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A 3 S T R  A C T

This thesis d ivides naturaUy in to  two parts. The f i r s t  h a lf 

is  a study o f the general theory o f m u ltip lie rs , while the second 

h a lf deals with applications o f the theory o f m u ltip liers  to the 

theory o f semigroups o f operators defined on a Banach sp-vee,

We study the m u ltip lier problem fo r  an abstract H iibÖb*space H,

and generalise to H certa in  important re su lt3 estab lii ha(g) -

m u ltip lie r3 (Larsen [1 2 ], Hewitt and Ross [ 8 ] ) .  A ^ 4  lil ic a n t  resu lt

o f th is study is  the Id en tific a tio n  o f c e r ta i»  ^ p .je . cion operators 

on L2(&) v/hich are, in  several respects . Id& fzh e  tr&nslation operators 

on Ls (& ). We also discuss the r e s tr ic ^ S »  n u lt ip lie r  problem fo r  the

, , / > VBanach algebra L i(G ; o f a l l  absolu tely in t  prahle complex-valued 

functions defined on a compact gj^up G, and we ebtain resu lts  v/hich 

are analogous to tno3e obtctLnSii-'oy Brain^rd ar.d Gdw.--.rds [1 ] fo r  Lj. (& ), 

where & is  a lo c a lly  compact abelian group.

In  connection w ith , semigroups o f orerators, we discuss, in  the 

context o f various^anach spaoes, the representation o f the m u ltip liers  

which a rise  semigroups o f operators on these Banach spaces. In

th is respect, we extend the resu lts j f  H il le  and P h illip s  [10] proved 

fo r  the e ir o le  group (and generalised to compact abelian groups by 

Olubummo A. and Babalola 7.A. [ i 3 ] )  to  certa in  Banach spaces v/hich are
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not even function spaces. A l l  these resu lts  put toge 'eher p rov ile  a 

jood lin k  betv/een the theory o f m u ltip liers  fo r  a Banaci space and the 

theory o f semigroups o f operators on the Banach space,.

&



-  4 -

A C K N O W L E D G E M E N T S

I  am deeply indebted to Professor A. Olubummo o f the Depart

ment o f Mathematics, University o f Ibadan, who introduced me to

thank a l l  the members o f the Functio r very

useful discussions during the period o f preparation o f thi3 thesis. 

I  also thank the University o f Ibadan fo r  awarding me a scholarship 

tc  do postgraduate research. I  am gra te fu l to  Mr. M.O. Ogunnowo 

o f the Department o f Mathematics, University o f Ibadan, fo r  the

F in a lly , I  am deeply gra te fu i to my w ife fo r  her patience and 

7.-ords of encouragement throughout the period th is  research v/as in

pro,

Functional Analysis, and supervised I

r e fu l typing o f the thesis.



-  5 -

TABLE OF CONTENTS

Page

T i t l e ------------- --

Abstract - -  - -  - 

Acknowledgements - 

Table o f Contents 

C e r t if  ica tion  - -

- - -

CHAPTER 1 DITRODUCTION

CHAPTER 2 : MULTIPLIERS FOR A HI

2.1 Prelin inary d e fin ition s

.........................................
’ACE H

2.2 M u ltip liers  fo r  H as bounded functions - -  -  -

2.3 M u ltip liers  fo r  H as operators eommuting with 

pro jections -  ^ ----------------------------------------

2.4 Real -  valued m u ltip liers  and s e lf-a d jo in t operators -

2.3 M u ltip lier operators o f f in i t e  norm -------  ----------------

2.6 Tij.e case H= L2 (G) - -  -  — -  - -  - -  - -  - -  - -  - -

CHAPTER 3 : RESTRICTED MULTIPLIERS FOR L ^ G ) ----------------------

3.1 Prelim inaries  ----- - - - - - - - - - - - - - - - 

3.2 R estricted  L ^ G )-  m u ltip liers  fo r  a general compact 

group

1

2

4

5 

7

6

19

19

20

23

30

32

34

50

50

51



PTZR 4 : ONE - PARAMETER SEMIGROUPS OF OPERATQRS 0.

A BANACH SPACE X -------------------------------------------  61

4.1 Freiim inaries - - - - - - - - - - - - - - - - - - -  61

4.2 The case X = AP(&), the set o f a l l  almost period ic 

functions on a lo c a lly  compact abelian group G - - A 64

4*3 The case where X is  an abstract commutative Banacfe

algebra

4.4 The case vrhere X is  an abstract H ilb ert space - - 

:HAPTER 3 : n -  PARAMETER SEMI GROUPS OF OPERATORS ON

c (& ), l ( g) , 1  ̂ p <
Jr

■
CHAPTER 6 : AN APPROXIi.ATIO: TIIEOR

OFERATORS------------- “

■ SEMIGROUPS OF

REFEREMCES -

■

71

79

86

94

98



-  7 -

C E R T I P I C A T I O N

I  c e r t i fy  that th is work was carried  out by kr,

T. 0. Adewoye in  tlie Department o f Mathematics, University

o f Ibadan.

< r

&

V C~u-
( Supervisor)

A. Olübummo, M .A., Ph.D,(Durh.) 

Professor in  the Deparbnent o f 

Mathematics, U n iversity  o f Ibadan, 

N iger ia .

/*>



CHAFTER 1

-  8 -

I N T E O D U C X I O N

The theory o f m u ltip liers  has i t s  genesis in c la s s ica l Fourier 

ser ies . M u ltip liers  viere then re ferred  to as fa c to r  sequenceja. VYe 

get an insigh t in to  the issue o f fa c to r  sequences by oxamining the 

Situation fo r  L ^ T ) ,  the Banach algebra, under the uoual^convolution, 

o f a l l  absolutely in tegrab le complex-valued function^/defined on the 

c ir c le  group T. The dual group o f T is  Z, the add itive  group of 

in tegers. Now, every f  e L i(T ) has associated witn i t  an in f in ite

serxes

(1 .1 ) ^ ( n ) e n

n«Z ^

ca lled  the Fourier series where fo r  each neZ and teT,

en( t )  = e ^ ,  and ^ ( n ) ^ ^ f ( t ) ,- in t dt . The complex numbers

A ,  V
f (n )  are ca lled  the Fourier co e ffic ien ts  o f f .  Let be a

11 neZ

sequenoe o f o 

series is

' S *

omplex n1numbers. G-iven an f  e L i (T ) ,  whose x ourier

.s giywat by we form a new in f in it e  series

( 1 . 2 )
l y i ' K
neZ

I t  may turn out that th is  new series is  a lso  the Fourier series o f 

some element g o f Im ..T), in  which case we have

g(n ) = Xn £ (n ) (neZ)(1 .3 )
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I f ,  given any f  e L ^ T ) ,  there alv/ays ex is ts  g e L i(T ) such that 

g(n ) «  Xn£ (n ) fo r  each neZ, then the sequence (X^} is  ca lled  an'

fa c to r  sequence o f type (L j^ T ), I t  is  c lear tlia t the sequenoe

with Xß = 1 fo r  each neZ is  t r i v ia l l y  a fa c to r  sequence o f 

type (L ^ T ) ,  L i (T ) ) .  An in terestin g  problem which jfcheu arises is  to 

determine necessary and su ffic ien t conditions arb itrary

sequence [Xnl o f complex numbers to  be a fa c to r  Sequence o f type

( l * ( T ) ,  L i ( T ) ) ,  This is  the so-ca lled  m u ltip lier problem fo r  the

Banach algebra LjX t ) .  Of course onq^^\consider other spaces o f 

functions defined on T, and so define the fa c to r  sequence more 

genera lly . Denote by C(T) the spaoe o f a l l  continuous complex- 

valued functions on T, and. by L^ (T ), 1 «  p < ® , the usual space 

o f a l l  p -in tegrab le complex-valued functions on T.

Let X, Y e [C (T ), Lp(T ) ;  1 $ p < « , }.  A sequenoe {Xn} neZ is  ca lled  

a fa c to r  sequer type (X, Y ) i f  to each ascX corresponds &

(unique) y f ^ ^ u c n  that y (n ) = XR m(n) fo r  a l l  neZ (Edwards 

[4 ] ,  H ilÄ ^ Iiid  P h illip s  [10] and Zygmund [2 0 ] ) .

snt trends in  harmonic analysis show that the theory o f 

olassr'.cal Fourier series has i t 3 analogue fo r  complex-valued functions 

defined on compact abelian groups and even, to  some extent, on s t i l l  

more general groups (Rudin [1 4 ]) .  Let & be a compact abelian group, 

and l e t  L i(G ) denote the Banach algebra, under the usual convolution 

product , o f a l l  complex-valued functions on & which are absolutely
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in^egrable with respect to the Haar measure \ on G. Denote by G 

the dual group o f G. Por each f  e L ^ G ), the Pourier transform

- o f f  is  defined by

f(cr) = i f (a )  X^(a) d\(a) 

&

rvhere X is  w ritten  fo r  the character er when we er vfXzi* So consider

the la t t e r  as a function on G rather than as an element o f ß. We c a ll  

a complex-valued function 9 on G an (^ (G )  - m u ltip lie r i f

to eacn f  in  Lx(&) corresponds a (unique) g in Lt (G  ̂ such that

(1.5) g(tfO = $(<?) £(cr)

fo r  each er e G. This extends to  compact abelian groups, in  a natural 

way, the d e fin it ion  o f an (L e  Lj. (t ) )  -  m u ltip lie r stated e a r lie r .

We a lso  define an (X, Y;-^nu ltip lier, fo r  X, Y e [c (G) ,L^(&/; 1 $ p < « j  ,

A
as a complex-valued fUS^tlon 9 on & suoh that to each xcX corresponds 

a y  e Y satisfy jö ig  $(er) = $(<?) ec(cr), er e ß.

The f  are known about the (ln (G ), L±(G) )-m u lt ip lie rs

(we sha ll horeinafter r e fe r  to ( ! * (& ) ,  In. (& ) ) -m u ltip liers  as 

m u ltip liers  fo r  L i(& ), or simply L ^ G )-m u ltip lie rs ) provide a 

m otivation as w e ll as a framework fo r  studying the m u ltip liers  fo r  

certa in  other top o log ica l spaces or lin ea r  spaces which may not even 

be function spaces. fo r  l e t  <p be an Li ( g) - m u ltip lie r ; then given 

any f  e L i(& ), tnere ex is ts  g e L i(& ), uniquely defined, such that
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g(<x) = #(cr) £(cr) fo r  a l l  cr e 1  Thus <p g ives r is e  to a mapping

, say, o f L^G ) in to  i t s e l f ,  defined by T^f = g. I t  is  known that 

any such operator on Lj. (G) is  bounded, lin ea r and conlnutes with

the translation  operators on L ^ G ), and that, in  fa c t ,  ^T®ry bounded 

lin ea r operator on L^G ) wiiich commutes with translations is  o f the 

form fo r  some Lj. (G) - m u ltip lie r <f>. This suggests that an

Lj. (G )-m u ltip lie r  may be regarded as a bounded lin ea r operator on L^G ) 

vvhich commutes with translations. The m u ltip liers  fo r  ( g) , whether 

as bounded lin ea r operators on Lj. ( g) or as oomplex-valued functions
A

on G , have been thoroughly investiga ted  by Wendel [1 9 ], Helson [ 7 ]invest:

and Edwards [ 5 ] .  Their resu lts  are a l l  contained in  the fo llow in g  

theorem ( [1 2 ],  Theorem 0 .1 .1 ):

1.1 Theorem: Let a lo c a lly  compact abelian group and suppose

T : ^ (G )  -> L^G ) isSa bounded lin ea r  operator. Then the fo llow in g  

are equivalent:

( i )  T commutes with translations

( i i )  T ( f  • g) = T f • g fo r  a l l  f ,  g c L ^ G ), i . e .  T commutes with 

convolution

( i i i )  There ex is ts  a unique function <f> defined on & such that 

( T f ) A = <£f fo r  each f  e Lt ( G ).

( i v )  There ex is ts  a measure p e M(g) ,  the space o f a l l  bounded 

regu lär Borei measures on G, such that ( T f ) A = p£ fo r  each

f  € L i(& )(p  here denotes the F ou r ie r -S tie lt je s  transform o f p ).
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(v )  T.iere ex ists  (j.eü(&) such that T f =• ja* f  fo r  each f  e L i(& ).

A m u ltip lie r fo r  L^G ) is  therefore defincd also as a bounded 

linea i' operator T on Lj.(G) which sa ti3 fie s  any one, and hence a l l ,  o f 

the f l v e  characterisations given in  the precedi ®.

fo r  more general spaces, then certa in  o f the defim xions usod fo r  the

inore appropriate than othcrs. i'or example, i f  X is  a Banach algebra, 

then neither the ooncept o f an operator which commutes w ith transla- 

tions may be meaningful, nor, in  the non-commutative case, is  the 

machinery o f the Gelfand representation theory ava ilab le , Piere i t  

seems natural to  define a m u ltip lie r  fo r  X as a bounded lin ear operator 

from X to X such that (Taa)y = x (T y ) fo r  a l l  x ,y  in  X. I f  X is  

commutative and aemi-simple, tiien we oould a lso  define a m u ltip lier 

fo r  X as a complex-valued function 4> on the regu lär maximal id ea l

is  aS4y^>ological lin ea r space o f functions on a lo c a lly  compact 

abelian group, then the d e fin it io n  o f a m u ltip lie r  as a bounded lin ea r 

operator which commutes with translations is  ev iden tly  the most natural 

one. In  whatever context, one seeks characterisations o f m u ltip liers  

sim ilar to those established fo r  L i(& ) in  Theorem 1.1. Larsen [ 12] 

and Hewitt and Ross [8 ] contain very good accounts o f the theory o f

I i  should be noted tliat i f  one wishes to  st m u ltip liers

m u ltip liers  fo r  L^G ) may no longer be meaningful and some may be
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m u ltip liers  in  the context o f abstract algebrasand topo log ica l lin ea r 

spaces o f functions and measures. Larsen, in  additicn , gives a l i s t  

o f references ( [1 2 ],  p.15) where one can fin d  the various applications 

o f the theory o f m u ltip liers  in the theory o f semigroups o f operators, 

in  the study o f p a r t ia l d i f fe r e n t ia l  equations, in  the th e^^  ö f 

stochastio processes, in tue theory o f in terpo la tion  sj in the 

general theory o f Bana?h algebras. In  ohaptcrs 4,5 and 6,

we also in vestiga te  a link  betvreen the theory o f m u ltip liers  and the 

theory o f semigroups o f operators.

In  our study o f the m u ltip liers  fo r  a H ilb ert space H in uhapter 

2, we use heavily  the fa c t  that a H ilbert space is  a space vrith p ro jec- 

tion  operators. We s ingle  out certa in  projections F. on closed sub-

projections play exactly  the same

ro le  as do the translat^n*\perators in the case o f the m u ltip liers  

fo r  La(G ). An important dcduction from th is resu lt is  a new characte- 

r is a t io n  o f the m u ltip liers  fo r  L2( g) ,  the H ilb ert space o f complex- 

valued s quar e - in  re grable functions on a compact group G, as the bounded 

lin ear operators on L2(G) wiiich commute with the p ro jection  operators 

referreä^J/» above. We furthermore prove separately, that, in fa c t ,  

a bounded lin ea r operator on L2(G) commutes with translations i f  and 

only i f  i t  commutes with these specia l p ro jections. We characterise 

the m u ltip liers  fo r  H in another way. Let E be a complete orthonormal 

set in  H. A complex-valued function <p on E is  ca lled  a m u ltip lie r  fo r
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A  A  A
H i f  <px <r H whenever a>eH, where x  denotes the Fourier transform 

of x  and 6 is  the set o f a l l  Fourier transforms x , fo r  a;cH.

We show that th is d e fin it io n  o f a m u ltip lie r  fo r  H is  er, in

the sense that i f  we define an operator T from H to H «Jjyj 

(Tcc) a = <fxc , a?eH, then the operator T is  bounded, lin ea r and commutes 

with the pro jections We then show tliat every m u ltip lie r  <j> is

bounded, and that conversely, every bounded^complex-valued function 

on E is  a m u ltip lie r fo r  H. This la s t  resu lt extends quite naturally 

the Situation in  La(G-) ( [1 2 ],  Theorem 4 .1 .1 ).

In  Chapter 3 we examine a variant o f the m u ltip lie r  problem, 

ra ised  by Edwards ( [ 4 ] ,  1 ( 1 ) ) ,  namely the question o f

re s tr ic ted  m u ltip lio rs . We consider the Situation in L i(& ), tlie 

Banach algebra o f a l l  the absolutely in tegrable complex-valued 

functions on an in f in ite  compact group G. Denote by E the dual 

ob ject o f G. The m u ltip lier3  fo r  L i(G ) are operator-valued functions 

on E , namely the F o u r ie r -S t ie lt je s  transforms o f measures in M(G)j 

fo r  each (ieM(&) and , |i(o") is  an operator on some fin ite-d im en 

sional H ilb ert space Ĥ . . Let S be a subset o f E ; we c a l l  an 

operator-valued function 0 on S a function o f type (L i (& ),  Li (G ), S) 

i f  to each f  c L i(& ) corresponds at le a s t one g e Li ( g) sa tis fy in g  

g(o-) = <p(er) f(cr) fo r  each creS. One such function is ,  t r i v ia l l y ,  the 

function <f> suoh tliat fo r  each er f  E, $(<r) is  the id en tity  operator on
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Ĥ . . We then show that a necessary and su ffic ien t condition fo r  

an a rb itra ry  function <A to  bc o f type ( l i (G ) ,  L i(G ), S) is  that <£ 

is  the re s tr ic t io n  to S o f some F ou r ie r -S tie lt je s  transform, i . e .  

some re s tr ic ted  L±( G )-m u ltip lier. Our resu lt in  th is d irection  is  

analogous to that establisned by Brainerd and Edwards [1 ] in  the case 

where G is  a lo c a lly  compact abelian group.

