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FORCED CONVECTION ON ISOTHERMAL PLATES AND CHANNELS USING DIFFUSION
VELOCITY

M. O. Petinrin', A. A. Dare2,, S.A. Oke3

ABSTRACT

In many industrial applications, such as electronic systems, performance failure and breakdown usually occur due to poor
thermal management, which could be adequately controlled through a proper understanding and management of the forced
convection system and use of the vortex element method. The main contribution of this paper is that it shows how the vortex
element method is capable of producing results similar to those reported in literature. The paper utilised vortex element
method to model familiar problems in heat transfer, which is laminar flow over isothermal flat plate and isothermal two
parallel-plate channels. Numerical models were developed using diffusion velocity method, a version of vortex element
method, from vorticity transport equation and the energy equation for each of the cases. The velocity and temperature
distributions, obtained for both plates and channels, were utilised to calculate Nusselt numbers with Reynolds numbers in
the range of 20 to 120. The logarithmic plot of Nusselt number versus Reynolds number for forced convection on single
horizontal plates yielded a slope of 0.46 and an intercept of -0.29 while that for forced convection in horizontal channels had
a slope of 0.87 and an intercept of -0.88. The results obtained in this work show the diffusion velocity method to be a viable
numerical tool for modelling fluid flow problems and also heat transfer problems.

Keywords: Diffusion velocity, forced convection, heat transfer, channels, plates.

1.0 NOMENCLATURE

u velocity components in x direction
v velocity components in y direction
T fluid temperature

t time

a fluid thermal diffusivity

14 kinematic viscosity

u free-stream velocity

L plate length

As elemental length

At time step

Re Reynolds number

r vortex strength or circulation

N number of vortices on the plate surface and in space
Us slip velocity

diffusion distance of each velocity vortex

de diffusion distance of each temperature particle

v, velocity on the elemental surface

Al vortex strength

Tw wall temperature

Te temperature on elemental surface

m,n positions of the velocity along and normal to the plate
h distance of the plates apart

Pr Prandtl number

Nu Nusselt number
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20 INTRODUCTION

The Diffusion Velocity Method (DVM) is an existing mathematical model used to solve physical problems and was proposed
by Ogami and Akamatsu (Ogami, 1999). In this method, diffusion velocity is expressed in such a way that vorticity is
conserved as it would occur in the convection process. Unlike the other Vortex Element Methods (VEMs), this method
handles the vorticity equation in a deterministic manner by calculating the diffusion velocity to account for diffusion in the
flow. This suggests that simulating modelling results using this method, for the physical problem of forced convection on
isothermal plates and on isothermal channels would be an important contribution to literature. The diffusion equation (Re =
0), boundary layer and two-dimensional flow around a circular cylinder (Re = 0.1 ~ 107), aerofoil, Burger equation and
equations of incompressible fluid were successfully investigated (Ogami, 1999) using this method in order to prove the
applicability of the method. Ogami (1999) also used the DVM to simulate diffusion of vorticity and temperature using the
one-dimensional vorticity transport equation and compared the results obtained with the analytical solutions. Temperature
and velocity distribution plots by Ogami (1991) showed close agreement with analytical results. The attempts of the
foregoing authors were largely focused on the natural diffusion phenomena. Although the DVM is not a new methodology in
the computational research field, it is however new in its application to forced convection on isothermal plates and channels.

Forced convection on isothermal plates and channels, which involves forced fluid flow over the surfaces of plates and
channels, is a research area that has experienced a steadily growing number of investigations over the years. The main
methods utilised to solve important problems in this area include the methods of; virtual flux, Rayleigh-Ritz, boundary
element and finite element (Diaz, 1981; Tanno, 2006; Ramirez-Camacho and Barbosa, 2008). These methods are not
vortex-based but alternatives, based on the Rayleigh-Ritz, virtual flux and boundary element methods. There is no evidence
existing literature on the utilisation of the DVM, to solve the problem of forced convection on isothermal plates and channels.
The recently documented investigations by Dare and Petinrin (2010), rather focused on natural convection. The next
paragraph presents a review of the family of methods that the DVM evolves from, the Vortex Element Methods (VEMs).

