfiags and user data srrings: I Ih..rt :. 

: ~t~@ta(@g,~plozfIags',El1 1 1 1 1 I 1 1 0 1 6 1 0 1 0 0 0 11); 
set@aw-fig, 'co~s~&' ,"); - . 
s e ~ p d e - f i g , ' a r r ~ ~ ~ g ' , ' ! . ) ;  
setappdataCpde-figS6defommrbg' ,"); 4 .  

~ ~ p d e e f i g S 4 h e i g h ~ g ' , '  <); ' . 
. . % Solve PDE 

pdetml('so1ve') 

- E D G E C R A C R P L ~ m  
h & ~ 1 p d t m o d e l -  M .' b a> 

[ple3g,ax]=pdeinit; 
. *I( 'appLcb' ,4); 

set(- 4 ~ ~ ~ ~ * j i  1.20000000000~)[~n i j j; 
s e t ( a r c , ' P l o t s o ~ t i o m , [ 1  .25 0.83333333333333326 51); 
~t{ax,'XLim',[O 05j); 4 

set(ast,'Yijm',fO 0.4000000000000Q002j); 
set(% 'XTickMode' , ' auto'); 
set(zq'YTickMadc', 'auto'); . 

pdetm1('gridon' ,'onp); +. . 

910 m e t r y  d m d p t i o ~  
*w-. I.; 

62587786259541 9843,0.4145038 1679389359, ' 

0.01145038 16793891 &,0.0lia122137m58[n6, ..: 
0, 'El '1; 
pdexectC[O.00267 1755725 1908775 0.301 90839694656491 

0.12122137404580148 
0.003053435 1 14503789],'~1'); 
pdtWp(0.15152671755725 192.0.1 193893129770992, 
. 0.00152671755725 1922,0.01648854961832062 Z... 
O,'E2'); - 
set(hIobj(gct(pde4g 'Children' ), Tag' , ' ~ ~ E E & j , ' ~ t r i n ~ * ,  'RI-EZ*) 
% Boundmy conditions: 
p ~ ~ ~ ' ~ ~ m o d t ' , O )  , 

pdesetbd(8;. .. 
'neu',.. . 
2, ... 
~ ~ , ~ 0 ) , ~ 0 ' , ~ 0 ' )  ,... 
~ O D ,  '0')) 
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Appendix: Sample M-c,odes for Exercises in the Text 

- pdesetbd(7, ... 
'neu', ... 
2, ... 
str2mat('0','0','0','0'.) ,... 
str2mat('O', '0')) . -  

pdesetbd(6, ... 
'neu', ... 
2, ... I. 

str2rnat('0','0',~0'.'0;) ,... 
str2mat('O', '0')) 
pdesetbd( %... 
'dir', ... 
2, ... 
~tr2mat('l~,~0',~0','1.'),;.. .. -~ 

str2mat('O', '0')) '.. 

pdesetbd(4,. .. 
'neu', ... 
2,..i 
str2mat('0~.,~0*,'0*,'0~ . . ,... 
str2mat('O', '0')) ': 

pdesetbd(3, ... 
'neu' ,... 
2, ... 
str2mat('O', 'O','OY,'O'~ . . ... 

. . 
str2mat('O', '0')) . 

pdesetbd(2, ... 
Id?,:.. 

2,. .. 
str2mat('l','O'.'O',' 1'1 ,... 

, . str2mat('O','O')) 
pdesetbd(1, ... 
'neu', ... 
2, ... 
str2mat('O','O','O', '0') ,... 
str2mat('0.41,'O1)) 
% Mesh generation: . ,  

.',, . .  ' 
setapPaata(Pae-fig, 'Hgrad',l.3); . - .  

' ;, .. w ' .. 
setappdata(pdedefig,'refinkmethod','regular'); 
pdetool('initmesh') 

.. . 
% PDE coefficients: . 
pdeseteq(1, ... 
st~mat(.'2*((200~3)~(2*(1+(0.3))))4(2*((200~3)J(2*(1+(0.3)))).*(0.3)~(1- 
2*{0.3)))~,'0','(200~3) ~(2*(1+(0~3)))','0','(200~3)./ 
(2*(1+(0.3>))','2*((200E3)J(2*(1+(0.3)))),*(0.3)J(l- 

.. . . .. 
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1.m , A- ~ 4 . m -  . A .  .m w& & . ~ ' l m .  
.- . . . . . .  

. . "  . + .  ..u. 

2*(0.3))':0',' ( * I ~ ~ * ( I H ~ ~ I I Y ,  b 0 * , ~ 2 * ~ ~ 2 m m ~ . r  + 
. . 

@*(I ~ 0 3 ) ) ) ~ 2 * ( ( ~ ) J 0 * ( 1 ~ ~ 3 ) 1 1 $ ~ * ~ ~ ~ 3 )  JIl* ' 

* -  . 
' 2*(03)))'),.. 
-~40.w,go.ol,sa.01,co.o*) ,... 
~ ' O . l o ' , ' O . O ' ] , * * *  
&g6l s,40v,*03,L~*)  ,... 
Lo: SO' ,..* 
'O.O',*., . 

~O,Q*,*.. , . :i 
'to loor> 
-e-figB 'crrrrparam',.. , 

E'rnoE3'.; ... . 

v.3 '; ... 
Lomu ';..* 
, Xl.0; ?;.. 

.]I 
' %Y Solve parameten: 
-(pdeJg;sdvcparam',.., 
~~~("O','lW,~1O',~pdeadwmt 'l... 

'S.sl,'l~ngest','O',~1e-Q'~','fixd,'W)) 
% Plotflags and usw data s t r h p :  
~data~eefig, 'plot&a&'s'~[l l  I 1 1 1 P I 1 '0-1'0 1 0 1 0 0 0 I]); . m 

s w t a : C p d e 3 g ,  'cektring',"); 
=-3g,'--,"'); 
se~ppdata(pde-fig~deformshh& ,' '): 
~ ~ ( p d e ~ ~ , ~ h e i @ * , ' " ) ;  
% Solve PDS: .. 
pd&ool( 'solve') 
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