In Chapter 1+ we discuss the m u ltip liers  fo r  the Banach spaces 

( i )  AP(&), the space o f a l l  complex-valued almost period ic functions 

on a lo c a lly  compact abelian group G, ( i i )  an abstract Banach algebra A, 

and ( i i i )  an abstract H ilb ert 3p^g k  where these m u ltip liers  arise 

from semigroups o f opcrators defined on the Banach space being consi- 

dered. In  the case AP(g) ,  we define a m u ltip lie r  as a complex-valued 

function on G (the chajacter group o f G) such that <£f e AP(g) 

whenever f  e AP(G) ; in  the case A, we define a m u ltip lie r as a 

complex-valued function <>> on £T) (the space o f a l l  regu lär maximal 

idea ls  o f A) such that cüx e A whenever xeA j and in  the case H 

we define a m u ltip lie r as a complex-valued function 0 on E(a complete 

orthonormal set in  H) such that <f>x e 6 whenever x  e H. Let X 

denote an a rb itra ry , but f ix ed , element o f the set [AP(G), A, H ], and 

l e t  7 = (T (£ ) : g > 0] be a one-parameter semigroup o f operators on X 

such that each opcrator T (g ) determines an X -m u ltip lier [7 is

ca lled  a semigroup o f operators because the operators T($-), 2- > 0, 

s a t is fy

(1 .6 ) T (& +£2) = T (& ) T (ga)



-  16 -

fo r  a l l  5t , > 0 .] We show that the 3et $ = [<£> : 5 > 0} is  also

a 'semigroup' o f m u ltip liers  in  the sense that

(1 .7 )

o ^ rfo r  a l l  5i> > 0. By imposing ju st the condition

l i t y  on 7, vre obtain an exponential representation : 

that fo r  fix cd  c  € & (tak ing X = AP(&) fo r  in stance), we have

(1.8)

measurabi-

^ (< r ) =

#  t
fo r  some complex number and a l l  This is  a s ign ifican t

representation o f the m u ltip liers  in  view  of the nice properties

o f the exponential function e

r, we

o f the complex variab le  z. We fu rther-

more show that i f ,  conversely, ye oonsider a l l  the m u ltip liers  fo r  

AP(&) which have the exponential representation (1 .8 ) ,  and associate 

with them operators T (5 ) , 5 > 0, on AP(&) defined by

(1 .9 ) Ü Q Ü rT O r) = M e r )  f(cr) ( f  e AP(G))

then the co lleö tion  7 = [T (5 ) : 5 > 0] is  a semigroup o f bounded 

lin ea r operators on AP(g) which commute with transla tions, and 7 is  

continuous in the strong operator topology. In  the case X = A or 

X = H, V7here the se ttin g  is  abstract, we estab lish  analogous resu lts .

We thus forge  a lin k  between the m u ltip liers  fo r  a Banach spaoe, on 

the one hand, and the 3emigroups o f operators on that Banach space, 

on the other hand. I t  appears that th is  lin k  was observed fo r  the
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f i r s t  time by H il le  and P h illip s  ( [1 0 ],  Theorems 20.3.1 ancl 20.3.2) 

when they investiga ted  semigroups o f operators on C(-tc, k ) and 

L (-7t, 7t), 1 «  p < ® , the usual Banach spaces o f complcx-valued
Jr

continuous functions and p-integrable funotions on the c ir c le  group. 

Sübsequently, th e ir resu lts  liavc been generalised to compwrKpbelian 

groups by Olubummo and Babalola [1 3 ] ,  and quite recen tly , Professor 

Olubummo in  a paper e r .t it led  'Semigroups o f multipliajrs associated 

vriLth semigroups o f operators 1 (to  be published soon f extends to 

a rb itra ry  in f in ite  compact not necessarily  abelian groups the rcsu lts 

in  [ 1 3 ] proved fo r  compact abelian groups! We also obtain, in 

Chapter 5, a generalis?, tion o f the resu lts  in [13] when wo consider 

n-parameter semigroups o f operators in  place o f the one-parameter 

semigroups o f operators used in  [ 1 3 ] .

In  Chapter 6, we c^ s iu V r once more the operators ? ( f - ) , £ > 0, 

o f the form (1 ,9 ) abov^Nsmere these operators are now defined on the

usual Banach spac and L (G ), 1 < p < <*>, o f comp lex-valued
^ ---------- -P ’

continuous f  « c U a ,  is and p-in tegrab le functions on a compact abelian

main in te res t here is  to in vestiga te  the degree o fgroup G. Our me

approximation of T (o ) ,  the id en tity  operator, by the operators T (g ) , 

fo r  small values o f the parameter We ahovv that fo r  semigroups 

(T (g ) :  £ > 0} o f d a ss  (1 , C *), we have a f i r s t  degree approximation 

o f f  by T (g ) f  only i f  f  is  a f ix ed  poin t fo r  each operator T (g , , g > 0. 

H il le  and P h illip s  ( [1 0 ],  20.6) have already investiga ted  the

In  Proc. Äm. Math. 00c.
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case where G- is  the c ir c le  group. Our re su lt  is  then a gen era li-
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CHAPTEH. 2

MULTIPLIERS FCR A HILBERT SPACE H

2.1 Prelim inary D efin itions

Le i H be an abstract H ilbert space. Then H is  a oomplex

Banach space who3e norm arises frcm an inner produa*^ benote the 

inner product of the vectors x  and y in H by >» The

fo llow in g  fa c ts  concerning the inner product are w e ll known

( [1 5 ] j chapter 10) :

( i )  < etx + ßy, z > = a < x ,z  > + ß < y , z >

(2 .1 .1 ) . . .  ( i i )  < < y >x >

( i i i )  > = IWP

fo r  a l l  x , y , z in  H ana «omplex numbers a, ß. For sorae index 

set I ,  l e t  E = {e^ : i e l j  be a complete orthonormal set in  H. E 

may or may not be countable ; in  fa o t E is  countable i f  and only 

i f  H is  separable ([1 5 ]*  p.259). For each ajeH, the complex numbers

< r ,e ^  > are caa lled  the Fourier c o e ffic ien ts  o f x , and the expression

( 2 . i x  = Y <  x te± > ei

i
is  ca lled  the Fourier series  o f x , w ith respect to  E. We sha ll always 

w rite the Fourier series o f elements o f H with respect to a fix ed  

complete orthonormal set E = [e^ : i e l ] .  Property (2 .1 .1 ) ( i i i )  o f 

the inner product im plies
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(2 .1 .3 ) Id r  =
r

< a ,e . >

fo r  each ®eH.

A
Let xeH, and define a complex-valued function x  on^Qjay setting  

c(e^) = < x , > fo r  each e^eE ; x is  ca lled  the JPourier transform 

o f x. For x , y  in  H, we have x = y i f f  x (e^ ) *= y (e^ ) fo r  a l l

e.e E. The equation (2 .1 .3 ) is  therefore equivalent to

|a - V |S(eJla(2 .1 .4 ) \\x\\- = . .

* .  j?  .
fo r  each a;cH. Denote by H the set o f a l l  Fourier transforms x

where xeH.

2.1.1 D e fin ition ; Let

A
& a H ilb ert spaoe and le t  E be a complete

orthonormal 3et in  H. ä  complex-valued function 9  on E is  ca lled  a 

m u ltip lier fo r  H, or simply an H -m u ltip lier , i f  cpxeE whenever xeH.

Denote b ^ l^ H )  the set o f a l l  H -m u ltip lier3 . The above d e fin i

tion  o f aj^i^jft,u ltiplier is  o f course a natural extension o f the d e fin i

t ion , ^tated in  the in troduction , o f a m u ltip lier fo r  the H ilb ert space

) V iLs ( ̂ ) rhere & is  a compact abelian group,

2.2 M u ltip liers  fo r  H as bounded functions on E

In  th is  section we sna ll characterise M(H) as the set o f a l l  

bounded complex-valued functions on E. This characterisation  is  w ell
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known in  the case L2(&) ( [1 2 ] ,  Theorem 4 .1 .1 ). We s ta rt with some 

d e fin it io n s .

2.2.1 D e fin it ion : Denote by £E(E) the set o f a l l  complex-valued 

functions f  defined on E, sa tis fy in g

( i )  the set {e^eE : f (e ^ )  ^ 0] is  e ith er empty or countable, and

( ü )  V  I fC e ^ l2 < »  .

These functions form a complex lin ea r spaoe with respeot to poin t- 

wise addition and scalar m u ltip lica tion . In  fa c t  ([15 ]>  p»260, 

problem 8 ),  6a(E ) is  a H ilb ert space i f  inner product is  defined by

V
(2 .2 .1 ) < f , g  >

fo r  a l l  f ,  g e £2(E ). H oV, fo r  each meH, the set [e^eE: as(e^)^ 0} 

is  e ith er empty or countable ( [1 5 ],  p.253)> and V j ^ e ^ l 3 = ||«|| < 00

a  i
Hence fo r  eaoh x e H, we have x  e 63(E ),  and

(2 .2 .2 ) _ H®He2(E) = IWIh •

Moreover ([15 ]>  p.260, problera 9 ),  the mapping x -* x  is  an isom etric 

isomorphism o f H onto £2(E ). I t  fo llow s that H = £2(E ).

We sha ll denote, a lso , by ^ ° (e ) the lin ear space (under poin t- 

wise addition  and scalar m u ltip lica tion ) o f bounded complex-valued 

functions f  on E, with sup norm
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(2 .2 .3 ) |f|| = sup [f ( e . ) |.
x

I t  is  c lear that £a(E) is  contained in  £°°(E).

We now prove the main theorem o f th is  section.

2,2.2 Theorem: Let II be a H ilb ert space and le t  

orthonormal set in  H. Thon, m( h ) is  isomorphic/EV*

P roo f: Let M(H) ; then <jxc eH fo r  each a*K. As ö = 6 2 (e ) ,  

i t  fo llow s  that </is€' -6a(E) fo r  each a:cH. \ «Gbcversely, suppose <£cce£2(E) 

fo r  each xeH. Since 62(E) = fi, th i3 im plies that fo r  each

ojcH, i . e .  f f  M(H). Thus 9 e I ^ t j ^ i f f  f  S  f  ea(E) fo r  each x  e H.

We complete the proof o f the theorem by showing that 9m c £2 (e ) fo r  

each x  e H i f f  <f> e £ " (E ). Suppose <£> e ^ ° (E ). For each xeH,

we have

V  U (e .)S (e .)| »  s y i W C  1 * ^ )1 *  = IMI» |W|a < -

i  / V y  i

A a c
Hence <px e £2(E ). Conversely, l e t  <p& e 6~(e ) fo r  each aceH. This 

must imply that <f> is  bounded, i . e .  E ). For ± f <£ is  not bounded

then to each p o s it iv e  in teger n ccrresponds an eneE such that 

|<f>(en) I > n. We define a function t] on E by

¥ = 9 = i

r — 1—
|0(en)l

i f  e. = e x n n = 1 , 2 , 3» •••

i f  e - *  e x T n0 fo r  any n
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fo r  each e_ êE. How, the set fe^eE : q (e^ )  ̂ 0} is  countable, by

the d e fin it ion  o f q; furthermore,

i ^  '

I h U i ) l

1/2

L  |^(en)| al

oo
V "1 1

n=1 n =1

1/2

-
an<3- is  a convergent series . I t  fo llow s that q c ■62 (e ) .

L - -
n=1

A
'A s  62 (E ) = H , there ex ists  x  e H such that x (e^ ) = q (e^ ) fo r

each e^cE. Thus, i f  9 is  not bounded, then there ex ists  xeH such

that x (e^ ) =

We then have

W J J \  ein
. = e . f *

0

___  w  00

V  W e ±) Ä(3i ) l a 0 y | , X e n)S (en)| » = £ 1

1 s \ .  n=1

"  >
Since \ 1 is^et divergent se i'ies , i t  fo llow s that cjxc j  £2 (E ).

n = 1 ,< &
Thus, our assumption that $ is  not bounded gives r is e  to  an xeH 

fo r  whd *  e   ̂ ■C'2(E ) ; t liis  contradicts 0x<r 62 (e ) fo r  a l l  x € H.

Kence e°°(E).

2.3. M u ltip liers  fo r  H as onerators conmuting v/ith projections

LaCG-) -  m u ltip liers  have been ciiaracterized as bounded lin ea r 

operators on L2 (G-) which cormnute id.th translations ( [1 2 ],  Chapter 4 ). 

One cannot d ir e c t ly  extend th is  resu lt to  an abstract H ilb ert space,
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since the notion o f translation  is  not defined in  an abstract 

H ilb ert space. However, in  tiiis  section , we define a certa in  

fatnily P o f projections on closed subspaces o f H and show that the 

m u ltip liers  fo r  H are p rec ise ly  the bounied lin ea r operator3 on H

wiiich comnute with every p ro jection  in  ?. Our resu lt provides, in  

pa rticu la r, a new characterisation  o f Lj ( g) -  m u ltip lie rs , fo r  a 

compact group &•

2.3»'! D efin ition : Let E be the f ix e d  corauTete orthonormal set in  

2.2. For each e_.c E, l e t  denote tne closed subspace o f H

generated by e. . that i s ,  the closure o f the set o f a l l  scalar 

m ultiples o f ei> and le t  ^ a o te  the p ro jection  on M.. Set

P = (P^ : i  (  i j .  An oper atpr T on H commutes with a p ro jection

i f  T ^ a ? ) = Pj^Tr) , 11 x  in  H. I f  T commutes with

every F. in  P , ^ e n  we say T commutes with P.

We have the fo llow in g  lemmas:

.3 .2  la s a t  K r  each i e l ,  l e t  JL denote the orthogonal comple-2

ment o f

ti e,omnr

and le t  P^ be the p ro jection  on Mj_. An operator

T on & aommutes with P^ i f f  both and are invariant under T.

Pro o f: This lemma fo llow s from combining the resu lts  o f Theorem C 

and Theorem E on p.275 o f [15]•

2,3»3 Lemma : Let T be an operator on H which commutes with P. I f  

i ,  j  e i and i  =}= j ,  then < Te^, Te^ > = < Te^, e j > = < e^, Te^ > = 0.
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Froof: Let i  e I .  Since T commutes with P^, lemma 2.3.2

implies that M. is  invariant under T. Hence [ e . ,  Te . ] C M..

Sim ilarly f e . ,  T e .} C M. fo r  j  f  I ,  I f  i  ^ j ,  the orthogonality 
J J J

of M. and M. implies that <Te., Te .> = <Te., e.> = <e . , Ta.> = 0. 
i  J i  J x J x ' JTj >

2.3.4 Lemma: Let <£eM(H). The operator T : H

(2 .3 .1 ) (T®)A = <J>x

is  lin ea r , bounded and commutes with P,

VS
4 ?

defimined by 

(® e H)

P roo f: Let x , y  e K and le t  a, ß 

[T (a r  + ß y )]A = <p(c<x + ßy)A = <£ (a^k^4(ßy)

= a<j>x + pp y = a (T r )A + ß (T y )^ te  [«Ta; + ßTy]A 

By the uniqueness o f the P a p ie r  transform, we have 

T(a® + ßy) = aT® + ßTy. \ilence T is  a linear operator on H.

To show that T is  bounded, we apply the closed graph theorem 

([1 5 ],  p.238). Let [xn \ be a sequence in  H 3uch that 

iim  ||® -®|| and lim  ||Tau -  y|| = 0 .
n-*oo n \ \ /  n - «  ^

lly - (y -  Tx)AHea(E)

= lly -  (Ta:)A||c2(£ )

«  II? -  ( ^ n) A|l4a(E)+ I I ( I - » )A -  ( ® » ) ' V ( l )  

= ll(y - Txn)A|i(.8(E)t IIM*n- x)]A|'Ic2(e)

= lly -  EßJI + ikC^n -  *)

5 lly -  ton|| + IM iJIOv *)All<a(E)

= lly -  TxJI + IMIJIa  ̂ -  ®|| (by (2.2.2))

[by (2 .2 .2 )]

A|'e2(E ) [by ( 2-2-2) and C2*3-1 )]
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Since $ c £°°(E), by Theorem 2 .2 .2 , and both ||y -  Txn;| and |Jaî —a;||

converge to  zero, i t  fo llow s tliat ||y -  Tx|| = 0. Hence y  = Tx.

By the closed graph theorem, T is  a bounded operator on H.

F in a lly  we shov/ that T commutes with every F. in  bA i view

o f lemma 2 .3 .2 , i t  su ffices  to show that fo r  each i  ioth M±

and M. are invarian t under T. Let i  e I .  x

< *a1 , 0. > = (T e . )A( e . )  =

lienoe Te. = $ (e . )e .  , a scalar m ultiple o f e . ,  fo r  each e .e  E.
1 X X  V  X X

= a^e. Sßor some scalar , or

■« SC£ ’ _

Kow i f  xeM., i t  is  e ither xV

x  = lim  x  where each x  Is la la r m ultiple o f e^. I f

x  = a .e . ,  then lin e a r ity  of T im plies Tx = Ta.e. = ct.Te. = a.d>(e.)e. x x ’ *' 1 x i x x x '  ' i ' x

is  a soalar m ultiple o f e .v ^ S im ila r ly . each Tx is  a 3calar m ultiple

o f ei « Hence, in  the other case x = lim , continuity o f T

im plies Tx = T (lim x ) = lim ( Tx ) is  the lim it  o f a sequence o f scalar 
jl 11 n n

m ultiples o f

that Tx £

Ä  5
M  X

Since is  a closed subspace o f H, i t  fo llow s

e M.. That is ,  M, is  invarian t under T. i  * i Now

le t  y^c ^  ; then y (e i ) = 0. Hence (T y )A(e^ ) = <jE>(ei ) y(e^ ) = 0. 

The Fourier series  o f Ty then reduces to  Ty = \ < Ty, e  ̂ >

i  i  j f i
I t  fo llow s tliat Ty (  . Hence is  a lso invariant under T.

This concludes the proof o f the lemma.
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2.3«5 D e fin it ion : Let T be an operator on H, i . e .  an operator 

on H to i t s e l f .  I f  there ex ists  cf> e M(H) such that (Tm)A = q'Ä 

fo r  each x  e H, then we shall c a ll T a m u ltip lier operator on H.

2.3.6 Lemma. Let T be a bounded lin ea r operator on commutes

with P. There ex ists  $ e M(h) such that

( i )  (T x )A = (fix fo r  each xeH, and

( ü ) M\ = I|t || .

"
P roo f: Let T be a bounded lin ea r operator on H which commutes 

with P. We associate with T a coinplex-valued function ^  on E 

defined by

( 2 . 3 . 2 ) <£3, ( 0^  =^ Tei ’ ei  >

s.eE. Por eapi x = 'S < x , ek >

*
(Tcc)A(e i ) = < Tx, >

= < T ^ <  « ,  ek > ek , e± >

*

fo r  each e. e. e H and e^cE, we have

ek > Tek ’ ei  >

= V  < je, ok > < Tek , e± 

k

= < x , e^ > < Te^, >

= <f> ( e . )  a?(e.) .in jl x

(by lemma 2 . 3 . 3 )
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Thus fo r  eaon cceH and e. e E, we have1  '

(2 .3 .3 ) (T®)A(e i ) = vT(e ± ) x (e ±) .