The VEM, a numerical method in the field of computational sciences, has been widely used by different researchers as a
modelling tool to study various flows due to its simplicity, grid-free attribute, lower computational overhead and better
performance in the high Reynolds number (Re) regimes, than other numerical methods (Subramanian, 1996; Shirato and
Matsumoto, 1997; Cottet and Koumosetsakos, 2000; Liu et al, 2005; Ogundare, 2006; Ogami and Fukumoto, 2010).
Previously, when low speed computers were common and a good management of computer memory could not be
compromised, VEMs’ requirement for low computer memory gave them wide utility. A vast number of wind engineering and
aerodynamic problems are solved using this method since flows in such problems do not follow the contour of the solid
surface completely, making it difficult to investigate them using conventional numerical schemes, and which is readily
overcome with VEM. Consequently, numerical methods such as VEMs are more appealing for flow regimes with only a
small portion of the flow containing vorticity. Examples of applications of VEMs in their different versions include modelling
of; air flows over cars, aeroplanes, winds blowing over bridges, and sea waves splashing against supporting columns of off-
shore oil rigs.

A variety of computational tools such as finite element method, finite difference method and boundary element method have
been used to solve complex, unsteady fluid flow and thermal engineering problems with the use of the DVM and other VEM
methods. In the area of heat transfer, particularly lamina flow over isothermal flat plates and isothermal flow between two
parallel plate channels, the demands of scientific research have created a need for simple methods of solving the complex
problems encountered in this area, whose solutions would be useful to both researchers and practitioners in industry. The
work presented here attempts to show how the DVM , which is a version of the VEM, is capable of producing similar results
to the experimental results (Dare and Petinrin, 2010) that are to be found in literature, through application to the problem of
forced convection heat transfer in fluid flow between isothermal plates and on isothermal channels . Dare and Petinrin
(2010) employed the DVM to model natural convection along isothermal plates and channels. No attempt has been made so
far to study forced convection on isothermal plates and channels using this method, which therefore forms the subject of the
present work. Although the flow geometry of the present work and that of Dare and Petinrin (2010) are similar in that both
focus on the convection processes, the two works differ in respect of applications; while the present work focuses on forced
convection Dare and Petinrin (2010) considered natural convection. This paper focuses on the interaction of vortices in
between horizontal plates based on forced convection while the work of Dare and Petinrin (2010) considers the interaction of
vortices in between vertical plates, which has foundation in natural convection. Since the DVM is grid free, it has a high
potential for computer memory saving.

3.0 LITERATURE REVIEW

Uchiyama and Naruse (2001) presented a numerical method for gas-solid two-phase free turbulent flow using the
Lagrangian VEM with particles in simultaneous motion. In this method the change in the vorticity for the gas-phase is
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evaluated by an area weighing method, while the change of the viscous effect is simulated through a core spreading
method. In a complimentary article, Uchiyama and Yagami (2001) developed a simulation approach for two-dimensional
wake gas flows behind a flat plate, loaded with solid particles of Stokes numbers 0.15 and 1.4, using the Lagrangian VEM
The solution of forced convection on isothermal plates and channels using diffusion velocity was not addressed anywhere in
any of these two articles. Lakkis and Ghoniem (2003) presented a grid-free, Lagrangian method for the accurate simulation
of low-Mach number, variable-density, diffusion-controlled reacting flow, by assuming a fast-chemistry model. In this method
the conversion rate of reactants to products was limited by the local mixing rate in order to reduce the combustion problem
to the solution of a convection-diffusion-generation equation with volumetric equation and vorticity generation at the reaction
front. Cottet and Koumosetsakos (2000) presented a simple and efficient technique that uses a vortex method to predict the
quantities of combustion products. Application of the DVM to the problem of forced convection on isothermal plates and
channels was not tackled in either of these studies as well.

Shirato and Matsumoto (1997) described the evaluation of unsteady pressure on an oscillating bluff body using Bernoulli’'s
formula for unsteady flow by simulating flow around a body using a vortex method. Bin et al. (2009) proposed a Lagragian-
Lagragian model to study gas-solid two-phase flow across a single cylinder and two tandem cylinders at high Reynold
numbers by simulating the single-phase flow using a discrete vortex method and tracking the particle trajectories by the
particle motion equation. None of these two separate papers by Bin et al. as well as Shirato and Matsumato addressed the
problem of forced convection on isothermal plates and channels, particularly with reference to the DVM. Application of the
VEM based on the Biot-Savart law has also been extended to numerical prediction of unsteady and complex characteristics
of various flows in difficult engineering problems related to; flow-induced vibrations, off-design operation of fluid machinery,
automobile aerodynamics, and biological fluid dynamics (Kamemoto, 2004). Barber and Fonty (2006) investigated the
implementation of an alternative diffusion method that employed an exact analytical formulation which allows discrete
vortices to diffuse smoothly in space and time. Gallati and Braschi (2002) carried out simulations of the flow around a
circular cylinder in a uniform stream, obtained by the Lagrangian random VEM. They compared the simulations results
obtained with the experimental results obtained from a hydrodynamic tunnel and found theirs to be closer to the
experimental values. Huang et al. (2009) developed a fast multiple approach VEM to speed up the computation of velocities
in order to simulate two-dimensional viscous incompressible flow based on a scheme of blob splitting and merging. The
authors claimed good agreement of their results with those of previous experimental and numerical investigations, as
evidenced by the data presented in their paper. Their summation is correct and their data useful for comparison with data
generated using other methods. However, none of the foregoing studies dealt with the problem of forced convection on
isothermal plates and channels using the DVM.

Khatir (2004) developed a three-dimensional exterior Neumann problem in terms of a source/sink boundary integral
equation. The numerical scheme embedding this strategy was described well in the work and its accuracy and efficiency
clearly outlined. The results arising from the work however, did not provide useful information for the problem of forced
convection in isothermal plates and channels. Yokota et al. (2007) applied a decaying homogeneous isotropic turbulence
VEM to the calculation of Reynolds number, and compared the results with those obtained from calculations based on the
spectral method; the results indicated that the decaying homogeneous isotropic turbulence VEM requires more computation
elements compared to spectral methods, although the two methods agreed on the dissipation wave number. He and Su
(1998) presented some modifications of the viscous element method to better present the near-wall vorticity when obtaining
numerical solutions for the Navier-Stokes equations. It was shown that the approach was more accurate in modelling the
flow features and force coefficients without making different adhoc assumptions for different geometries. The method
however, did not provide insight to the problem of forced convection in isothermal plates and channels. None of the
foregoing studies however, tackled the application of the DVM to the problem of forced convection on isothermal plates and
channels.

Smith and Stansby (1989) proposed an efficient algorithm for particle simulation of vorticity and heat transport. Further,
Kamemoto and Miyasaka (2000) developed a vortex and heat element method for unsteady heat transfer around a circular
cylinder in a uniform flow. Golia and Bernardo (2005) presented a vortex-thermal-blobs method for 3D-bouyancy driven
flows. As in the other cases discussed in this section, none of these studies addressed the problem of forced convection on
isothermal plates and channels, with particular reference to the DVM.

40 MATERIALS AND METHODS
41  Theoretical considerations
This section shows how the relevant theory for (a) velocity and temperature vortices and (b) forced convection on isothermal

plates and channels was developed. However, it is first necessary to state the assumptions made in formulating the model
here. The first important assumption relates to the energy equation, which is guided by the principle of conservation of mass.
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The assumption states that no viscous dissipation and thermal generation exist. These equations are not quoted here since
they are commonly available in the literature, such as the paper by Dare and Petinrin (2010). The second assumption is that
the boundaries of the solids are non-deformable. The third assumption is that the fluid properties are invariant.