I t  f  ollows that c M(ll),

We show that ||oU| = ||t ||. For each

/ \ A ^Hence (,Tx) = fo r  each xeH. As T is  an qperator on.H,

Tx e K fo r  each xeH. Therefore <f>̂ x = ( l x ) A e fo r  e^gh xeH.

(by (2 .1 .4 ))

= '  l < Tv  ej » |a< ^ '

7  ,
= |< Te. , e. > |S (by lemrna 2.3.3)X x

e.cE, ||Te.||2 = \ | (T e .)A( e J  |;1 1 / 1 .1

\  

u
ä

Hence l V ei ) l  = 1 1 1 .^  ,r?j\v each E.

ll<#>Tll = sup |rf>T(e i )|

, < x ? e" E
= sup ilTe.ll

= llT||.

I t  fo llow s  that

. <rEL
=  SUD

V E

«  SUP l|T|| Ile.| 
e . eE

l .  e.

(2 .3 .4 ) I W L  < ilTll
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But
||t|| = sup ||t®||

IW 1=1

sup J V  | (Tac) A( e . )  |
IHM L j 1

1/2

1
= n8nP / WT( eJ  ^Ce ) |IWH Ls T 1 1

- i

»1/2

supIWH ’
r Y78
, IHt 1H ^ | ^ (e i )| 2|

,SHP M l iW
Wl 1=1 140

-  I M . -

Hence

(2 .3 .5 ) Ü l ■

[by ( ? . ^ 5 ) ]

E)by Theorem 2.2.2]

11*11 l i ^ i i

(2 .3 .4 ) and ( 2 . 3 .5 ) imply tim t ||t || = IWjJI^ .

Let us denote by Bp(,H) the set o f a l l  bounded lin ea r operators 

on H which. oomraute vvith P. Elements o f Bp(H) are m u ltip lie r 

operators on H, by lemma 2.3.6. Considering th is  fa c t  along vrilth 

Lemma 2.3.4 we have the fo llov fin g  theorem:

2 . 3 .7  Theorem: Bp(H) is  isom etrica lly  isomorphic to “̂ (E ).

P roo f: By lemmas 2 .3 .4  and 2 .3 .6 (i), the correspondence T ^  

defined by

*̂rp(®2.) —  ̂ ^ < V E>(2 .3 .5 )



-  30 -

is  an isomorphism o f Bp(li) onto M(H). But M(H) is  isomorphic 

to  “̂ (E ), by Theorem 2.2.2. [ ln  fa c t ,  i f  M(h ) is  given the sup 

norm, than Theorem 2.2.2 actually im plies M(H) = •£a(E )] »  Heuce

Bp(H) is  isomorphic to 6°°(B).

I. \H<

Lemma 2 .3 .6 ( i i )  nrovides the isometry.

2.4 Real-valued n u lt ip lie rs  and se if-a d jo in t operators

Every operator T on H gives r i s ö  to  a unique operator T* 

H, ca lled  the ad jo in t o f T, s a t is f }

on

(2 .4 .1 )

d s fy in g  

< Tjc, y  > = T 'y  >

fo r  a l l  x  and y in  Ii ( [1 5 ],  section 5^). T is  ca lled  a s e if-a d jo in t 

Q ^ B x ,y  > = < x, Ty >

fo r  a l l  a;,y in  H. S e if-ad jo in t operators on H are c lose ly  

linked vdth r e a l numbers, as is  evident in  the fo llow in g  lemma:

operator on H i f  

( 2 .4 . 2)

2.4.1 Lemma; An operator T on H is  s e if-a d jo in t i f f  fo r  each a*H,

< Tm, x  > is  a re a l nuaber.

Ffroof; Tliis lemma is  Theorem D, p.268 o f [15] -

Denote by Bps(H) the subset o f Bp(H) comprising the s e if-a d jo in t 

operators and by K^(H) tlie sub3et o f M(H) consisting o f the r e a l-  

valued functions. V7e have the f  ollow ing theorem:
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2,4.2 Theorem: Bps(li) is  Isomorphie to  NL(h ) .

Proo-’ : As in  tne proof o f Theorem 2.3 .7 , every T e Bp(ü) 

corresponds to a e M(H), whnre ^Vp(e^) = < Te^, e^ > fo r  each

e^eE. The proof v r ill be completc i f  we show that T c Bp(fl) is  s e lf-  

ad jo in t i f f  is  real-valued« I f  T is  s e lf-a d jo in t , then

lemma 2.4.1 implios that ^ ( e ^  = < Te^, ei  > is  r e a l fo r  each e^cE,

Conversely, i f  <ftp(e^) is  re a l fo r  each e^eE, then 

fo r  each x  = \ < x , e. > e, e H,
L  k k

V  V T< Tx, x > = < T \ < x ,  eJc> e. > e. >

“ ^  1
■ < ^ '  “ ■ * *  5 Tek> < x > ei  > ei  >

k 1

c s & S  ______
~ j  < x , e^ > < x , e^ >< Te^, ^

^  V  —= ) < x .e .  > < x ,  e.
L  1 1

v  1

= V l < - .  . , »  |*

> < Tei , ei  > (lemma 2.3.3 )

3.
is  r e a l ,  and by lemma 2.4.1 T is  s e lf-a d jo in t.



-  32 -

2.5 MuH : ip l ie r  cnerators of f in i t e  norm

The function space -CZ(E ) has been defined in  2,2,1. We denote 

by ^ ( e ) the subspace o f £2(E ) consisting o f real-valued functions 

only. 62( e ) and -& (̂E) are subspaces o f €” (E ),  We show in  th is  

section that ■62(e ) and -6^(E) are isom etrica lly  isomorphic to  certa in  

w e ll known subspaces o f Bp(H).

2.5.1 D e fin it ion : Let T be a bounded lin ea r operator on a H ilb ert 

space H. With T and two complete orthonormal sets Ei = ß c ß'il

and E2 -  {ru : ß e ft£j we associate a numbex’ N(T; r|) defined by

(2 .5 .1 ) N (T; £ , tj)  = , rip > < r y  >l

.a,ß  J

M. H. Stone ( [1 6 ] ,  shows that N(T; rj) is  independent o f the

orthonormal sets to  define i t .  Thus the number H(T) = N(T; g, tj)

is  a ch aracteris tic  o f the operator T . T is  said to  have the norm 

H (T ), and^^uLs said to be o f f in i t e  norm i f  N (T ) < »  . The norm 

N (T) is  d if fe re n t  from the usual operator norm ||t || defined in  [15]> 

p. 220. In  fa c t ,  there are bounded lin ear operators on H whioh are 

not o f f in i t e  norm, fo r  example the id en tity  operator on H. The class 7 

o f a l l  bounded lin ea r  operators on H whioh are o f f in i t e  norm is  closed 

under the operations of scalar m u ltip lica tion , addition , and formation 

o f the ad jo in t ( [1 6 ],  Theorem 2.31).
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Suppose in  defin ing i'T(T), vre take EA = E2 = E, where

E = [e . : i e l } .  From (2 .5 .1 ) we sha ll have

N (T ) = < T e . ,  e . > < e . ,  Te. > 
' L j 1 J J X 
w i ,  j *>

1/2 1/2

I f  T commutes with P, then < Te^, ê . > = 0 f ° r  i t i (  

2 .3 .3 ), and so

lemma

V

L(2 .5 .2 ) n ( t ) =

IT  7 is  given the norm N (T ), thi

|< Te± , ei  >|2(

.^ > »e  have the fo llow in g  theorem:

2.5*2 Theorem: 6a(E) is  isom ctrica lly  isomorphic to the subspace of 

3p(H) comprising operato^^vifhich are o f f in i t e  norm.

P roo f: By Theorem 2.3.7 tliere is  an isoraorphism of Bp(H) onto

•6°°(e ) .  Let T e Bp(H^correspond to <4p e -(^(e ) under the isomorphism; 

then <4p(e^) = < Te^> > fo r  each ei  c E. The operator T is  of 

f in i t e  norm i f f  e £2( e ) ,  sinoe

N (T fV J V | <  T e ., e. >|2 ,

L i  ■ >

\ 1/2

L ,
i

2.5*3 Coro H ary  ££(E) is  isom etrica lly  isomorphic to  the subspace 

of Bp(H) comprising operators which are o f f in i t e  norm and are s e l f -

ad jo in t.

Proof: We combine the resu lts  o f Theorem 2.5.2 and lemma 2.4.2 ,
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2.6. The case H = L2(G)

Let G be a compact abelian group and le t  Ls(&) denote as 

usual the Banach space o f a l l  (equivalence classes o f )  complex-valued 

measurable functions on G which are square-integrable with respect to 

the Haar neasure X on G. With inner produot defined b.

(2.6 .1) < e > = 'jf(a) g(o') <3X(a)

fo r  a l l  f ,  g (  La(& ), L2(&) is  a H ilb ert sp tace. Denote by G 

the character group o f G. For the sake o f c la r ity ,  vre s iia ll alvrays 

r e it e  X^ fo r  a continuous character*fi^sj& when i t  is  oonaidered as a 

function on G, and er fo r  the sann acter when i t  is  consiGered

as an element o f the character group G.

G is  a complete orthonormal set in  LzCGj,. and so every f  e L2 (G)

has a convergent Fouriur söries

(2 .6 .2 ) f  = J

&  ^where f ,  the Fourier transform o f f ,  is  defined by

( 2. 6. f(cr) = j f (o ) X ^a) dx(a)

fo r  each o- e &.
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For each er e G , we denote by the closed subspace o f L2(G)

generated by and by P̂ , the p ro jection  on M .̂ An operator T

on L2(&) commutes with P i f f  M and M are invariant und er T<T <r er

(lemma 2-3.2 in  the case II = L2( g) ) .

Let f  e L2(G) and l e t  aeG. The translate o f f  bjf a, denoted

f  , is  the function on G defined by

(2 .6 .4 ) f  (cc) = f (x a )

fo r  a l l  a?eG. Translations f  -* f  (as w e ll as projections P ) are
°

bounded lin ea r operators on L2( g) .  An operator T on L2( g) commutes 

with translations i f f  T fQ = (T f ) a fo r  a l l  f  e L2( g) and a l l  aeG.

We have the fo llow in g  theorem:

,
2.6.1 Theorem Let G be a compaot abelian group with character group

ß, and l e t  T be a bounded lin ea r operator on L2(& ). Then T commutes

a
'.rith translations i f f  T commutes with each p ro jection  P , c  e G,

P roo f: T commutes with translations. Then ( [1 2 ],  Theorem

4 .1 .1 ) there exist3  4> e £” (&) such that (T f )A = <f>f f 0r  each

f  e La(G ). Let cr0 be an arb itrary  but fix ed  element o f G. We show

that T commutes with P̂ . . Now, fo r  any f .  y fV )  xc
L—j

xn

L2( g) ,  we have P f  = f(cr0)x . Thus, fo r  each
0(1 Oq

er a
« & , f  f  La(G),

we have
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C0(Tf)~jA(<r) «  ^ (T f)A(cro)X0.cj A((r) = ( T f ) ^ ) ^ )  =

<*>(c0) f(c0)

0

i f  er = cTq

and
s :

t Cp , / ) ]  (=r) = [3 (f (f fo )x ff/ ] V )  = H v M ™ a n r t f i M * W o t f aoW

since $ (er) = 1 er 0 according 
Co

I t  fo llow s that fo r  each f  e Ls we have

0 ?f (c 04 i f  er = cr0

ix er * er.■>0 >

cr0 or not.

P (Tf)
L a o .

M  = T (P f ) fo r  each er e G . By the

uniquencss o f the Pourier transform,

PffCT f )  = K p/ ) ^  fo r  each f  e L2( g) .

Hence T cc eff» with P . As cr0 was a rb it ra r i ly  picked from
Cq

among the elei 

each ^ \ F

o f t , i t  fo llow s  that T commutes with P fo rer

£

and are both invariant under T, fo r  each er e G. In  p a r t i-

sversely suppose T commutes with P .̂, fo r  each er e G, then

cular TX e M fo r  creG . So, e ith er er c

(2 .6 .5 ) ® v -  a ^ K

orfo r  some complex number a (c ) ,
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( 2. 6 . 6) TX = lim  (a (c r )X j,
n->»

a l im it ,  in  the sense o f L2(& )- norm, af a sequence (a^erjx^.} o f 

scalar m ultiples o f X . Let aeG and f  e L2(&) be arb itra ry .

Tf

’ b itr.

a = T ( ^ ,(<r)X<) = T P W ( I A  °  T ^  X°' 

a  ^

= y  f(cr) J.JyCi) K o. . That i3 ,  ^

*  X >

(2 .6 .7 ) Tfc = V  ^(o-) x

* S )
fo r  a l l  a<G, f  e L2( g) .  I f  TX^ is  o f the form (2 .6 .5 ), then 

we have from (2 ,6 .7 ) the fo llow in g  chain o f equ a lities

T fa = ^  * 7 ° )

er er

= ^  £ (< r ) « (< # ^ )a = ^ ( o - ) a ( e r ) X ^ a

er '  er

(T f ) .( I f w - • ) . •
er

I f  TX^ is  o f the form (2 .6 .6 ),  we s im ila r ly  have

T fa = p ( o - )  y s )  TXa  = V  f(er) y s )  lim (an(cr)xcp

er

f(cr) lim  [a J c rK X ^ J  = p W  lim  « n(<r) ( X ^

er

= ^ P ? W U « . n( , ^  = ( V  = (T f jo .

er

= V :
L
cr
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In  e ith er case, T f = (T f )  . Hence T commutes v/ith translations.

We now consider Theorem 2.6.1 in the oase where G is  a compact, 

not necessarily  abelian, group. In  d e fin it ion s  and notatioi^s, we 

fo llo w  Hewitt and Ross [8 ] ,  where any undefined terms concerning 

harmonic analysis on compact non-abelian groups, used in th is section,

w i l l  be i’ ound.

Let G be an in f in ite  compact (not necessarily  abelian ) group 

with dual ob ject £ , and le t  L2(G) denote, as before, the H ilbert 

space o f complex-valued measurable functions on G which are square- 

in tegrab le v/ith respect to  the Haar measure X on G. i?or each <7 e E , 

l e t  the representation er have the representation space H ,
u V

'in iteT  dimand le t  d be the ( f in i t e )  dimension o f the H ilb ert space H •

I?urther, l e t  

(2. 6. 8)

be a fix ed (but arbi

X ^
, . . . .  e d

C oordina ictions u j , ; ,  fo r  j ,  k = 1, 2, . . .  , d .̂, are definedo y_.T .e fu ncti

on G 

(2 .6 .9 )

■b itrarily  chosen) orthonormal basis in H . 

,(o")

= < U(crV ' T ) , > .

TT̂ 0") ».In  th is  same basis, the ujjc/ 's are coordinate functions fo r  the

conjugate representation er ( [ 8 ] ,  (2 7 .2 8 )). The set
i

i er f L , j ,k  = 1 , 2, . . . ,  d^} is  a complete orthonormal set
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in  L8(& ), and fo r  each f  e L2(& ), vre have

(2 . 6 , 10) f  = \  d < f , U( J J >
L  L - a  Jk Jk
creS j , k=1

where

( 2 . 6 , 11)

•  #  ,and the series in (2 .6 .10 ) converges in  L2(&)-nonn. Por fe L a(G ),

l e t  £(cr) be the operator on H defined by

< > *  /  =jk ) f

( 2. 6 . 12)

fo r  a l l  g, t) (  H^. Benote b, 

operators on H^. The

< £(cr)£, r) > = J  < TI > f ( * )  ^x(x)

the set o f a l l  bounded lin ear

lution algebra P B(H ) is  denoted by 
cre£

({(£ ) ( [ 8 ] ,  (2 8 .2 4 )). $(E ) , soalar m u ltip lioa tion , addition,

m u ltip lioa tion , and the ad jo in t o f an element are defined coordinate- 

wise. Let E »  (E^) be an element o f $(e ) .  For 1 «  p < » ,

define

( 2 . 6 ^ ^ * INI.

we

" V  P
/ \ d ||e ||.

U  *
Co-eE

and

(2 .6 .14 )

wnere

||e|| = suptllE II : (T6E  l0O O <pCO

are the operator norms o f [8 ] ,  (D.37) and (D .36.e),

For 1 «  p «  | (e )  is  defined as the set o f a l l  E e (£(e ) fo r
P
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ttlich  ||E|| < 00 • Since & is  compact, La(&) is  contained in M(g) ,
r

the set o f a l l  bounded regulär complex-valued Borei measures on G, 

I t  fo llow s from (28.36) o f [8 ] that £ c (J (E ) fo r  each f  e L2( g) .

Follow ing [8 ] ,  (28 .35 ), we sha ll use a fix ed  co lle c t ion  (lP 0 ' :  cr«E } 

o f representations, picking one from eaoh equivalencc class creZ ,
A s y s

that f ,  defined by (2 .6 .12 ), is  fix ed  fo r  each f  e L2( g) .  i‘'rom

so

(2 .6 .11 ) vre then have

r ,  ä\(x )  = < ? ( o > .

Thus fo r  eaoh f  e La(& ), we have

f  *  y  y  d ^ ^ o - ) ^ ,  z f f )
Lj l  ^  K 0
cr<E j  .