The velocity and temperature vortices with strengths I' and ©, respectively, on an elemental surface of a plate that is divided
into m elements, are given by the expressions:

AFq =UAs (1
and

and @, =Tu, At = —aAta—T (2

|, _s

—

The term Ur, in Equation 2 stands for thermal diffusion velocity. The symbols U, m, JAt in the above two equations are

defined by the expressions; U =V Re/L, m=L/As, 6 =+ aAt and At =16L1In2/U Re, where q = 1, 2,

3,..m; U is the free-stream velocity; L is the plate length; As is the elemental length; At is the time step and Re is the
Reynolds number. The vortices are initially distributed and separated at distances of As before diffusing. The vorticity of
each velocity vortex and the temperature of each temperature particle are respectively given by the expressions:

1—‘» _’"12 —rzz
W(}", At) =—— 6( %’A’) — e( 4Ar (3)
AVAL
and
T(l", AI) = & e(_r]%am) _ e(_r%om) (4)
4ot

For flow on a flat plate, each velocity vortex or temperature particle has a corresponding negative image. The distances
between a vortex, and the inducing vortex and its corresponding image can be deduced respectively by the expressions:

rl(xj’yj):\/(xf_xi)z-l_(yj_yi)z (5)
and
rz(xj,yj):\/(Xj—xi)2+(yj+y[)2 (6)

where the symbols, i and j vary between the numbers 1, 2, 3,...N, and N is the number of vortices on the plate surface and
in space. It is important to note here that most times i is not equal to j. Figure 1 shows how rs and r2 are determined from a
vortex of interest and an inducing vortex with its image.

y :
Inducing
‘ Vortex
X

Image of Inducing
Vortex

M Point of interest

Iy Flat Plate

Figure 1 Interacting Vortices on a Horizontal Flat Plate
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The image vortices have a negative strength to ensure no flow across the wall. For successive vortices the velocity vortex
strength is given by the expression:

AT, = u,As (5)

In this equation, the slip velocity (us) is the sum of the free stream velocity (U) and the horizontal components of the inducing
vortices and their images. Successive temperature particles are still created with Equation 2, as the trends are not the same
in the creation of temperature vortices and velocity vortices.

The divergences of Equations 3 and 4 are, respectively, V.w and V.T', and are written in the form:

ow ow

Vw=—+— 6

w ax+8y (6)
and

V'T:a_T_Fa_T (7)
ox dy

As described by Ogami (1999), the diffusion velocities of each velocity vortex and temperature particle are now,
respectively, given by the expressions:-

N
|4
L= ——V. 8
i, ;[ V] (8)
and
N
uy, :Z[—%V T ©
i=1

The diffusion distances of each velocity vortex and temperature particle can be expressed, respectively, as:

d,;=u,xAt (10)
and
dyy =y, X At (1)

These distances are added to the original positions to move the vortex and particle to other positions. For convection, each
vortex is repositioned to a new location using the induced velocities (u,v) by the neighbouring velocity vortices. The slip flow
condition is met when the velocity on each elemental surface is approximately zero and the numerically calculated
temperature is approximately equal to the initial temperature of the plate. To check for the slip flow condition, the velocity on
the elemental surface is determined from the expression:

The corresponding temperature on the surface is determined from the expression:

v
Te:Z—’(e( 4o _ o %“Af)J+TB (13)

= Aot
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The practical substitution for the given boundary condition is given by the expression:

T, =T, erfc( ) (14)

Y
2+ At
Equation 14 reflects the effect of the wall temperature (T4) i.e., the boundary condition on the temperature domain. The

parameters, ve and Te, are substituted for U and T in Equations 1 and 2 at each time step until the slip flow condition is met.

When a vortex is very close to the wall or an inducing vortex occurs, i.e., when 7 < As/ﬂ' (r can be equal to r1 or r) then
l“ir/ 27er2 replaces I, / 27r where it is appropriate. In such circumstances, the minimal distance, ro, is equal to,

As/f[ (Lewis, 1991). Likewise the temperature particles, ®;’”/ 27er2 , replace O, / 27r.

The velocity and temperature distributions at specific locations in the hydrodynamic and thermal boundary layers are
determined when the slip flow condition is met for the velocities and temperatures on the plate surfaces. The two
components of the velocity distribution are obtained from the following two expressions:

y (l”)_U—i Ly, —=w _ I (y;+y (15)
" o | 27, 1, 27, T,

and

NI T [(x,—x, r (x —x
:U_ i J L i J L 16
Viny (1) Z[mz( ; ] 27zr.( p H (16)

The temperature at any point can be obtained from the expression:

T,,(r)= Z{———}TB (17)

2@, 27,

In the foregoing three equations, the symbols m and n designate the positions of velocities or temperatures along and
normal to the plate, respectively.

The type of channels described here are two parallel plates placed horizontally. The number of images of a vortex or a
particle is infinite, which for ease of computation is reduced to eight. Therefore, there exist in the model developed here, one
positive vortex with four positive images and four negative images (Ogundare, 2006). As discussed by Petinrin (2008), the
vorticity of each velocity vortex and the temperature of each temperature particle can then be, respectively, given as:

I A T VA N VAR S VAR ST o VA
w(r, At) = g e A/At —ot T 4 o0 ) O
t

L L TRy R
+e 4vAt —e 4vAt —e 4vAt —e 4vAr (18)

and

2 2 2 2
T(r,At) = /aAt ( e +e( r%am) +e( r%am) +e( r%am)
4 aAt

_2 .2
+e r(’ 4o ( /aAr ( r%am) _e( r%am)} (19)

KJME Volume 6 Number 1, April 2010 M. O. Petinrin, A. A. Dare,, S.A. Oke © KJME 2010



@ Forced Convection on Isothermal Plates and Channels Using Diffusion Velocity 21

In addition, the distances of each vortex located at the points, (x; y;) from the inducing vortex located at the points, (xi i) and
its images can be determined from the distances, r+ to re, and the distance, h, which is the distance between the plates, thus:

rl(‘xj’yj):\/(xj ~x,) +(; -y,

r(x;,;) :\/(xj —x) +(y; +y)°,

Ry ) =G =) + () = (3, +20)°

Ry ) = =2 + (0, = G, +4R)°

R,y =, —x)? + (v, — v, +2h)7 20
Q(xpyj)=JLn~—%)2+(yj—yi+4hf,

r Oy ) =4 =)+ Qh=y, = y)*

r(x;,y;) :\/(xj -x,)° +@h-y; —y,)% and

’"9(xj,)’j):\/(xj_xi)2+(2h+yj+yi)2

The distance, h, is also shown in Figure 2 to be the transverse distance between vortex points. This is intended since the
walls will also be reflected as shown with imaginary lines in this figure. As such, the vortices, even at the image plane, will be
separated by the distance h.

A representation of the foregoing is shown in Figure 2

o 77—/

Image  vortices each  at
CY”/::::; separating distance '

@) /
o

h
Real vortex — >0y I

O

O, Image vortices each at
//y separating distance ‘h’
O

O

Figure 2 Representation of Vortices and Images in a Channel
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4.2  Development of the Computer Simulation Model
421 Procedure and Analysis

The procedure used to develop the model used herein, and the methods used to analyse the data obtained in this work are
described in this sub-section. Part of the data acquired and used in this work included values of the Nusselt number, details
of the velocity and temperature distributions for the various flow conditions studied, while values of free stream velocity were
specified from the relationship:

U :V_Re (21)
L

The channels, consisting of two parallel horizontal plates were held at uniform wall temperatures. The simulation of forced
convention was carried out first for the case when the two plates were held at the same temperature, thereafter for the case
when the plates were kept at different temperatures. For the asymmetrical heating, one of the plates was kept at 40°C while
the other one was kept at 60°C. The space between the plates was set to 0.1m, and a plate length of 0.5m maintained. This
same procedure was also adopted for the simulation of forced convection over a single plate. For all cases, simulation was
carried out for Reynolds numbers varying from 20 to 120 in steps of 20.

The input parameters, including the fluid’s (air) thermophysical properties, which were recorded at the film temperature, that
were used to simulate the forced convection on a horizontal plate are listed in Table 1. The input parameters for
symmetrically heated, isothermal plates listed in Table 2 were used to simulate forced convection in channels.

Table 1 The Input Parameters for Forced Convection on a Single Plate [Lewis (1991); Petinrin (2008)]
Length of the plate 1m
Reynolds number, Re 20-120
Fluid (air) temperature 10°C
Plate wall temperature 700C
Kinematic viscosity of air at 35°C 0.0000171 m?/s
Thermal diffusivity of air at 35°C 0.0000241 m?/s

All the data contained in this table was occurs in both of the two references quoted here.