(2 .6 .15 ) > , W
jk

For creE , l e t  M denote the closed subspace o f L2( g) 

generated by the : j ,k  = 1, 2, . . . ,  d^J, i . e .  the closure

o f the set o f a l l  f in i t e  complex lin ea r combination3 o f coordinate 

f  u n c t io n s ____  _  . _ _ _ _____. . .  ________ _. „

projec 

def

Ions ^  

jecl

Mcr "  Xcr^G) (2 7 .7 )).  Denote by P the

on M [These d e fin ition s  o f P̂ . and M reduce to  the

■■•■Ions given e a r l ie r  fo r  P^ and M i f  G is  abelian, sinoe

then d̂ . = 1 fo r  each er e E ] .  For each ff (  E, P is  a bounded
r * .

lin ea r  operator on L2( g) ;  thus fo r  f  = \ d^ <

creE j,k=1
in  La(& ), we have

ĉr

P fCT
j,k =1

(2.6.16)
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2.6.2 : Lemma Let f  e L2(G) and l e t  Ob be a rb itra ry  but fix ed  

in  E . Then, f  or each cr«E , we have

(2 .6 .17 ) (P  f ) A(<r) = 
°0

i'(ö'o) i f  <r = cr0 

i f  < r ^ o

P roo f: Let (Tq , er c S ’oe as in  the lemma. By the orthogonality

i f  er ^ cr0. Hence, i f  f  f  L3( g) ,

re la tion s  fo r  coordinate functions ( [ 9 ] ,  (2 7 .1 5 )), ( u ^ ° ; ) A(cr) = 0

,  - v '  ‘

■ V a , /  H«H  > >& o)
U

■ j,k=1

J
* (er) [u s in g (2 .6 .l6 )]

£  V

j C  . &  . ... .
< > 5jT° ̂  > ( ujJ0'l)A(o'o) i f  <r = o-o

=

J ?
_ V /  f(a'o) i f  CT = <r0

i f  er ^ ob

i f  o- ^

2.6.3 Lemma: Let ^(Hj.) be the set o f a l l  bounded lin ea r operators

on H . Then

B(H ) = [f(o-) : f  e /  (G)J

fo r  eaoh er e Z .
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P roo f: This lemna is  Theorem (28.39) ( i )  o f [8 ] ,

2.6 .4 D e fin it ion : Let f  c L2(&) and l e t  a e G-. The r ig h t-

by

(2.6.18) f a U )  = f ( a » )

translate o f f  by a, denoted f  , is  the function on & defined

o T

fo r  eaoh x  e &. S im ilarly  we define f  , the le ft-tr& n s la te  

o f f ,  by

(2 .6 .19 ) f  (sj) = f  (aa;)

fo r  each xcG.

We sh a ll henceforth consider r igh t-tran s la tion s  only, in  our 

lemmas and theorems, since i t  is  c lear that analogous statements 

can be made i f  le ft-tran 3 la tion s  are a lso  considered. Of course 

i f  & is  abelian, then le ft - tra n s la t io n  is  the same as r ig l it -  

transla tion . ( / « .

2.6.5 Lemma: Let ac& and l e t  f  e L2( g) .  Then

( f o r w  -  5 (0 )

irroof: For a l l  t) e H

< *\ > = < U ) ,  ti >

= [  < ü io ) ( ü ^ k ) ,  n > f (x )d \ (x )
J x  o-1



G

= j  < T| > f o(» )  dX(®)

«  < ( f a ) ACcr)5, n >

Hence ( f a ) A(cr) = £(cr)Tjj^£ f f  or each er c Z .

Using th is  lemma and (2.6.15), we have
We

( 2 . 6 . 21)
= I  #>> «J

(7€Z

(er) 
J jk

2.6.5 Lemma: Let G be a compact group with dual ob ject Z , and le t

T be a bounded lin ear operator on L2( g) which commutes with r ig l it -

tran s la tion s , i . e .  T f = (T f )  fo r  a l l  a e G and f  e L2 (G ).a

3 E € (} (Z ) such that fo r  each f  € Ls(G ), we have 

“  .
(2.6.22) (T f ) A(cr) = sjc(<r)

fo r a l l  er e Z

P roo f: Since G is  compact, L2(&) is  a Banach algebra under 

convolution • , where

(2 .6 .25 ) ( f  • g)(cc) = f f ( a y _1)g (y )d X (y )
G-
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fo r  a l l  x  c G and f ,  g c Ls(G ). Thus i f  T is  an operator on 

L2( g) ,  then f  • g, T f*  g and T ( f .  g ) a l l  belong to La(&) fo r  a l l  

f ,  g e La(& ). Now, fo r  any h e La(G ),

< T f . g, h > = |(Tf . ß ) (x )  h(a;) dX(oc)

Ja < £ ~

= J J (T ? )(xy  1)g (y )d x (y ) h(x ) dX(a;)
s  a

= Je(y) J(Tf ) y-*U ) hU ) äx(*)j |By Fubi^i [8],|

= Jg(y)  < ( Tf)y -i , h > dx(y)

. a t
= s(y) < T f - i »  > ®^y) [ T commutes with r ig h t-

G translations ]

= f  g(y) < £y-x ,  T 'h  > dx(y)
i

= Je(y) J?y - i ( x )  (T*hX®) dx(*)]ax(y )

, |f(ccy-1)g (y )d X (y )l (T *hM *) dX(jc) (By l'ub in i)

^ G 6
= J ( f  - B) ( » )  (T *h ) ( « )  dX(a;)

= < f  • g , r h  >

= < T ( f  . g ) , h > .

Hence T ( f *  g) = T f • g fo r  a l l  f ,  g in  L2( g) .
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We associate vrith T an operator-valued function E : £ -»($(£) 

defined in  the fo llow ing way. Let er e Z , by lemma 2.6.3 there 

ex is ts  e &) such that e^Xer) = , the id en tity  operator

on H^. V/e define Ê . , the value o f E at er, by

(2 .6 .2 ’+)

Observe that fo r  each u ^ e ^ _ (G ). ( u ^ ) A(cr) =

~ a be a rb itra ry  but fix edim plies that u\^ -  eü- * ^e* °o

in  Z . For each <7 e Z , we have

( ^ k o))A(-) = [*(•<*• = (Tv 0* 4 ? })A(cr)

«  (Te ) y ( o - ^ ^ o ) ) A(ö-) = JÊ Ujk ° ^ A(cro) * *  ^  = ^  

0 J 0 i T c r ^ o

since (u ^ 0^)A(cr) = 0  i f  <r ^ ob. That is ,  

(2 .6 .25 ) (T u ^ o ) )A(cr) = |  Scr0(ujk ° ^ A(cro)

fo r  a l l  oi ( ß  and j , k = 1, 2, . .  

l e t  cr0 be a rb itra ry  but f ix e d  in Z

« S T  ,  _
(T f

«To

i f  er = cr0 

i f  er £ cr0 

Let f  c L2( g) ,  and

^ 4 a )  > tu£ }j (<r0)

er eE j,k=1

£  £ * r  < 5W >  ( T u W ) V o )

ercE j,k=1
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<Vo

-  ^  [by (2 .6 ._I
Jj'ssl

25)

-
t0 u

j,k=1

d(To <

= C f (o - o ) -
°0

4 ffo) > ( u ^ ' V ' O

Hence ( T f )A(er0) = E f(er0) fo r  a l l  f  e L2(^ S  As crQ could be
cr0

A

s /
any element o f £ , i t  fo llow s that (T f ) (er) = E f  (er) fo r  a l l

f  c L2(G) and a l l  er e £ . This im plies that (T f )A = e£ fo r  a l l

f  e L j ( l } ) ,  As the ränge of T is  «^ontained in 13(& ), we have

E? = ( T f ) A e L2(G) , fo r  each 2(& ). E is  therefore an L2( g) -

m u ltip lie r  in  the senso o f Hewitt and Ross [8 ],  (3 5 .1 ). I t  fo llow s

( [8 ] ,  (35.16) ( g ) )  that. (E ).

*  *

This concludes the proof o f the lemma.

2.6.6 Theorem: Let G be a compact group with dual ob ject E , and 

l e t  T be a bounded lin ea r operator on L2( g) .  T commutes with 

righ t-tran s la tion s  i f f  T commutes with the pro joction  P , fo r

each c.' <" £ .

P roo f: Suppose T commutes with righ t-tran s la tion s . 13y 

lemma 2.6 .5 , there ex is ts  E e (| (E) such that (T f )A = Ef fo r  each

f  e L2( g) .  We shov; that T commutes with P fo r  each er e £ . As in

4 *

the proof o f Lemma 2.6 .5 , l e t  er0 be f ix e d  (but a rb itra ry  in  E ) ,  and 

l e t  f  e La(G ).

C C*\<
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L

o- O'o (by lemma 2 .6 .2 )

i f  <r ±<r0

V-

L «To

(T f )A(cr0) i f  er = <r0 

0 i f  <r *  ob / X 3

! *  > $ F
(T f )  (ar) (lenuna 2.6.2 )

fo r  each er e L, By the uniqueness o f the Fourier transform, we have 

T(P^£) = P ^ T f ) .  Hence T commutes w ith F̂ . . I t  fo llow s  that T 

commutes with P_ fo r  each er e 1

Conversely, suppose T ^gpmutes with P^ fo r  each er f  E. Then 

My is  invariant under T, fo r  each er c E. In  pa rticu la r, Tu:^ « 

fo r  each coordinate function uj ^  € ^^(G-) • Therefore, e ither

( 2 . 6 . 26)

r,s=1

(<f)fo r  some complex numbers a
rs

(2.6,

r ,  s -  1j 2, • • •, der» or

Tu^/ = lim u 
«jk n n

where l im it  is  taken in  the sen3e o f L2(&) -  norm, and each u isn

o f the form (2 .6 .2 6 ), say

s ■  ?  4 ^ 4 ?
r,s=1

( 2 . 6 . 28)
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^  f = L  L d°" < ^a",)^Cr,)' ^  > ui m C La(&)*
CT'€2 i,m =1

V
T f = £  V V  < ? (< r ')4 ° ', ) > 6£ ^ » w ( 0' ’ ) r ( ° ” ) > Tu(° " ')

1  Im

cr'eS i,m=1

£  £ äo - < sl0" ’ > 4 f < « . * )
cr'eS i,m ,r,s=1

^  £  4°” < 4  4 ff,) > 1J ” 4 l n 4 r ; u  ‘- 2 - 6 - 2^>

cr'eE i,m ,r,s=1

ä TSince < \  '&sk ( [ 8 ] ,  ( 2 7 .1 9 )) ,  i t  fo llow s

that fo r  each creS, and j ,  k e { 1 , 2 , . . . ,  d } ,  we have

- * r

y  < > « fe 5- M1 v M u/f

\i,m=1
jk i f  ( 2 . 6 . 26 )

< « ,  « W > (  i  X ~

^  ^  “  ( 2 -6 -27)

That is ,  fo r  eaeh cre2 , and j ,k  c{ 1 , 2, . . . ,  d^J, we havefo r  €

( 2 . 6 . 29 ) < ( T f J V ) ^ ,  € ^ >  =

< f (< r )4 <rj 4 <r)> “ jk } * *  C^.6.26)

i,m =1
d

) £< 4^  “  e-6-27>
(_ i,m=1

I t  fo llow s that fo r  a e G, and f  e L2(& ), we have 
d

r—\

* . - * £  } \ , < i

creZ j,k=1

[by ( 2 . 6. 2 1 ) ]
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= V  V d  < f  (er) ^ , z,[ er '  '  a
(er) > T> )

jk (T bounded and lin ea r )

creE j ,k=1 
,  - ^

\ V L  < ? (< r ) (Ü ^ k W ),  EW >  i f  (2.6.26)

creE j,k,r,s=1

,4a  < C2-6-2? )
<reE j  ,k,r,s=1

£  ] [ >  < 4 ff) > 4 ? ' u»  *  (2-6,26)
crcE i,m,j,k=1

I  2>  < ^  “S 4 k} (2-6- 27)
o-cE i,m,j,k=1

^  V  d^ < ( T f A c r ) ^ ^ ) ,  ^  [by ( 2 . 6 . 29 ) ]

cr«E j,k=1

£ 4o- < ^ Â 4 - ‘ 4 <J)' 4 ff) > ».Mf r
= V*

Z—i >—  
ereE j  ,k=*1

= (T f )

i . e .  Tf^ = (T f )Q fo r  a l l  oe& and a l l  f  e La(& ). Hence T 

commutes with righ t-tran s la tion s .
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RESTRICTED MULTIPLIERS FOR Lt (&)

3.1 Prelim inaries

Vfe now turn our a tten tion  to  the problem ra ised  by Edwards [4 ] ,

16.7*5 concerning re s tr ic ted  m u ltip lie rs . Lot G be an in f in ite

compact, not necessarily  abelian , group with dual object £ , and l e t

Lji( g) denote as usual the Banach algebra o f a l l  absolutely ir.tegrable

complex-valued functions on G. As was indicated in the introduction,

the Lj. ( g) -  m u ltip liers  are p rec ise ly  the F o u r ie r-S tie lt je s  transforms

o f measures in  M(&) ( [ 8 ] ,  (35*9 ), v/here fo r  each (j.eM(G) and <J& ,|i(<r)

is  an operator (ra ther than a complex number) on the fin ite-d im ensional

H ilb ert apace defined in  6S Let B^^.) be the set o f a l l  bounded

lin ea r opera tors on and, as in 2.6, l e t  (f(E) be the operator

algebra P B(H ) .  Por a given subset S o f Z , we form the subalgebra 
<rcE c

4 (s ) = P B(H ) qj? where the norms in  (j)(S) are simply the
o-4

norm3 ||*|| , 1 € p < «>, o f $ (E ), re s tr ic ted  to  S ( [8 ] ,  (3 5 .6 )).

3.1.1 D e fin it io n : An E = (E^.) in  (jl(S) is  ca lled  a function o f type 

(L i (G ),  L±( G), S) i f  to each f  e L i(G ) corresponds at lea s t one

g e L i(& ) such that

(3 .1 .1 )

fo r  each er € S.

g(o-) = E £(cr)

Of course, fo r  X, Y e [C (G ), L (& ); 1 «  p < °°j,
r

one can



s im ila r ly  dcfine E to bc a function o f type (X, Y, S) i f  to each 

x  c X corresponds at lea s t one y e Y sa tis fy in g  y(cr) = E^ 5(0"), 

or (  S.

3.1.2 Remark: I t  is  c lear that an Lj.(& )- m u ltip lie r , or i t s  

r e s tr ic t io n  to S, is  a function o f type (L j.(& ), Lj. (g) ,  S) fo r  any 

subset S of Z . In  fa c t ,  thc o r ig in a l m u ltip lie r  problem fo r  Lj.(G) 

corresponds oxactly to the case in  whioh S = £ . The n on -tr iv ia l 

problem i3 in deciding whother, conversely, >^ ve^  function o f type 

( l* i (G ), Lj.( G ), S) is  the re s tr io t io n  to S o f some Lj. ( g) - m u ltip lie r . 

This problem has been solved in  the*Qaa^< where G is  a lo o a lly  compact 

abelian group by Brained and Edwards ( [ 1 ] ,  Part I I ,  Theorem 3*3).

In  th is  chapter, we propose to solve the problem fo r  the case where 

G is  a compact, but not necessarily  abelian, group.
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3.2. R estrictcd  Lj.(&)«- m u ltip liers

Let G be äja. in f in i t e  compact group with dual objcot £ , and l e t  

M(&) denote the Banach algebra o f a l l  boundcd regu lär Borei measures 

on &. Eor (i e M(&) and er e S , p(cr) is  defined by

(3 .2 H 2 ) < £(cr)E, E > = l< ^ 5  , Ti > dp(a)

■'g
fo r  a l l  € , ti e H . 3y [8 ] ,  ( 28 . 36 ) ,  £ e $ (E ) fo r  each peM(&).

Let X denote the Haar measure on &. I f  p. e M(&) is  absolutely 

continuous with respect to X so that d(i = f  d X fo r  some fe L i(G ),
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we

A A A
we w rite  f  fo r  (j. and c a l l  f  the Fourier transform o f f .  Thus

(3 .2 .2 )  < ?(<r)€, T] > = f  < T) > f(u)aX(a)
TJ

fo r  a l l  g , r| e and f  c L i(& ). I f  }ieM(G) and f  

define ji* f ,  the convolution o f p. and f ,  by

(3*2 .3 ) (n *  f ) ( o )  = [ f (ax~ t )d^(x)

fo r  each a e G. By [8 ] ,  (20 .5 ) ,  fi* f  c fo r  a^ l (l*ll(&) and

f  c L± ( G).

tfe sha ll need the fo llow in g  lemmas:

3.2.1 Lemma: I f  3 is  a functiofc o f type (L ^ G ),  L1(G ), S) , then

E is  bounded, i . e .  ||e|| <Ad .
00

Proof: Suppose that 3,, is  not bounded, i . e .  ||e|| = sup|]Ej|j is
‘ 00 cr<S

not f in i t e .  Then fo r  any number m, however la rge , there is  a

o' c S such tha j| , > m. Let t  e L i(& ) be such that ^ (o^)
m

is  the id en tity  operator on ( [ 8 ] ,  Theorem (2 8 .3 9 ) ( i ) ) j  then 

•
A ,

E t(cr
m

m
Now, since E is  o f type (Lt (G), L1(G), S ),

m

th er« w i l l  ex is t g f  LjX g) such that g(cr) = Ê . t(o") fo r  a l l

er e S. In  particu la r, g(cr ) = E_ &cr ) = E_ and so,m o in u m m

II 6 ll̂  * llS(o-m)|L = lî  IL > n , fo r  any number m. This is
00 m 00

impossible, since by [8 ] Theorem (2 8 .3 6 )( i ) ,  g e $ (2 ) .  Henoe

E is  bounded.
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3.2.2 Lemma: F'or oeG and f  e !>!.(&), denote by f  the r ig h t-

translate o f f  by ae&. Then, 

(3 .2 .4 )

fo r  each c  e E.

o f lemmaF roo f: The proof o f th is lemma is  the same as the proof o

2.6.5. ^

We sha ll requ ire a property (c) defined in  [1 ] ,  Part I ,  

D e fin ition  2.8.1. Let G be a compact grovrp, and l e t  J0 be a 

closed subspace o f L ^ G ). J0 is  3aid to s a t is fy  condition (c) 

i f  whenever f j  ] is  a norm-bounded d irected  fam ily o f elements o f
“ w

J0 such that lim  j  = j  fq/  the topology cr( L-^G), C0(G )),  then 
ct

j  e J0. [Here, <t( m( g) ,  C(&)) denotes the weak topology on M(&),

viewed as the space o f continuou3 lin ea r functionals on C(g)

C[13, p. 291 ).] Brainerd and Edwards show that ( [ 1 ] ,  p.303) i f  G

is  compact and J0 is  a closed subspace o f Lj.(G) such that

L i (ö )  . Jo c- Ss/ then J0 s a t is f ie s  condition (C ). In  view o f th is ,

we hav h . :fo llow in g  lemma:

3.2,3 Lemma: Let G be a compact group with dual ob ject 2 , and 

l e t  S be a subset o f 2 . Define J = [fe L i(G ):  f(<r) = 0 fo r  each 

0“ f  S ), Then J s a t is f ie s  condition (C ).