Table 2 The Input Parameters for Forced Convection in a Channel (Petinrin, 2008)

Length of the plates 05m

Gap between plates 0.1m

Reynolds number 20-120

Fluid (air) temperature 10°C

Lower plate wall temperature 60°C

Upper plate wall temperature 60°C

Kinematic viscosity of air at 350C 0.0000171 m?/s
Thermal diffusivity of air at 350C 0.0000241 m?/s

Logical flowcharts for implementation by computer of the scheme of the theory described herein are shown in Figures 3 and
4. Figure 3 consists of four primary steps representing the creation of temperature and velocity vortices, subjection of these
to the diffusion equation, imposition of convection on both streams of particles and finally estimation of temperature and
velocity on the conditions of no slip of temperature and velocity. Figure 4 is an expanded flow chart of the process illustrated
in Figure 3, giving more details.

KJME Volume 6 Number 1, April 2010 M. O. Petinrin, A. A. Dare,, S.A. Oke © KJME 2010



@ Forced Convection on Isothermal Plates and Channels Using Diffusion Velocity

(A) Create the temperature and velocity

vortices using Equations 1,2 and 5

v
(B) Subject both temperature and velocity to
diffusion using Equations 8 and 9
v

(C) Perform convection on both streams of
particles

v

No slip of temperature?

Yes

No slip of velocity?

¥ Yes

(D) Estimate temperature and velocity using
Equations 15, 16 and 17

End

23

Figure 3  Flow Chart for Inplementation of the Diffusion Velocity Technique in Forced Convection

( Start convection )

v
Select a vortex at a point ai <
v
Calculate the induced velocities by all other vortices
v

Relocate the vortex to a new position b using induced
velocities (use the average of previous and current
induced velocities) for second staae

Yes

All vortices convected?

Yes

No of stages exceeded (=2)?

End convection

Figure 4 Implementation Scheme for the Convective Process
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Implementation of the DVM was carried out for forced convection on a horizontal flat plate and on the inside of a horizontal
flat channel, such as the ones shown in Figures 5 and 6, respectively.

Stream flow Stream flow
Trailing end
Leading end

Figure 5 Forced Convection Over a Horizontal Flat Plate (Geometry 1: Plate)

v

Stream flow

v

v

e ™

Leading end Trailing end

Figure 6 Forced Convection over a Horizontal Flat Plate (Geometry 2: Channel)

4.2.2 Model Performance Evaluation

Correlation was used as a performance measure, through comparison of the output of the simulation undertaken herein with
results sourced from existing literature. The model utilized consisted of multiple parameters, with each of the parameters
taking on new values at every stage of assessment. Comparison of the results arising from the application of the model on
the basis of the values of individual parameters of the model with results obtained from literature was found challenging. The
aggregation of parameters with the resulting overall values obtain was used as an alternative basis for comparison. Several
runs of each simulation were made before their results were used for correlation analysis. The purpose of the several runs is
as follows. Nusselt number depends on Reynolds number and Prandtl number. Since however the model’s equation relating
Nu to Re and Pr are not the same with the cited literature, a correlation factor R2 between Nu and Re was determined and
used in making comparison with values obtained from literature. The literature on correlation as a performance criterion
(Miller and Freud, 1987) is well established and has in the past permitted correlation coefficients values of 0.5 and above as
acceptable for concluding on a strong relationship between a set of parameters. Otherwise, values less than 0.5 suggest a
poor relationship between entities.
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5.0  RESULTS AND DISCUSSION

A Visual Basic 6.0 programming language was used to simulate the vortex numerical model that was developed here. The
results of the simulation were automatically displayed on a Microsoft Excel Workbook.

1.2

Dimensionless velocity

0.2
0 / _

0 0.02 0.04 C.06 0.08 0.1 0.12 0.14 0.16

Boundary Layer Thickness at the Trailing End of the Flat Plate (m)

Figure 7 Velocity Distribution at the Trailing End of a Plate at Re = 80

Figure 7 is a representative plot of velocity distribution at the trailing end of the plate. The value of free stream velocity was
recorded at a distance of 0.125m normal to the plate at the plate’s trailing edge as 0.001376 m/s It can be seen from this
figure that the velocity increased with increasing distance from the plate wall, within the boundary layer thickness from a
value of zero (which represents the no slip condition at the wall) to a value close to the free-stream velocity in view of the
asymptotic nature of the velocity profile. The steep gradient of the velocity curve near the plate wall is a sign of a more
pronounced fluid friction there.