P roo f: Since G is  compact, we only need to show that J is  a closed 

subspace o f L;l(G) sa tis fy in g  LjX g) *  J C J . I t  is  c lea r that J is
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a subspace o f ^ (G ) ,  Let f j  j be a sequence in  J such that

l ^ l l j  -j|L = 0 fo r  some j  e L±(& ). We show that j  (  J. For 
n n 1

each o' e S, we have

l | j ( a ' ) l l B (H  )  =  lß(ö") -  Oä (ct)IIb (h )  (s ince on (o * ) =  O j £

= | | ( j  -  j „ ) A(or)il,

« ll(d -  j J l lU c*

m , s & i

ll 0 -  0nn1

< E5  

([8 1 , (28.; 

( [ 8 ] ,  (28 .36 ))

and j  e J be a rb itra ry . For e
A

Since lim )|j -  j  || = 0, i t  fo llow s that j(cr) = 0 fo r  each <s (  S.
n n 1

Hence j  c J. This means t h a t c l o s e d .  F in a lly , l e t  feL i(G )

o- e S, ( f  • j ) A(cr) = £(cr)j(cr)= 0 

since j(cr) = 0. I t  fo llow s that f ,  j  e J, Hence !* (& ) • J C J.

Now, l e t  J b ^ ^ "  in  lemma 3*2.3. We form the quotient space 

L i(G )/ j in  the usual manner. Denote by [ f ]  the coset modulo J o f 

the element f  f  L ^ G ), i . e .  [ f ]  = [ f  + j  : j  « J }.  For [ f ] , [  g ^ L ^ G )/ . 

and complex number a, define

[fl + E el = [ f  + sl 
V ?  » [ f i  = [ » f i .

and define norm in  Lj.(G )/j by

||[f]|| = inf||f + j|| .

Since J is  closed, Lx(Gr)/j is  a Banach space. We define r ig h t-  

transla tion  in  L±(G )/ j by
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[fl = [ge I*(G) : g e[f]j

a l l  aeG and [ f ] e  LjC-)/^. This is  w ell-defin ed , as the next

lemma shows.

3.2.4 Lemma: Let [ f ]  e Li ( g)/ t and le t  aeG. Then

[ f ]  «  [ f  ]

r°  “  > < $ \
P roo f: We show that g e [ f ]  i f  and only i f  [ f  ] .  Supposea a

g <r [ f ] Q ; then g = ( f  + j ) a fa r  some j  c J, By lemma 3.2.2, 

( j r ) A(cr) = j(cr) . Since j(cr) ^ Ä ^ f o r  each er e S, l t  fo llow s

that ( j  ) A(c )  = 0 fo r  each <T e S, implying j  eJ fo r  each aeG.

C h r  aIn  short, J is  invariant under r igh t-tran s la tion s . Thus 

g = ( f  + j ) a = f a + i a = + i '  fo r  some j '* J ,  i . e .  g = f + J7.

Thi3 implies g e [ f g ] ^

Conversely, suppose g e [ f  ] ;  then g = f  + 0 "  fo r  some j "
CL CL

in  J. Now, ga^ C p r Q + j'O a- i  = ( f 0 )a - 1  + (J " )a - i  = f  + ^ - 4= f+J"* 

fo r  some j '

iSy
Hence, A) = ( f  + j " 1) e [ f ]  . This completes the proof

■ a a a a

o f the lemma.

Thus, fo r  each aeG, the mapping [ f ]  -*■ [ f ]  o f L1( g)/ t in toCb U

i t s e l f  is  w ell-defined . im operator T : L i(G ) -* L± ( g)/ j is  said to 

commute vd.th righ t-transla tions i f  T ffl = (T f )^  f ° r  al l  a€& an -̂ 

f  e L ^ G ).

The next lemma is  a consequence o f  [1 ] ,  Part I ,  Theorem 2.9.

■
by the invariance o f J under r igh t-tran s la tion s .
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3.2.5 Lemma: Let S be a subset o f £ , and le t  

J = [ f  e L i(& ): £(<r) = 0 fo r  each er e S j. I f  T : L1( g) !* (& )/ .

is  a continuous lin ear operator commuting with r igh t-tran s la tion s , then 

there ex ists  |aeM(&) such that

(3 .2 .5 ) T f = [ p . f ]

/ ■  „

fo r  each f  e LjXG).

Froo f: By lemma 3 .2 .3 , J C J a

The theorem now fo llow s from [1 ] ,  Part I ,  Theorem 2.9.

We are now in  a position  to prove the main theorem.

3.2.6 Theorem: Let G be a compact group with dual ob ject E , and 

l e t  S be a subset of £ . >B& element E o f (f(S ) is  a function o f. The e

( 3 . 2 . 6)

fo r  each er e

we define

type (L ^ G ),  L ^ G ), S ) ^ T  and only i f  there ex is ts  peM(G) such that

* Sw

P roo f: G ite n ^ i C E ,

and the quotient space ^ (G )/^  as above. Suppose E is  a

function o f type (L ^ G ),  L ^ G ), S ). We associate with E an operator 

T : L i(G ) -*■ L±( g)/ j defined as fo llow s . Let f  e L ^ G ); there ex ists  

g e Lt (&) such that g(<r) = Ê . £(<r) fo r  each creS. We define 

T f = [ g ] ,  and check immediately that T is  w ell-de fin ed . Let

J = [ f  e L±(G) : f(cr) = 0 fo r  a l l  o- e Sj
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g i ,  62 e Lt (&) be such that T f = [g jJ  and T f = [ g 2] .  This 

im plies gi(cr) = E f(<x) = g2(cr) fo r  each er f  S. Hence 

(g i  - ga )A(cr) = 0 fo r  each er e S. Thus g i -  g2 e J. I t  fo llow s 

that Si € [ § 2 ] and g2 c [ g i l ,  implying [g j.] = [g 2] .  ü^ ice i f  

f ,  g e Li(& ) are such that g (c ) = E £(cr) fo r  each creS, i t  is  in

We show that T is  lin ea r, oontinuous and coiamutes with r ig h t-  

translations. Let f 1} f 2 e L^G ) and l e t  , a2 be complex numbers.

We have T fx = [ g i ]  and T f2 = [g 2] fo r  sooe gj., g2 e Lj. ( g} s a t is fy -  

ing gi(o") = E (e r ) and g2(a ) = E £2(cr) fo r  each er e S. Now, i f

order to put T f = [ g ] .

er e S, then (a l6 l+a2g2) A(o-)= a1g ^ ^ a 3g3(cr)= axE jt1(<r)+ a2E j '2(o-)

= E ^ W ifi + a 2f 2)A(cr). liesic# T (a1f jL + a2f 2) = [ « i g1 + a2g2] ,  by

the action o f T. Thus TVj^/i + a2f 2) = [« ig j.  + a2g2] = c^ tg i] +

+ a2[g 2] = « i  T fi + « aT f » ,  fo r  a l l  f 1} f 2 < L i(G ) and a l l  complex

numbers 0̂ ,  a a. &  ollows that T is  a lin ea r operator.

To shov; that T is  continuous we apply the closed graph theorem

([1 5 ],  p. 238 ] .  Let [ f  j be a sequence in  Lj.(G) such that
r n

f R -* f  and T f ̂  -* [ g ] ,  in  norm; we show that T f = [ g ] . P ir s t ,

consider there w i l l  , ingeneral, be several g 's  in  L i(& )

(depending on f ± ) such that g (a ) = E ^i(cr) fo r  each er e S.

These g ’ s a l l  belong to the same coset modulo J; fo r  i f  g ' and g" 

in  L i(& ) are such that fo r  each er e S, ( g ' ) A(cr) = ?i(cr) and
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( g " ) A(cr) = E ^^C cr), then (g* - g " )A(oO = 0 fo r  each er e S.

This implies g ' -  g" e J, and consequently g ' and g" belong to  the 

saune coset modulo J. Denote by g± an a rb itra ry  but f ix e d  member 

o f the coset {g  e Ll(G-): g(cr) = Eq. f^Ccr), er e S }, so that we. may 

w rite  T fi = [ g i ] .  Wc do the same fo r  f a, f 3, f  4, and so on. We 

then have a sequence (g  } in  Lt (G) such that foWe&ch n,

BnW ) = f n(tr) , er e S. How, ||[g-gJ||=||[g]4.gn}j| = ||[g]- TfJ| -  0 

as n -» « .  This mearxs that a = inf||g-g +01  ̂ -*• 0 as n -> «  .

äf  J p
a < £  n > N.Given e > 0, 3 N such that n 2 Let n0 be a

fix e d  in teger greater than N. By the d e fin it io n  o f in f , 

i|g“ßno+ jll, fo r  a l l  and ü

there w i l l  e x is t J suc

j||̂  fo r  a l l  and i f  m is  a p os it ive  in teger,

ä s t  ^ no)e J such that llg-Sno+ < « no+ “  •

4 E
Let M be a p os it ive  in teger such that — < fo r  a l l  m > M. 

Then, i f  m > M, we sha ll have

< f  ♦  I  •
■ Cn)equence [ j '  in  J formed by the elements o f the'nConsider

diagonal o f the matrix ( j ^ ) ,  where m, n = 1, 2, 3, . . .  . I f  

n > max

m

(M, N ), then lig-gn+ < e. Hence ||g-gn+ -» 0 as

M .n -* o» . Moreover, since j v J fo r  a l l  n, then fo r  each ff e S,
n

we have g^cr) = gn(c ) -  ( ) A(cr) . But fo r  each ff « S,
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*  H sto  -  SnM  * ( j i n' )A (o ’)llB(HCT) + K

= * 4 n))A(<r)H0 +CO <

« i i < s - r f ) Ai L * i w v  * y \

* + w u M i i

( [ 8 ] ,  D,U2)

( [  8 ^ 2 8 .3 4 ) )

[by [8 ], (2 3 and

lemma 3 . 2 .1  ]

/ >
Sinoe ||e [ < »  by lemma 3.2.1, and as n -» » ,  |jg-g + ■* 0

|f -  f l^  -> 0 , i t  fo llow s that g(cr) -  E^ £(cr) = 0, fo r  each

eh er

and

c  e S. That is ,  g(cr) = E^ f(cr) fo r  each er e S. By the d e fin it io n  

o f T, we have T f = [ g ] .  Thus T haß a closed graph. By the closed 

graph theorem, T is  continuous.

To show that T commutes with r igh t-tran s la tion s , we show that 

T f,  = ( T f ) a fo r  a l l  aeG and f  e L^G^. Let f  be a rb itra ry  in

L i(G ) and l e t  T f fo r  some g e ^ (G )  sa tis fy in g

fo r )  = %a f(<r) for «  ach er e S Now

(gn) A(ö") = g(«Ö vfi-l = E f ( c r )Ü ^  = E ( f  ) A(cr) fo r  eaoh creS
r i  Ci (7  CI O Q-

" t  fo llow s that T f = [g  ] ,  ac&. Thusn *

o

and a a a

T f = [g l  = (T f )  fo r  a l l  ae&, f  <r M&). So,
Cv Q CI U>

T : M g) -* L i(G )/ T is  a continuous lin ea r operator which commutestJ

with righ t-tran s la tion s . By lemma 3*2.5, there ex is ts  p c M(G) such 

that T f = [(i*  f ]  fo r  each f  in  M & ) .  By the d e fin it io n  o f T, 

we must have ( ja« f ) A(cr) = Ê . f(cr) fo r  each er e S, i . e .
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A , \ A
ji(or)f(cr) = f(cr) fo r  each er e S and f  e L ^ G ).

For each er e S, l e t  t  e I<i(&) be such that t^cr) = 1^ , the
CT

id en tity  operator on Hff( [ 8 ] ,  (2 8 .3 9 )(i ) ) .  Then, Eö. ( t j.)A(o')*: {Kcr)(t0.)A(cr) 

fo r  each er e S. I t  fo llow s  that E = p(cr) fo r  each cr<
'aJ V

i . e . E is

the re s tr ic t io n  o f ji to S. We have thus proved that a function E o f 

type (L i(G ),  L jG ) ,  S) is  the re s tr ic t io n  to S L± (& )-m u ltip lie r . 

The converse holds t r iv ia l ly ,  by Remark 3.1 ,2\ ^

3.2.10 Remark: We wish to compare our re su lt , Theorem 3 .2 .9 , proved

fo r  compact not necessarily  abelian groups, with the exact analogue 

fo r  lo c a lly  compact abelian groups, jöroved by Brainerd and Edwards 

( [  1 ] ,  Part U ,  Theorem 3 «3 ). We fe e l  that ours is  s lig h t ly  nore 

general than th e ir  resu lt, i »  the sense that we do not require the 

condition S C In t  S (as tiiey do ), nor any condition on S fo r  that 

matter.

< r
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CliAPTSR 4.

Oi'IE -  PARAI.STEl SEIJ&ROUPS OF OFSRATORS QN 

A BANACH SPACE X

4.1 Prelim inaries

Let X be a complex Banach space and le t  B(X 

Banacii algebra o f a l l  bounded l:\near operators o; For 0 < ^ < <»,

l e t  T (^ ) be an operator in  B(x). The co lleo tion  7 = {T (^ ) : 5 > Oj

is  said to be a semigroup o f operators on X i f

(4 .1 .1 ) T (^  + £2) = T (& )

fo r  a l l  &  > 0, i . e .  T (&  + gz)x  = T (& .) [T (g 2)jc] fo r  a l l  x  e X

and y £2 > 0. As X may oarry the weak, strong or uniform

operator topology, the ^ontinuity or m easurability o f the operators T (g ) 

is  defined re la t iv e/ ^ ^ th e  topology on X. Let X* denote the 3pace 

5U3 lin ea r  functional on X. 7 is  said to be weakly

ble U

• 2 *5 c « a *i 1

(4 .1 .2 ) lim ||T(g)a: -  T(&>)m|| = 0
S -So

fo r  each a:eX and a l l  £0 > 0. Furthermore, 7 is  said to be uniforjnly 

continuous i f

o f a l l  continuoi

measurable i f  ^ (t (£ )cc) is  Lebesgue measurable fo r  a l l  x  e X and

v Yi|f e X̂  ; 7 is  said to be strongly continuous i f

(4 .1 .3 ) lim  ||T(£) -  T(^o)|| = 0

fo r  a l l  Ep > 0
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The ir ffi n ite :; imal op erator Ao o f J is  defined by

(4 .1 .4 ) AoX = lim ^<T(£)a: -  x) 
?-*o+ ^

fo r  a l l  x  c X f  >r y/hich th is  lim it  ex is ts . Ao is  in  general an 

unbounded operato ’ on X. Denote the domain o f Ac by D(Ao) ;  then 

D(Ao) is  dense in  Xq = (T(g)a: : xeX, £>0}. Moreover, Ao is  in  

general not closed; i t s  closure A, when i t  ex ists  is  ca lled  the 

in fin ites im a l gen >rator o f 3. The in fin ites im a l generator plays 

a fundamental r o l * in  the theory o f semigroups o f operators. For 

example i f  ö is  iniform ly continuous, then ( [1 0 ],  p.278) a unique 

in fin ites im a l generator A ex is ts , A is  bounded, and we have 

T(£J = e ^ ,  v/here e ^  is  the usual exponential function 

V  (gA )k
) — —— . In  the case where 3 is  strongly continuous, a

f e i  k '

unique in fin ites im a l generator A also ex is ts , but A is  now an

unbounded lin ear operator on X v/hose domain D(a ) is  merely dense

EAin  X, and therefore the symbol e"'^ must be redefined . Both cases 

have s ign ifica n t app lica tions, but the case o f sti'ong continuity is  

by f ar - bhe more in teres tin g  to the analyst, since i t  o ffe rs  more 

d i f f i c u l t  problems and ca lls  fo r  more re fin ed  analysis.

As pointed cut in  the introduction the sort o f m u ltip liers  v/e

consider are such that g ive r is e  to strongly continuous semigroups 

o f operators. Lct 3 = (T (g ) :  £ > 0} be a strongly continuous

semigroup o f operntorr on X, and l e t  A be i t s  in fin ites im a l generator.
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we have

(4.1 *5) R(X: R)n = J~e-&TUX d£

Furthermore l e t  u>0 = i i i f  7  logj|T(£)|| be the type o f 3 ([1 0 ] ,p .306 ).
5>o *

For any ccmplex number X with ReX > Wo > l e t  R (x : A) denote the 

reso lven t o f A ([1 0 ], chapter X i ) .  Since ü is  strongly continuous, 

there ex is ts  co* > co0 ( [1 0 ],  p. 2 ), such that fo r  X jrfcth ReX > co*,

0 V X

fo r  each ® e Xo, A comprehensive account o f semigroups o f operators

on Banach spaoes i 3 found in  H il le  and P h illip s  [1 0 ], where a l l  unde-

fin ed  terms used in  th is th es is , in  connection with such semigroups,

are explained.

Before we take up one by one the Banach spaces X mentioned in  

the introduction, vie wish to state a m odification to our d e fin it io n  

o f a m u ltip lie r , to oßvei^the m u ltip liers  which involve only subsets
A

o f X, and not the v;hole o f X. I f  P is  a subset o f X, we denote by P 

the set o f a l l  Fourier transforms £ where feF . Whether X is  AP(G)

or an abstract commutative Banach algebra, or an abstract H ilbert space, 

the Fourier transform (o r  an equivalent transform) o f an fe i7' is  w ell 

defihed- bet F± and Fa be subsets o f X. A complex-valued function 

<j> defined on G (iak ing  X = AP(g) )  is  ca lled  an ( P i , F2 )-m u lt ip lie r  

( [1 2 ],  [ 8 ] )  i f  1̂  t I 2 fo r  each f  e F i. The former d e fin it io n  of 

a m u ltip lie r  fo r  X then corresponds to the case F i = Fs = X.
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In  the proofs o f our resu lts  in th is  section , we repeatedly 

make use o f the fo llow ing lemma:

4.1.1 Lemma Let £>(g) be a complex-valued Lebesgue measurable 

function o f g « ',0, » ) ,  I f  $ (g ) s a t is f ie s

(4 .1 .6 ) •;(&. + = <#>(&)<#>(&»)

fo r  a l l  ^ , £2 f  (0 , °°), then e ith er $ (? ) i s  en tica lly  zero,

or there is  a com »lex number v such that e^V fo r  a l l  £ > 0.