Temperature (degree Celcius)

0 T T T T T
(o} 0.02 0.04 0.06 0.08 0.1 0.12 0.14

Boundary Layer Thickness at the Trailing End of the Plate (m)

Figure 8 Temperature Distribution at the Trailing End of the Flat Plate

A plot of temperature distribution at Re = 80 at the trailing end of the plate is presented in Figure 8. The figure shows that
temperature decreases asymptotically from a value equal to 60°C, which is the wall temperature, to a value equal to the
free-stream temperature of 10°C, with increasing distance away from the wall, through the boundary layer thickness.
However, there is a slow decay in temperature within the boundary layer region of 0-0.03 m, which is the region close to the
plate. The curve exhibits a zero gradient for values of distance between 0.1 - 0.12m.
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0.0025
Plate Temp =700 C —e—Re-20
0.002 - Fluid Temp = 100C — = Re-40
Length=1m
—a— Re-60
0 0.0015 ~
3
2 0.001 -
o
o
)
> 0.0005 ~
O v T T T T
) 0.05 0.1 0.15 0.2 0.25 0/3
-0.0005

Boundary Layer Thickness at the Trailing end of the Flat Plate (m)

Figure 9 Velocity Distributions for Different Reynolds Numbers

The curves of boundary layer velocity distribution for Re values of 20, 40 and 60, and for a plate length of 0.5m are shown in
Figure 9. It can be deduced from the curves that the boundary layer thickness is inversely proportional to the Reynolds
number, which from Equation 21 is known to be directly proportional to the fluid velocity. Similar observations were also
reported by Ogundare (2006) using the random vortex technique. The plot at the trailing edge was considered more
representative since the overall heat transfer irrespective of the length can be estimated using the temperature and velocity
values at the trailing edge. The free stream velocities for Re values of 20, 40 and 60 are seen from this figure to be 0.00052,
0.0012 and 0.002 m/s, respectively. It is also observed in these figures that as Re increases as the boundary layer thickness
decreases in both cases of velocity (Figure 9) and temperature (Figure 10).

All along the boundary layer, excepting below a value of about 0.01m from the plate wall, the fluid velocity is seen in Figure
9 to increase non-linearly with increasing values of Re. This from Equation 21, points to a non-linearly increasing value of
fluid coefficient of friction. However, it is necessary that further testing be conducted with more data collected for different
values of Re and different velocities in order to support this inference.
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Figure 10 Temperature Distribution for Varying Reynolds Number
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The curves of boundary layer temperature distribution for Re values of 20, 40 and 60, and for a plate length of 0.5m are
shown in Figure 10. It can be deduced from the curves that the boundary layer thickness is inversely proportional to the
Reynolds number. Similar observations were also reported by Ogundare (2006) using the random vortex technique. It is also
observed in these figures that as Re increases the boundary layer thickness decreases in both cases of velocity (Figure 9)
and temperature (Figure 10).
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Figure 11 Effect of Wall Temperature for Forced Convection on a Single Plate

Figure 11 shows plots of temperature distribution for a free-stream temperature, Tr, of 10°C and for wall temperatures, Tw,
equal to 40, 60 and 80°C. The plate length was 1m, and the Re was set to 150. The plots show that an increase in the value
of the wall temperature at a constant fluid temperature, leads to an increase in the thickness of the thermal boundary layer.
As was noted in the case of the velocity boundary layer thickness, this trend is consistent with the work of Ogundare (2006),
who established similar trends using a random vortex numerical technique for heat and fluid flow over a flat plate maintained
at a constant temperature. Worth noting at this stage is the fact that at the walll, the effect of friction is well pronounced and
non linear, and further that as the flow moves away from the wall, the free stream condition is approached. Moreover, it is
known that the thickness of thermal boundary layer increases with increasing temperature.