P roo f: See co ro lla ry  to Theorem 4.17«3 o f [ 10].4.17.3 of

4 .2  The case X = AP(G)

Let G be a lo c a lly  compact abelian group with character group

G. A complex-valued funotion f  on G is  ca lled  almost period ic

i f  i t  is  the uniform lidSÜt ( in  the norm o f C (G)) o f a sequence of 

trigonom etric prlyr.omials on G, We denote by AP(G) the lin ea r 

space, under pointwise addition and scalar m u ltip lica tion , o f a l l  

almost period ic  functions on G. I f  G is  compact then AP(&) 

coincides w ith C(&). In  defin ing convolution and Fourier trans- 

forms in AP(& ), we fo llow  Helgason [6 ] ,  For f ,  g f  AP(G),

(4 .2 .1 ) 

and

(4 . 2 . 2)

( f  . g ) (o )  = M [ f ( a s “  )g (s )J

f(cr) = Ms{ f ( s )  F H ) !
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where M is  the lin ea r form on AP(G) defined by von Neumann
A

( [1 8 ],  p.451), and we set AP(&) = [ f  : f  (  AP(g) } .  The regu lär 

maximal idea le  o f the Banach algebra AP(&) are o f the form 

M , <s e &, where M = [ f  e AP(g) : f (o ')  = 0 ]; thus the Fourier 

transform is  unique i f  and only i f  AP(&) is  semi-simple. Helgason 

makes use o f a com pactification G o f G introduced van Kämpen
r .  A ’  A°   ̂ Ö V
L17J- Let &, denote the group G with the d iscrete  topology, and

A
set Gc = (G^), the compact character group o f ( Pontryagin*s

du a lity  theorem). Helgason then shows that AP(&) is  isomorphic to  

C(Gc ) ; moreover, the isomorphism carries over to  th e ir  conjugate 

spaces, so that [AP(G )]* = [C(G ) ] *  = M(Gc ) ,  the space o f a l l  

bounded regulär complex-valued Borei measures on Gq . The(AP(g) ,Ä P (g) )  

m u ltip liers  are isomorphicC^^the bounded lin ea r operators on AF(G) 

whioh commute with ta^nsuations ( [ 6 ] ,  p. 57 ), where a bounded lin ear 

operator T on AP(g) which commutes with translations corresponds 

to an (AP(G ), AP(G)) -  m u ltip lie r  <p under the isomorphism i f  and only 

i f  ( T f ) A = f o r  each f  e AP(g) .

The fo llow in g  are the main theorems in  th is  section:

4.2.1 Theorem: For each g > 0, l e t  T (g ) be a bounded lin ea r 

operator on AP(g) which commutes with transla tions, and l e t  

3 = (T (g ) : ^ > 0] be a semigroup o f operators. Then 3 determines 

a semigroup [<f> : £ > 0] o f (AP(G ), AP(g) )  - m u ltip liers  such that

( i )  fo r  each g > 0, ^  = [ T (£ ) f ]A fo r  a l l  f  e AP(g) ,

and
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( ü )  +g (° ')  = ^ ö' ) ^ ( cr') fo r  a l l  £2 > 0 and er e G.

the f i e ld  o f complex numbers, such that 

<£ (e r ) =  ^

I f , in  addition, 7 is  weakly measurable, then there ex ists 

a subset o f £, and a mapping v : c  -► v(cr) o f in to  K,

( e ^ M  i f

* 1 °

P roo f: Since the bounded lin ea r operator T( £ ) , £ > 0, on AP(G) 

commutes with transla tion , there ex ists  an (AP(G ), AP(G)) -m u ltip lier 

$ g ( [6 ] ,  Theorem 1) 3uch that [ T ( g ) f ] A = ^^f fo r  each f  <? AP(g) .

Statement ( i i )  o f the theorem fo llow s from the semigroup property 

o f d , since fo r  a l l  > 0 and f  € AP(G) we have

‘ r ( £ i ) ( T U 0 f ) ] A = % [ T ( g a) f ] A =

iose non that V is  v/eakly measurable; then fo r  each 

f  e AP(& ), i{r e [A P (G )]* , the mapping £ -*• \}r(T(£)f) is  Lebesgue 

measurable. In  p a rticu la r, i f  fo r  each er e G, we define [ AP(G-) ]* 

by

^ ( f )  = ^(ö-) ( f  < AP(G))

then the mapping £ t o - C ^ V )  = [T (^ )X 0-]A(cr) = ^ (o O ^ c r )  = <^(cr)

A A
is  measurable, fo r  each o* e G. That is ,  fo r  each er e G , the
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funotion <^̂ (<r) is  measurable. Since a lso , < ^ +^(cr) ~ <r’^(cr) ^ ( cr)

fo r  a l l  ^  , g2 >0 , lemraa 4.1.1 im plies that fo r  each er e G, e ith er 

% (<rJ is  id en tica lly  zero or rf>̂ (o") = fo r  some complex number

v(cr). Now set = [c  e G : ^ (c r ) is  not id en tic a lly  ze ro ], and

the proof is  complete.

The next theorem is  a converse to  Theorem 3*2.1. «e  suppose

now that G0 is  a fix ed  sübset o f G and ^ is  a complex-valued

function defined on Go* For each £ > 0, lie define a function

<p on & by

(4 *2 .3 )
i f  er <r &0

A 
'rQi f  CT I  &o

and assume that <f>̂ is  an (AF(G ), AP(&)) -  m u ltip lie r . Then v/e 

have the fo llow in g  <

4*2 .2  Theorem: each £, > 0, define a mapping T (g ) o f AP(g)

in to  i t s e l f  by

(4 .2 .4 ; [ T ( ^ ) f ]A =

f o i ^ ^ i  f  € AP(G). Then,

( i )  ü = fT (g ) : E, > 0] is  a semigroup o f bounded lin ear operators 

on AP(&), the elements o f which commute Avith translations. Moreover, 

7 is  strongly continuous.

( i i )  Let Ao, with domain D(Aq) ,  denote the in fin ites im a l operator
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o f 7. Then, fo r  each f  e D(Aq) and er {  &0 , we have f(<r) = 0; 

moreover, (A o f )A = v f fo r  a l l  f  e D (Ao), which implies that v is  

a (D(Ao) , AP(g) )  -  m u ltip lie r .

( i i i )  I f  7 is  o f d a ss  (A ) , then = ß ; m o r e o v e r d e n o t e s  

the in fin ites im a l generator o f 7, then fo r  each f  in  ® U ),  the 

o f A, we have (A f )A = v f ( v is  a (D (A ), A P (G ))^ ^ fü lt ip l ie r )  ,

the domain 

and

D(A) = { f  c AP(&) : v f e AP (& )}.

P roo f( i )  That, fo r  each S > 0, T (s ) is  a Squnded lin ea r operator

commuting with. translations fo llow s from Helgason [6 ] ,  p.57« The 

semigroup property is  immediate from the d e fin it ion  o f T (g ) .  We

show that 7 is  strongly contiauous. F ir s t ,  suppose that t  is  a 

trigonom etric polynomial o  say t  is  o f the form

t  = ot<X + otoX + • • • +Oi 0"a

characters in  G

► (Ax

4V
n 

that

The F’o

[T C e )t ]A(cr) =

The orthogonality re la tion s  o f the

V i f  er = er. , k = 1 ,2 ,...,n ; 

otherwise

eries  o f T (g ) t  therefore reduces to 

S )t  = a i e ^ 0"1 V
<?i

We then have, fo r  a l l  So > 0,

+ «  e ^ (an'X n <r_n

o i o i n n n °n

€ a .. .  <■ |«n l|eE',(ffn) -  e5° u(an>|

-*■ 0
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as E, -» £o. Each character X is  strongly measurable. Since T (g )t  

is  a f in i t e  lin ea r combination o f characters, T (^ )t  is  a lso strongly 

measurable ( [1 0 ],  Theorem 3 .5 .4 ). Suppose novv that f  is  arb itrary  in 

AP(g) ,  and le t  e > 0 be given. By the d e fin it io n  o f AP(GJ^ there 

ex is ts  a trigonom etric polynomial t  on G such that ||^><fcil < e. Since 

||T(€)f -  T(e)t)| S ||t (£ )| H M |  < ||T(€)J|*e , and % E )t  is  stronglyand T

3 ,measurable, i t  fo llow s by [10] Theorem 3.5*4, that T (^ ) f  is  strongly 

measurable fo r  a l l  f  e AP(g) .  Hence, by [10] Theorem 10.2,3, 3 is  

strongly continuous. This completes the proof o f ( i ) .

( i i )  Let f  e D(Aq ) ; then there ex ists  g = A<,f in  AP(&) such

“  [T (^ ) f  -  f ]  = g , in  norm. F

X

For each er e G,that lim 
£-*■ o

Um 1  [ ( T ( ^ ) f ) A(cr) -  f(c r )] = g(cr), i . e .  lim U < j> M  -  1)£(o0 = g(o-). 
Er*o ^ £-k>+ 4 4

I f  er | Go, then 0„(o") = 0, by (4 *2 .3 ); we then have lim i  f(cr) = g(cr),
Er*o+^

which implies t (<r) -  0. I f  er e Go, then <£ (o") = e^v ĉr̂ . we then

have, fo r (Ao) >

l in  k ^ W . i )  J(O-) = = Now,

lim  1  ( e ^ ^ - l )  = lim 7 ( 1  + £v(<r) + ^ ^ 2 ^ +  . . .  _ 1 ) = v (<r).
Er* o+ *  £-k>+ *  2!

Hence (A o f )A(cr) = v(cr)f(cr) fo r  a l l  er e G0 , f  f  D(Aq) ,  

which proves ( i i ) .

( i i i )  Suppose that J is  o f d a ss  (A ) ,  with in fin ites im a l generator 

A. Then Xq = [T ( g ) f  : f  e AP(g) ,  £ > 0} is  dense in  AP(g) ,  and D(Ao)
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A A
is  dense in  AP(G). Suppose there exist3 ct0 in  G such that o"0fG0 ;

A
choose f  c AP(G) such that f(cr0) ?= 0. Now, given e > 0, there

ex ists  f 0e D(Ao) such that ||f-f0|| < e. Since £0(cr0) = 0 (by ( i i )

o f the theorein), and |f(cr0) - f 0(cr0)| «  ||f-f0|| < e, i t  fol]jpws that

f(cr0) = 0, a contradiction. Hence G0 is  the whole

F in a lly , l e t  w0 be the type o f 3. Then there ex ists  > Wq 

( see (4 .1 .5 )) such that R (X :A )f = f e " ^ T ( g ) f  dg. , fo r  a l l  f  c Xq

° A
and ReX > Wj.. Since fo r  each er e G, the mapping f  ■* f  (er) is  a 

bounded lin ea r functional on AP(&), we have , fo r  a l l  f  c Xq ,

[R (X :A )f ]A(cr) = r -J e " ^ ^ J f ] A(c r )^

&

(X -  v(<7))-l ?(<r)

. .  s ince X0 is  dense in  AP(g) , we havefo r  each c  c G,

(4 .2 .5 ) [R (\ :A ) f ]A(cr) = (X -  v (o -))-1£(er)

fo r  a l l  f  e AP(&), ReX > ü)± . Let the complex number X (w ith 

ReX“̂ ^ i )  be fix ed , and suppose that f  e D(a ) .  There ex ists  

g e AP(G) such that f  = R (X :A )g, since D(A) = [R (X :A )f : f  e A r t e ) } .

A
We then have, fo r  each er e G,

(A f )% r )  = [XR(X:A)g -  g ]A(cr)

= X (X -v (a ) )- i a(o‘) -  g(cr) (by (4 .2 .5 ))
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= v(cr)(X -  v(o")) x g(cr)

= v(cr)f(<x) (by (4 .2 .5 ) ) .
, a  A /N>

Thus i f  f  c D (A ), then v f = (A f )  e AP(g) .  Conversely, suppose 

that f  is  an element o f AP(G) such that v f  e AF(G). This means 

that there ex is ts  h e AP(G) such that v(er) f(cx) = h(cr) fo r  a l l

(G) and, fo rer e G. Then, the function g = Xf -  h belongs

each er e G, we have

[R (A :A )g ]V )  = (A -v(o-))-1 J(<r)

= (X -  v (a ) ) _1(x£(o-) .  f i( f f ) )

= (X - v (< r )r> ? (c r ) -  v(a)?(cr))

Hence R(X : A )g = f ,  anij so f  e D (A ).

This concludes the proof of the theorem.

4.2 .3  Remark: The; rfesults in  Theorems 4.2.1 and 4 .2 .2  spec ia lise  

to  those in  [1. 3 l %  C(G), in  the case where G is  a compact abelian 

group.

4.3 The oase X = 4, an abstract Banaoh algebra

is  in terestin g  to fin d  that even in  the se ttin g  o f an abstract 

Banach algebra, the minimal conditions on the algebra which enable us

to  apply the machinery o f the Gelfand representation, are a l l  that we 

need to prove resu lts  analogaus to the resu lts  o f section  4.2 proved 

fo r  the function space AP(G). We state a few fa c ts  concerning the
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Gelfand apparatus. Let A be a commutative Banach algebra, 

and le t  be the space o f regulär maximal idea ls  o f A, Given 

x € A, l e t  x  be the function defined on by

(4 .3.1) £(M) = 4>(x)

« «  , - 1 ,where cp is  the bounded lin ear functional on A suoh that H o )=  M j 

A
x  is  ca lled  the Gelfand transform o f  x, and wo S e t  A = : x  e J.

Given the Gelfand topology, M is  a lo c a lly  compact Hausdorff space,

-  ^  A vand A separates the points o f 9fl. For x, y e A, x  = y  i f f

:c(M) = y(M) fo r  a l l  M e IX} • moreover, ipj(M) = 0 i f f  *  f H. I f  A

U  a „ orE a lget e a , * ,  which |H| -  lß l „

( [1 2 ],  p .30 ), then A is  3emi-simple ( [1 1 ],  p .39 ), and so the mapping

A  A
x  -* x  is  an isom etric isomorphism o f A onto the subalgebra A o f 

c(m \ the set o f a l l  continuous complex-valued functions on ^A, witn 

uniform norm, The »eader is  re ferred  to Chapter 3 o f [11] fo r  other 

d e ta ils  o f the Gelfand theory, which are made use o f in th is  section, 

but are not e x p l ic it ly  stated.

4.3*1 D e fin it ion : Let A be a commutative supremum norm Banach 

algebra, and l e t  ff} be the space o f regu lär maximal idea ls  o f A. A 

complex-valued function (p on'/T?is ca lled  an (</£, A) -m u ltip lie r  i f  <f>x e &

fo r  each x  e 4,
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I f  A has a unit element, then the set o f \A, ä ) -  m u ltip liers  

is  p rec ise ly  fo , For le t  e be the unit element o f A, so that 

xe = x  fo r  each x e/t. Then, x  a = x  implies e = 1, the id en tity  

function on m  . I f  $ is  an (A, a ) -m u lt ip lie r , then <p -  <pe = y 

fo r  some y  e H, i . e .  every (A, A)-m u lt ip lie r  is  o f the form y  fo r  

some y € A. Of course every y , ycA, is  an -m u ltip lie r since
A A
y  ac = (y x )A e A fo r  a l l  x  e A. Hence, the sety^ f m u ltip liers  fo r  

a commutative Banach algebra A with unit is  p rec ise ly  A .

The theory o f m u ltip liers  fo r  such an algebra is  not o f much in te res t, 

since a lo t  is  known already about A . For th is  reason, in  what

fo llow s , we shall always ta c it

element.

eratc

ume that A does not have a unit

4.3.2 D e fin it ion : An opef&tor T on A is  said to  commute with the 

m u ltip lica tion  in

(4 .3 .2 ) s y O 'Zixy) = (T x )y  = x (Ty )

fo r  a l l  x, y in  A,

Wa have the fo llow in g  lemmas:

4.3.3  Lemma: Let /i be a commutative supremum norm Banach algebra

with maximal id ea l space m  , and l e t  T be an operator on A 

which commutes with the m u ltip lica tion  in  A. Then there ex is ts  a 

unique <#> e ^ ie suLspace o f C (7 ^  ) comprising the

bounded functions, such tiiat

( i )  (Tx ) a = <t>x fo r  each xeX
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and

(ü ) IWI = INI

of [12].

Proof'  This lemma is a combination of Theorems 1.2 .2  and 1.2.3

4.3*4 Lemma: Leb A be a commutative supremum norm Banach algebra 

with maximal ideal space , and le t  <f> be A )-  multiplier

Then, the mapping T : A ■* A defined by

(4.3.3) (Tx ) a = $  € •*)

is bounded, linear and commutes with the multiplication in <£.

Proof: The fact that A is a sup norm algebra implies that A is  

semi-simple ([ 12], p. 39). I'Tow, for x, y e A,

[T(ay)]A = <#>(ary)A = 4 $  -  (tfw)y = (Tx ) a y = [(Tx)y]A .

Since A is semi-simple, the Fourier transform is unique, and we 

have T(ay) = (Tx)y for a ll  x, y in A. Moreover, since A is  

commutative, T(xy) = T(yx) = (Ty)x = x(Ty). Henoe T commutes 

with the ’iphltiplication in & • Now, the semi-simplioity of A 

imp that A is  without Order ([12], p.29). I t  follows by 

Theorem 1.1.1  of [12] that T is  linear and bounded.

We are now in a position to prove the main theorems in this

section



4.3»5 Theorem: Let A  be a commutative supremum norm Banach 

algebra and le t  $71 be the space of regulär maximal ideals of A .
I f  3 =  {T (5 ): € > 0} is  a semigroup o f operators on A which commute 

with the m ultiplication in A , then 7 determines a Collection 

$ = : E, > Oj of functions in C^C $7) ) suoh that
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( i ) [ t (€ )x ] a = < i> £ fo r  each X  e A

( i i ) ||T(?)|| = II^ IL , € > o, and

( i i i ) fo r a l l j ? 0 .

5 ? -

I f ,  in addition, 7 is  weakly measurable, then there exists a 

subset $7)0 of $70 and a mapping v : M -* v(M) o f into the

f ie ld  K, of complex numbers^such that fo r  each £ > 0,

i f  M e $71o

if h { 1(710

iiuiüuux ö j ouuri i

, f  i * «

Proo f: ( i )  and ( i i )  fo llow  fron lemma 4.3.3 , and the semigroup 

property o f 7 ©nsures tliat ( ü i )  holds;

Now, sqppose 7 is  weakly measurable. Then fo r  each \|r e A*, 
the space o f a l l  continuous linear functionals on A , and each 

x € £ -  * (? (€ )* )  is  Lebesgue measurable. In particu lar, fo r

each M f ^  , we choose an x   ̂ M, and define c A * by

^ ( a )  = a(M ), aeA, We then have

I t  followa
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that # (M) is  meaöurable fo r  each M e fif) . Since a lso ,

(ji>_ (M) = $ „ (m) <£ ( m) ,  i t  fo llow s by lemma 4.1.1 that, fo r  each
4t +42 4t 4a

M (  /f) , e ith er $-(M) is  id en tica lly  zero or $ (M) = e'"jV^1"/ fo r  

some complex number v( m) .  Set = [Me 071 : <p̂ (M) 4 0] and the 

proof is  complete.

:M -* v( m) be

a mapping o f (Dt> in to  K. Assume that the function £ > 0,

defined on SD by -

4.3.6 Theorem: For a f ix e d  subset /7̂ 0 of fit) t vsl

^ (M ) .  \ . « , W  ^  M c
)  0 i f  M|

M o

m 0

a mapping T (g ) ,  g > 0, o f Ais  an (jC, A )-m u ltip lie r . Mow 

in to  i t s e l f ,  by

[T(^)x]a * <\>£ (x e 4) .

Then, ( i )  ü = |T(£): £ > Oj is  a 3emigroup o f bounded lin ear 

operators on A, the elements o f v/hich commute with the m u ltip lica tion  

in  A. Furthermore,

doma

A

ö is  strongly continuous fo r  a l l  E, > 0.

( i i )  Let Ao denote the in fin ites im a l operator of J and D(Ao) the 

nain o f Ao- Then, fo r  each x e D(Ao) and M {  , we have

x(M) = 0; thus D(Ao) is  contained in  every maximal id ea l not in  • 

Moreover, (Aox) a = vx fo r  a l l  xeD(Ao); thus v is  a (D (Ao), a ) -  

m u ltip lie r .

( i i i )  I f  V is  o f d a ss  (A ) , with in fin ites im a l generator A,
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tuen = ?Y) , D(A) = : wcot} , i . e .  v is  a (D (A ), A )-

m u ltip lie r  , moreover, (Aä ) a = vx fo r  a l l  a;€D(A).

Proof ( i )  That, fo r  each £ > 0, T (g ) is  a bounded lin ea r operator 

on A which commutes with the m u ltip lica tion  in  A, fo llow s from 

lemma 4.3*4. The semigroup property o f ü is  immediate from the 

d e fin it ion  o f T (g ).  We now show that T (g ) is  strongly continuous 

fo r  ^ > 0. For fix ed  E# > 0 and a l l  xa i,

||T(5)a - T(£o)*|| = j|[T(5)x -  T (g0)no]A A is  supremum norm algebra)

= ||(T(^)x ) a -  (T (£ o) * )a||
m

= sup e 
Me TH

_ 0& v(M)a (M)

< I W i „ W |  M  -  e ^ M j

* N i
• X

sup
M

3& v(M)|| e( ^ o ) v (M )  _

Now, |eZ —1 | «; |z|e|Ä| fo r  any complex number z. Hence,

| . ( M . ) v Ü ^ C < |  « |C5-go)v(K)| el(6-6>)»W I

^  -  k - 5 o l| ,W | e l ^ l l ' ' W I  ,

and |e&v(M )| < |e5ov(H )_ ,| + 1

s Ep| v(M) | e& | vW I + 1 .

Moreover, the assumption that each 0̂ . , £ > 0, is  an (A, a ) -m u ltip lie r ,

im plies that fo r  each £ > 0, <f)K e C, ITH ) ( [  12], chapter 1 ).
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£v(M)
< °°, fo r  a l l  E > 0» which im plies, inConsequently, sup|e'

M {%'
particu la r, that sup|e ' Ĵ | < »

M
a re a l nunber no such that | v(M) | < no fo r  a l l  M e JY]

I t  fo llow s that there ex ists

¥ 1 1 . We then

have ||t ( e )x -  T(go)x|| s ||x|| sup[e^°v^  | - l|

*  ||xjI s u p [ (^ o | v (M )| e ^ ° l  V^M^ +  1 ) (  |E-€o 11 v (M ) ) |

M L  ^  1
IWK^onoe^0110 + 1 ) (  lE-Eo |n0el10 ' )

as E •> Eo

x e d and Eo > 0.Hence, lim  ||t ( e ) *  -  T(Eo)x|| = 0 fc 

This im plies that T(E) is  s trongly  continuous fo r  a l l  E >

( i i )  Suppose x  e D(Ao) j^then there ex is ts  y = AoX c d  such

lim 
E->o+

1that lim  — [T (E )x  -  x ] = y ,  in  norm. For each M ,
E->o+ £

lim 1  [ ( I ( 5 ) x ) A(a r s 5 ^ M )]  = ^ H ) ,  l . e .  lim+ | (^ (M )-

As in  the proof o f Thoerem A-.2.2 ( i i ) ,  the d e fin it ion  o f <p̂  

implies that S)^ M {  f l )0 , then x(M) = 0, and i f  M e , then

(A o x )  v ( m )  x (M ) .

( i i ^  Let 17 be o f d a ss  ( a ) ,  with in fin ites im a l generator A. Then 

the set /io ~ [T (E )n : x€d, E > 0] is  dense in  d and D(Ao) is  dense 

in  d. Suppose there ex is ts  Mo in  TT) such that f.Io {  THq , By the 

d e fin it io n  o f T (£ ),  we shp.ll have ( t ( e ) x ) a (M o )  = 0 fo r  a l l  xed, E>0. 

Hence T(E)® e Mo fo r  a l l  x  <r d and a l l  E > 0» Thia im plies /foC Mo.
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As Ao is  dense in  d and M0 i3 closed (every maximal id ea l is  closed) 

i t  fo llow s that A C Mo« This is  impossible, fo r  Mq is  a maximal 

id ea l o f d. Hence 7T)0 is  the whole o f t n  .

We give an outline only, o f the res t o f the p roof, since we 

fo llo w  p reo ise ly  the same steps as in  the la s t  part o f the proof of

Theorem 4 .2 ,2 . Let u>o be the type o f 7. Then jt*.e ex is ts  (%> Wo 

such that

R(\ : A)x  = f  e “^XT(g)a: 

o
fo r  a l l  xedo, ReX > « i .

Thus, fo r  a l l  x  e die,

[R (X :A )* r (M ) = j  (X -  v(M ))- ‘ S (m)

fo r  eaoh M e m . Since Jtq^^i^lense in  A,

[ r (X :A);c] a ( m) = (X - v( M ) ) Q ( m) fo r  a l l  x  e A, ReX > wi •

Let X (w ith ReX > w i) be fix ed , and suppose that x € D (A ). Then 

x = R(X : A )y fo r  some y € A, and so, fo r  eaoh M e ]fY) ,

(A e) a (M) = [XR(X : A )y  -  y ]A(M) = v(M) m(M).

Thus x e D(A) im plies vx € £ . Conversely, suppose x  e d

I S  3U
% A A  A
t  h = vx € d , Then, y  = Xa? -  h € A, and we have

R(X : A ;y  = x . This implies that x  e D (A).

4*4 The case where X = H, an abstract H ilb ert space

The m u ltip liers  fo r  an abstract H ilb ert space K have been discus 

sed, in  some d e ta il,  in  Chapter 2. We now have the fo llow in g  theorems
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4.4.1 Theorem; Let II be a H ilb ert space and le t  E = [e^: i e l }  be 

a complete orthonormal set in  H. I f  ü = [t (I-) : g > 0} is  a semigroup 

o f bounded lin ear operators on H whioh commute with the projections 

P ., i  (  I ,  then 3 determines a c o lle c t io n  [$ : E, > 0] C £ (E ) o fi  £, ■— oo

(H, H )-m u ltip liers  such that

•  ^
( ü ) iit( c )|| = ifo j,

( i )  [T (g)a?]A = fo r  each x  e H, £ > 0,r
5 > o,

and

( ü i )  fo r  a l l ^ ^ a  > 0 .

I f ,  in addition, 2 is  weakly measurable, then there e;<ist3 a 

subset Eo o f E and a mapping v ; e. -*■ v (e . ) o f E0 in to  K, such

^ ( e f )  »  .

tnat fo r  each £ > 0

i f  c Eo

i f  ei  j  Eo

P roo f: ( i )  and ( ü )  fo llo w  from lemma 2.3.6 , and ( ü i )  fo llow s eas ily  

from the semigroup property o f ü.

Now, suppose 7 is  weakly measurable. Then fo r  each \{r e H* , 

the space o f a l l  continuous lin ea r functionals on H, and fo r  each xcH, 

£ -* \[r(T(g)a:) is  Lebesgue measurable. Now each e^c E determines a 

H* , defined by = ^ ( e ^ ,  x  e H. Thus fo r  each ej_ f E

and £ > 0, ^ ( e i ) = (T (£ )e i ) A(e i ) = ^ ( T ^ e ^  is  measurable.
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Since a lso , <£_ _ ( e . )  = <£_ ( e . )  ( e . ) ,  i t  fo llow s by lemma 4.1.1Cd. *rc,a 1 1 C,2 1

that, fo r  each E, either  ̂ ( e ^  is  id en tica lly  zero, or
~  / \

9̂ (e ± )  = ' ei '  fo r  some complex number v (e^ ). 7<re now set

E0 = [e .e  E : ( e . )  4 0| and the proof is  complete.

4 .4 .2  Theorem: For a fix e d  subset En o f E, l e t  8 * ^  

be a mapping o f E0 in to  K. Assume that the function <£ , £ > 0,

defined on E by

V
Kr

i f  e^c E0 

i f  e±\ E0

is  an (ll, H) -  m u ltip lie r . Now a mapping T (^ ),  £ > 0, o f 

(xeH) .

H in to  i t s e l f ,  by

[T (E )x ]A = 0_x

Then, ( i )  7 = [T (c ) : £ > 0] is  a semigroup o f bounded lin ea r

operators on H, the elements o f which commute with the projections 

P.,, i e l ,  Tnore, 7 is  strongly continuous fo r  a l l  g > 0.

( i i )  Lei denote the in fin ites im a l operator o f 7 and D(Ac)

the domain o f Ao« Then, fo r  each xeD(Ao) and e ^  E0, we have 

x (e^ ) = 0. Moreover, (Aox) = vx fo r  a l l  x fD (Ao); thus v is  a

( ü(Ao) ,  H) - m ultiplier.

( i i i )  I f  7 is  o f d a s s  (A ),  with in fin ites im a l generator A, then 

E0 = E, D(A) = [xeH : v& e f i j , i . e .  v is  a (D (A ), H )- m u ltip lier 

and moreover, (Ax ) a = vx fo r  a l l  x  e D(a ) .
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P roo f: ( i )  By lemma 2 .3 .4 } T (g ) ,  fo r  each B, > 0, is  a bounded 

lin ea r operator on II wliich conmrtes with the projections P^, i e l .

The semigroup property o f 17 is  irmediate from the d e fin it io n  o f T (g ).  

We show that T (^ ) is  strongly ccntinuous fo r  B, > 0. To, th is  end, 

vre show that lim |jT(g)cc - T (g0)x|| = 0 fo r  a l l  areH fmd' ^o> 0. Now,

fo r  arb itrary  but fix ed  e0e E,

3? v (e0)
(T(5)eo)A(e.) = e. -  e0

ei  + "O . 

e? v( eo )Go f and fo r

axx > u, we nave

liüi ||T(e)e0 -  T(Co)e0l| = lim e°^ -  e ^ °^ eo0 e o||

L i i „  |eSv(® °) .  e& v( eo)| 

« ■

= 0

a? v(e 0) %q continuous in g. I t  follovrs that fo r  each e-je E, 

T(ij0)e i || = 0, fo r  a l l  &  > 0. I f  s  is  a 

combination o f elements o f E, say

sxnce e 

we have 

f in i t e  lin ea r

® = a±ei + a2ea + . . .  + 

then, fo r  B& > 0, we have
N

lim ||T(5)a -  T(6,)®|| = lim  || S  ai [T (^ )e . -  T(&,)e.J||
^  L  1 1
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N

l iE  Y  |o J ||T (Ö e .-T (e o )e J
L ,  1 1 1
i=1

N

Y  k |  Um \\TU)e. -  T (& )e ,|
L
i=1

JC

Since lim |jT(£)e. -  T(^o)e.|| = 0 fo r  each i  = 1, 2, • . . ,  II, 1

, fo r  a l l  &> >

- . i t

0„ Supposefo llow s that lim ||T(£}a: -  T(?o)m|| = 0 

now that x  is  an a rb itra ry  vector in H. The set 

S = [e .e  E : < x , e. > ^  0] is  countable ( [1 5 ],  p.253)» I f  we 

arrange the elements o f in  a def order, say

S* = l et , e2, . . . I

Vthen we may express the Fourier series of x  as x  = < x,e, > e, ;

moreover, by the theory o f absolutely oonvergent series ,

-  \  I  ̂ _  _ N . l 2  . _ - ,IW I2 =

k=1
elements o f

)  l< « ,  f t  H 2 is  independent o f the order in which the 

w ,  N

' ha,Sx  Shave been arranged. Let ^  < x,ey > e^;
l_ j

•* 0 as N ■* oo, Now, fo r  E,o > 0,

IIT (^ ia )- T(6o)»||<||T(g)»-T(5)a^||+||T(Öail-T (e 0)ail||+||T(€o)a^-T(5o)a>||

then

-  l|T(?)||*||aj-a^||+||T( )̂a r̂  T(&,)a^|| + ||T(6B)||, ||â  -  all 

by the l in e a r ity  o f T (g ) ,  g > 0. As £ -*• §o , we have 

lim  ||T(g)x-T(go)a;||$||T(^o)il'||®-^.Ill+ lim  ||t ( Ö ^ - I ( € o)% IM It (&>] 

= 2||T(6o)||, ||â - -  a||
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since by an e a r lie r  argument, lim ||T(£)a^-T(go)a^|| = 0. But T (^ )

is  bounded, and lim  ||a* - x|j = 0. I t  fo llow s that lim  |[T(g)x- T(£o)x||=0, 
N**~ 11

fo r  a l l  So > 0. This shows that 7 i3  strongly continuous.

( i i )  Suppose x e D(Aq) ; then there ex ists

. ry = AqX c H such that lim  -= [T (g )x  -  x ] = y , in  norm. I
£*0+ / O s

I'or each

V  E. lä“  -  £ ( » . ) ]  = $> (.,),
£-*0+ ^ V

i . e .  lim^ pr (<p^(e^) -  l )x (e ^ )  = y (e ^ ).  As in  the proof o f

Theorem 4.2.2 ( i i ) ,  the d e fin it io n  o f implies that i f  E0,

then x (e i ) = 0, and ii* e ^  E0, then (Aox)A(e^ ) = v ^ ^ ) x (e i ) .

( ü i )  Let 7 be o f d a ss  (A ),  with in fin ites im a l generalor A.

Then Hq = |T(S)x : x  « V . £ »  ° l  is  dense in  H. Suppose there ex ists

e0e E such that £ By the d e fin it io n  o f T (s ) , we shall have 

< T (g )x , e0 > =. 0 fo r  a l l  x  e H and a l l  g > 0, i . e .  < H0, e0 > = 0.

>6<Sin H, th is implies < H, eo > = 0. Ilence ec = 0,As Ho is  dense

which cannot be, since a l l  the elements o f E are non-zero. Kence E0 

is  the whole o f E.

We g ive  an outline only, in  the r e s t  o f th is p roof, fo r  the same 

reasons given in  the la s t  part o f the proof o f Theorem 4.3*6. Let Wo 

be the type o f 7; then there ex is ts  tüi > oio such that 

B(\ : A )x = J e -^  T (^ )x  dg fo r  a l l  x e H0, ReX > u*. Thus, fo r
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a l l  x f  H0) [R (\ :A )x ]A(e i ) = j  e~^X[T (^ )a :]A( e i ) dg = (X -  v (e i ) “ 1$ (e i )

o

fo r  each e^e E. Since Hq is  dense in  H, we have

[R(X:A)a;]A(e^ ) = (X -  v (e ^ ))  1x (e^ ) fo r  a l l  x  < H, ReX ^ Let

X (w ith ReX > (%} be fix cd , and suppose that x  e D(A^^^Jhen

x = R(X : A )y  fo r  some y e H, and so, fo r  each

(A r )A(e i ) = [XR(X:A)y - y ]A(e i ) = vCe^ .^ j^ p ü s  x  e D(A)

im plies vx € H , Gonversely, suppose x  e such that

ü = vx € H. Then, y = Xx -  h £ H, and we have R (X :A)y = x,

This implies that x  e D (A). Thus D(a ) = (»cü  : vx eH], This
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CHAFTER 5

n-PARAMETER SSUGROUPS OF OFERATORS CB 

C(G) OR L ( g) , 1 < p < <*>

Let K be the f i e ld  o f complex numbers, and l e t  s ^  the 

set o f a l l  n-tuples ot = (a * , 0 2 » . . . ,  ® ) ,  where a.«K  fo r  each

n O vi .  Wxth the operations o f component uise addition and scalar 

m u ltip lica tion , is  a lin ear space. For s « y  € K. ,̂ the inner 

product a.ß o f a and ß is  given by

Suppose 0 e K is  such that eaoh 11 n on compo

= « iß t  + a2ßs + . . . o ß  .xrx - nrn

t ent ci. is  r e a l.  Then aeR ,n'

the n-dimensional Euclidean space. Denote the unit vectors in  R  ̂ by

e t , e j ,  e where

n

e± = (0 , 0, 0, 1, 0, . . . ,  0)

with 1 in the i^'-planiö' and zero elsewhere. Then, fo r  each ^fR^,

5 = £*^1 + £262 + €ne , fo r  some re a l numbers i  s  1 , 2 , . . , , n .

+ f  c jDenote by R the cone e > Oj exoluding the orig in

(0 , 0, . . . ,  O). The set R+ is  a p o s it iv e  cone but not open.

S f  be a compact abelian group, and l e t  U be an a rb itrary ,

but member o f the usual set Jc(&), L^(G) : 1 $ p < «J o f

complex-valued continuous functions and p-in.tegrable funotions on G. 

Suppose there oorresponds to each g e R+ an operator T (g ) in  B (u ). 

The C ollection  J = [T (g ) : geR^ I is  ca lled  an n-parameter semigroup 

o f operators on U i f

n

(5 .1 .1 ) T(^ + r,) = T U )T ( ti)
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fo r  a l l  £, ti e R* , i . e .  T (g + Tj)f = T (£ )[T (r| )f] fo r  a l l  f  e U 

and t) e R^ . We shall, in the present chapter, obtain a generali- 

sation to n-parameter semigroups o f operators, of Theorems 1.1 and 1.2 

of [13]» The results of Chapter k  are of course analogues also of 

Theorems 1.1 and 1.2 o f [13]•

For each £ = U i , €a, • • •, in &n , 4 P

T (£ ) = T(5l6 l  + ? 2e 2 + . . .  + y g  = T C ^ e J  T ( « & . . .  T ^ e ^ .

. V
Setting T(5kek) = Tiĉ 5k) , k = 1 , 2, . . . . , n , v/e see that 

{ T U )  : g < R+] is  a d irect product of n one-parameter semigroups

= :  ̂ * and fo r  ^ e Rn’ we have

(5 .1 .2 ) T (€ ) . . .  Tn( ^ )

The operators T^.(^) commute tath eaoh other, since fo r  instance,

+ g2ea = ^aes + £s.Ci implies that

Ti (5 i)T a( € ^ V j ( g 1e1 + £2e2) = T ^ e ^ e J  = T a C ^ T ^ i ) .

The boundedness of g e R  ̂ implies the boundedness o f every

Tk(?k) ,  s in ^ e ^ r  each k = 1, 2, . . . ,  n, = T(g^k' ) ,  where

element (0 , 0, . . . ,  0, £ g  0, . . . , 0 )  of R *  which has 

Nj^^the k^a-place and zero elsewhere. Moreover, the lin ea rity  o f 

T (g ) implies the lin ea rity  of each T ^ g ^ ). For le t  T(^) be linear, 

and suppose that exactly one of the T ^ ^ )  ’ s , say T x U i )  > is  not 

linear. [The choice o f T j . ^ )  is  indeed arbitrary; because the 

operators commute, we can always rearrange tlie expression

Ti (&l) T2(£ 2) ••• ^ (^ n ) 30 as ft2176 the operator V7hich is  assumed
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non-linear to ocoupy the position  o f Tj.(€ * .)]. Thus fo r  

f j ,  f 2 e U and complex numbers a1, a2, vre have

T (5)(«ifi  + «a*a) = Ii(6i)[TaU a) Tn( ^ ) ( « i f i  + «afa)]

= T ± (€ i) [a iT a (€ a ). . .  Tn( ^ f l  + 03 V ^ n ^

t  « i  T i (C i )  ••• Tn(£ n 'f i  + “ a Tn^ W  is  non~
lin ea r )

= « i  T (6 ) f i  + « 2 T ( g ) f a

whioh oontradicts the l in e a r ity  o f T (g ).  Thus 3 = (T (£ ):  £ e R* j

in  B(u) is  a d ire c t product o f n one-parameter semigroups 

s 5k * Ol o f operators in  B(U).

To each £ <r R* corresponds an in fin ites im a l operator 

A oU ) o f {T (e )  : S f  i defined by, ( [1 0 ],  [ 3 ] ) ,

Ä o (g ) f  = Tim q jT ( t € ) f  -  f ]
S "-\  t-»o+ t

wherever th is l im it  ^ x ls ts . I f  we denote by Â . the in fin ites im a l 

operator o f ^  > 0 ], then ( [1 0 ],  p. 336), fo r  each g e R*,

(5 .1 .3 )

we have

k=1

. Thus the set [Ao(£ ) : g e R^ j o f

in fin ites im a l operators o f C7 is  i t s e l f  an add itive abelian 3emigroup 

o f operators.

The fo llow ing theorems are the main resu lts  o f th is chapter.
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5.1.1 Theorem: Let 7 = |T(g) : g e R^ } be a semigroup o f 

bounded lin ea r operators on U. I f , fo r  each E, e R*, the operator 

T (g ) commutes with tran s la tion s . ihen 7 determine3 a C ollection

{$ : E, e R J o f (U, U )-m u ltip liers such that
x» **

( i )  fo r  each £eR^, <j)f  f  = [ T ( ^ ) f ]A fo r  a l l  f  a:

^  .

and

( ü )  = , fo r  a l l  T) €

I f , in  addition, 7 is  iveakly measurable, then tliere ex ists

A  S\ \ A
a subset &0 o f & and a mapping v : f f V  v(cr; o f &o in to  K ,

such that

<j^(o-) = .
;.v(cr} if* o* c G-q

i f  CT t

F roo f: Since the bounded lin ea r operators T (g ) ,  geR* , commute 

with translations, '^^fcrem 0.1.1 o f [12] implies that there ex is ts , 

fo r  each £ (ü , U )- m u ltip lie r  <p suoh that [ T ( g ) f ] A = <£

fo r  a l l  Statement ( i i )  o f the theorem fo llow s from the semi-

tp proper'

' S  . .
group property o f 7, since fo r  a l l  g, rj e R^ and f  e U, we have

^ +r) f  = [T (^ + n )f]A = [T (£ ) (T (n ) f ) ]A = <f>̂ T ( r i ) f ] A = *  f  .

Now, 7 is  a d irec t product o f n one-parameter semigroups 

7^ = ^  > 0} o f bounded lin ea r operators on U. The fa c t

that T (g ) ,  E, e R*. commutes with translations implies that, fo r  each 

k, also commutes with translations. For i f  we suppoee (as

">
>
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was done e a r lie r  to prove lin e a r ity  o f each T ^ (^ ) )  that T ^ C i) 

does not commute with translations, then, fo r  any f  e U and aeG, 

we have T (g ) fa = Tt ( ^ )  T2(? 2) . . .

-  T‘ ^ }  -

■ IiC^  -

«  T .C 5 i ) t l » ( 5 j  ••• Tn(EnW tl' ^ v ?

^  [T t t g jT a U a )  . . .  T ' ‘ '

= [T (g )f ],

whxch contradxcts T (g ) commutii \g with translations. Thus each 

1^(5^ ), > 0, is  a bounded lin ea r operator on U which commutes

with translations. Theorem\>M ,1 o f [12] then implies that there

ex is ts  fo r  each k, U )- m u ltip lie r  0 ^  such that

- 1 fc r  a3
0.

we have

i l l  f  e U. Hence, fo r  f  c U and £ e Ä.n

:<?

(5 .1 .b )

[ T ( ? M A = [T t (€ i )  ••• Tn(^n) f ]A  = 0^ [ t 2(?2) . . .  Tn(? n ) f ]A 

0 ^ 0 ^  . . .  0^ f  . But [T ( ^ ) f ]A = 0g f  fo r  some (U ,U )-m u ltip lier

fo llow s  that

0^ = 0 ^ 0 ^ 2 • • . .  0 ^

fo r  each ^ e r\  Now, the semigroup property of ^ ( ^ ^  > * or

f ix e d  k, implies tliat 0,. (er) = 0Jcr) 0 (<r) fo r  a l l  crcü
TcHk %  ^

and Ê ., tik > 0.
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l e t  G-o = H G . Siiice fo r  fix ed  er e G , 
k=1 k '

Moreover, the weak m easurability o f T (^ ) implies that, fo r  fix ed

0" e G, <p ((j-) = is  Lebesgue measurable. I t  fo llow s
>  A

by lemma !+• 1.3 that, fo r  each creG, e ith er </> (er} is  id en tica lly

€ v (er) ^k
r.ero or «^(cr) = e k K fo r  some complex number v^(a").

Let Gk = [creG : <£Jcr) 4 0} , k = 1, 2, n,

6 &
</>j-(cr) = <£r (cr) <£_(er) . . .  <£ (er) , i t  fo llow s that i f  er {  G0 

then <#>̂ (er) is  id en t ic a lly  zero, and i f  G0, then

*5(<r) = 8V n W

= „ W * ) *  ?2v2(<r)* . . .  + V n (<r) x eg .v ( ff) ( where

v(o") = (v i(er) , v2(cr), . . .  , vn(cr)) c • Tk is completes the proof 

o f the theorem.

< s A A
5.1 .2  Theorem; i?or a fix e d  subset G0 of G, l e t  v : er -» v(cr) 

ing o f l

4 (.0  i f  er {  G0

is  a (U, ü )-  m u ltip lie r . Define a mapping T (£ ) o f U in to i t s e l f  by

be a mapp 

defined •Qh & by

o in to  Kn« Assume that the function 0_, E, e R^

[T (5 ) f ] A = f ( f  e U)

Then [T (^ ) : g e R j is  a strongly continuous semigroup of bounded
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lin ea r operators on U, the elements o f which commute with translations. 

For a rb itra ry , but fix ed , £ e R* l e t  Aq (^ ) be an in f in i t e s i 

mal operator o f £T(5) : } ,  and l e t  D (Ao(g )) denote the donainn

mveo f A c (5 ). Then, fo r  each f  e D(Aq(£ ) )  and cr<|Go, we have f(<r) = 0. 

Koreover, [A o (? ) f ]A(cr) = £.v(cr)f(cr) fo r  a l l  f  e D (A p (g )), er e G0.

Proof: That T (g ) is  a boundad lin ea r o p e r a ^ f b r  eaoh 5 c K+, 

fo llow s from (35 .2 ) o f [8 ] ,  The semigroup property and the fa o t  

that the operators commute with translations are immediate from the 

d e fin it io n  o f T (g ) .  The proof o f otrong continuity o f T (g ) is  as 

in  Theorem 4 .2 .2 . F ir s t ,  we auppose that t  is  a trigonometric

polynomial on G, say t  = guX + a2X + . . .  + a X . The orthogonalityJe crk
<3

CTi O'a

re la tion s  o f the elements o f G imply that

T (g ) t  = a1e^*1,̂ 1 X̂ + . . .  + o t , e ^ * . We then have0± K Ö||

| | T (g )t - T (& ) j f lÄ * ie 5 ,v ( f f lV  -c1e?0* ^ cri)x ) 

^  • *

Ol ffi '

♦ . . .+  ( . , . « •  “ K J *  )||
v «■ er. k *  /"k

=S a. :.5*v(o 'i )  ö^ o «v (o i) |+...+|a ||e£.v(crk)_ e4o.v(crk)|

as £ -* go(convergence in  K is  defined oomponentwise, i . e .  

TI e Kn, g ^ r) i f f  ^  -  r^, fo r  a l l  i  = 1 , 2, . . . ,  n ) .
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Suppose now that f  is  arb itrary  in U, and l e t  e > 0 be given.

Then ( [1 4 ],  1 .5 *2 ), there ex ists  a trigonom etric polynomial t  on G 

such that ||f -  t|| < e. Sincc ||T(g)f-T(g) t|| «  ||T(£)|'|]|f-tji fo r

each E € R' , i t  fo llow s that T (g ) f  is  strongly measurable.

Henoe T (g ) is  3trongly continuous ( fo r  these la s t  asser|iöns, see 

proof o f Theorem 4 .2 .2 ).

Let E, be a rb itra ry , but fix ed , in  R* l e t  f  e D (A o (g )).

Then there ex is ts  g = A c ( £ ) f e U  such th a ^ ^  = lixa i [ T ( t € ) f - f ] ,
A 1 t-»0+ t  A

in  norm. For each creG, g(cr) = lim r  [ (T (  t £ ) f  )A(cr) -  f (c r ) ] .

A a 
I f  er {  G0, then g(cr) = -  lim ^ £(cr), which implies f(<r) = 0.

I f  er e G0 , then g(cr) = lim l ( et€ -v(o’) -  1 )?(<r)
^  z

i . e .  [A o (^ ) f ]A(o-) = limJrU + tg. v(cr) + + . . .  -  1) f(cr)

f v  lim  (g.v(cr) + + . . .  ) f(cr)
v x n  t^o+ 2!

= C.v(o-) f(c r ).
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CHAPTER 6

AK APPROXIMATION THEOREM FOR SEIHGROUPS OF OFERATORS

Let G be a compact abelian group v/ith character group G, and 

l e t  u be an a rb itra ry , but fix ed , member o f the set [C (G ),L^ (G ):1 «p<»} 

as in  Chapter 4. Let v : <s -*■ v (c ) be a mapping o f t  ir:to K

P\> . v

that, fo r  each ^ > 0, e ” is  a (D, Uj -  m u ltip lie r .

[T (c )f ]A(o-) = f(er)

E, > 0, an operator T (g ) on U, by 

(6. 1. 1)

A
f o r  a l l  f  e U, cr^G. 77e in ves tiga te , i  

approximation o f the id en tity  operator

chapter, the degree of 

,e operator T (g ) fo r  small

values o f the parameter g, i . e .  the Order o f magnitude o f ||T(g)f-f||, 

as a function o f Our main resu lt generalises to  compact abelian 

groups H ille  and P h i l l ip s ' resu lt ( [1 0 ],  Theorem 20 .6 ,1 ), proved fo r
/ " N

the o ir c le  group. SuqflT^sults conoerning approximation o f the 

id en tity  are o f in tg res t fo r  applications to the taeory o f suwmability 

and singulär In tegra ls  ( [2 ] ,  [9 ] ) .

„
6.1.1 D e fin it ion : Let j  = [T (^ ) : g > 0} be a strongly continuous 

semigroup o f bounded lin ea r operators on u. 3 is  said to be o f d a ss  

(1, Ct ) ,  ( [10 ],  p .322), i f

U ) l l|TU)ll«i€ < eo

and



-  95 -

1 f 1!
( ü )  lim  + -  T(%)f  ^  = f

n -> o ^ J

in  norm, fo r  each f  (  jj,

For the basic classes o f semigroups o f operators on a danach space, 

see 10.6 o f [10 ].

rb .1 .2  D efin ition : Let J be a subset o f & <^  3lin ea r extension

o f J, denoted by xs the set o f a l l  f in i t e  lin ea r corabinations of

elements o f J. ju-r, the closure o f in  the norm o f U, is  ca lled

the closed lin ear extension o f J.

Sinoe the closed lin ea r extension o f J is  the smallest subspace

o f ü containing a l l  the charactber3 creJ, we see that 13

id en t if ia b le  with the set >ofi^\ri6onometric polynomials on J ( [ 8 ] , (2 7 .8 ) ) .  

Moreover, i f  f  e U is  such that f(cr) = 0 fo r  a l l  er {  J, then

such that( [ 8 ] ,  p. 98) there^^hgts a sequence [ t nj in

. Since T is  closed, th is  implies that f  e £ j %

Let & be a compact abelian group and l e t  U be an

If -  t nl! 0

but f ix e d , member o f the set [C (g) ,  L ( g) :  1 $ p < « j ,

6 .1 .3  The

a rb it r

Supppsh the operator T (g ),  £ > 0, on U, defined by 

(6 .1 .1 ) s a t is f ie s

( i )  J  ||T(£)||d£ < 00

and

(ix) lim ^  ]  T(g)f d£ = f fo r  each f  e U
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Then, (a ) Set J = je  e 5 : v(cr) = Oj. We have

(6 .1.2) lim in f  i  ||T(£)f -  f|| = 0 
E •* o+

i f f  f  belongs to  the closed lin ear extension o f J:

(■j) Let A be the in fin ites im a l generator o f [T (£ ):  E > O j. 

Por each f  e D (A ), the domaim of A, we have

(6 .1 .3 ) T (£ ) f  -  f  = g (A f + 0 (1 ))

fo r  a l l  E > 0, and D(A) = [ f  e ü : v f  e U ].

P roo f; (a )  By Theorem 1.2 o f [13 ], 3 ^  (t (? )  : E > 0] is  a 

strongly continuous semigroup o f oparators on U. The assumptions 

( i )  and ( i i )  o f the theorem imply that 3 is  o f d a ss  (1 , Cj.),

Suppose f  e U s a t is f ie s  (6 .1 .2 ) ; by Theorem 10.7.2 o f [1 0 ],

T (g ) f  = f  fo r  a l l  E >*0. Conversely, i f  f  c ö is  such that 

T (g ) f  = f  fo r  a l l  E > v0, then i t  is  c lear that f  s a t is f ie s

(6 .1 .2 ).  Thus f  s a t is f ie s  lim in f i  ||T(g)f -f|| = 0 i f f  T (g ) f  = f  

fo r  a l l  E > 0.

II« show that T (£ ) f  = f  fo r  a l l  E > 0 i f f  fo r  each

er e 

a l l

e"

V >  0.

v(o-) $ (<r) is  independent o f E« Suppose T (g ) f  = f  fo r  

Then fo r  each er e &, we have [ T ( g ) f ] A(cr) = f(c r ).

isSince f  (er) is  independent o f Ei i t  fo llow s that e^v ĉr̂ ( c )  

independent o f E> fo r  each er e t .  Conversely, suppose that fo r

each er € G, e^v ĉr̂ (c r ) is  independent o f E• Then e ’̂v*'cr/?(cr) =

_ e2^v( ° ' ) f  (o-) j vrhich im plies f(cr) = e^v <̂T̂ f (er) fo r  each er e &.
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We then have [ T ( g ) f ] A(ff) = f(cr) fo r  each er c G, which implies 

T (£ ) f  = f  fo r  a l l  £ > 0. The proof o f (a ) o f the theoren w i l l  be 

complete i f  we show that an f  e U belongs to  the closed lin ea r

then there

extension o f J i f f  fo r  each cr e e5v(° ’)£ (0-) i s independent o f 

So, suppose that f  is  in  the closed lin ear extension o f J; 

is  a sequence [f^J in  £ .j such that ||ff11 -+• 0. Let er e $, I f  ffe j, 

then v(cr) = 0 and hence e^V̂ ^ ( £r) = £ (ff) is  independent o f £.

I f  tr {  J, then f^Ccr) = 0 for each n. SiSce then,

|^(cr)| < |£(ff) -  £n(ff)| + I^ C 0") I = and
Hence e ^ ^ - ’f  (tr) = 0|f—f  || -* 0, i t  fo llow s that f(cr)

is  independent o f £. Converse pose f  f  U is  such that, fo r

eaoh ff e G , e^V^ f ( f f )  is  independent o f I f  ff | J, then 

v (ff) *  0, so we must h a y e ^ ^  ff) = 0. By the remarks fo llow ing  

D efin ition  6 .1 .2 , A must be in the closed lin ea r extension o f J.

(b ) Let Ao be the in fin ites im a l operator of 7 = {T (£ ):  ? > 0 }.

Since 7 is  o f d a ss  (1 , C *), Theorem 10.7.2 o f [10] implies that 

fo r  e a e jf »^  -c D(Aq) ,  we lmve T (g ) f  -  f  = £ (Aof + 0 (1 ) ) ,  fo r  a l l  £ > 0. 

But sinoe 7 is  o f d a ss  ( i  , C i ) ,  Ao i3  closed ( [1 0 ],  Theorem 10 .5 .3 );

hence Ao = A, the in fin ites im a l generator o f 7. I t  fo llow s that 

i f  f  c D (A ), then T (g ) f  -  f  = ? (A f + o ( l ) )  fo r  a l l  £ > 0.

The fa c t  that 7 is  o f d a ss  (1 , Ct ) implies that 7 is  o f d a ss  

(A ) ( [1 0 ] ,  Theorem 10 .6 .1 ). I t  now fo llow s from Theorem 1.2 o f [13] 

that D(A) = { f  e U : v f e Ü } .
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