Values of the Nusselt number, Nu, for corresponding values of Reynolds numbers ranging from 20 to 120 in steps of 20 are
presented in Table 3. A Jog-log plot of the Nusselt number against the Reynolds number, for values of Re ranging from 20 to
120 in steps of 20, gave rise to the following relationship:

Nu = 0.4592Re - 0.2905 (22)
with a correlation coefficient (R) defined as R? = 0.9904.

Table 3 Variations of Reynolds Number with Nusselt Number for Forced Convection on a Single Plate
(Petinrin, 2008)

Re Nu Log(Re) Log(Nu)
20 2.16 1.30 0.33
40 2.80 1.60 0.44
60 3.30 1.79 0.52
80 3.87 1.90 0.59
100 4.25 2.00 0.63
120 4.32 2.08 0.64

The second term at the right hand side of Equation 22 can be expressed as:
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-0.2905 = 0.33x In(Pr) (23)

At 35°C, which is the average of the free stream temperature and wall temperature, the Prandtl number, Pris 0.71. This
gives a value of x that is equal to 0.57 and a relationship between the Nusselt number, Reynolds number and Prandtl
number that is given by the expression, Nu = 0.57Re%46Pr0.33 (Cottet and Koumosetsakos, 2000). This expression
generates a value that is more representative of the fluid condition which varies in temperature from 10°C at the wall to 70°C
at free stream, and therefore its use here. The relationship obtained by Incropera and Dewitt (2005) is given as Nu =
0.332Re05pPr0:33,
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Figure 12  Velocity Distribution for Forced Convection in a Channel

Figure 12 is a plot of fluid velocity against distance measured normal to the channel wall at the trailing end of the channel,
for a flow with a mainstream velocity U, of 0.000088m/s. The values of velocity u are given in the dimensional form. It is
evident in this figure that the velocity increases from the two plate walls towards the axis of the channel. From the symmetry
of the plot, it is expected that the maximum velocity will occur at the axis of the channel, which from a close look at the figure
is the case. The curve profile in Figure 12 has a distorted Vee-shaped but could have been parabolic if the channel width
had been small, in consistence with the work of Ofi and Heterington (1977) who obtained a near parabolic shape for natural
convection in a channel with width of 0.02m
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Figure 13  Temperature Distribution for Forced Convection in a Channel

Figure 13 is a plot of fluid temperature against distance measured normal to the channel wall at the trailing end. The figure
shows the temperature to decrease parabolically from the two plate walls towards the axis of the channel. This trend is
expected in steady state fluid flow, because the temperature of the walls, which is 60°C is greater than the fluid temperature,
referred to as free stream temperature, at 10°C.
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Figure 14 Temperature Distribution for Asymmetrically Heated Isothermal Plates

Figure 14 shows the temperature distribution of forced convection in asymmetrically heated isothermal parallel plates. One
of the plates was kept at 40°C while the other was kept at 60°C. As expected, it can be seen from Figure 14 that the lowest
fluid temperature at free stream is skewed towards the plate with a temperature of 40°C away from the one with a
temperature of 60°C.
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Figure 15 Nusselt Number against the Reynolds Number for a Horizontal Channel

The graph of Nu versus Re for the horizontal channel used in this work is presented in Figure 15 for values of Re varying
from 20 to 120 in steps of 20.The results imply direct proportionality between the Nu and Re numbers for this case.
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Figure 16  Logarithmic Plot of Nusselt Number Against that for Reynolds Number for Horizontal Channels
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Figure 16 shows the corresponding log-log plot of the Nusselt number against the Reynolds number. The slope of the plot is
0.87 while the intercept is -0.88. At 35°C, the Prandtl number, Pris 0.71, therefore, using the same approach as was
adopted for a single plate the relationship between Nusselt number, Reynolds number and Prandtl number for empirical
correlation of the form Nu = CRemPr, for n = 0.33 is Nu = 0.15Re0%87Pr0-33, The two expressions for Nusselt number are
useful; the earlier derived expression establishes the relationship between Nusselt number and the Reynolds number, while
the later derivation gives a comprehensive relationship between the Nusselt number, Reynolds number and Prandtl number.

6.0 CONCLUSION

In this study, use of the diffusion velocity method, a version of the Vortex Element Method, has been successfully done and
demonstrated as an effective way of modelling forced convection problems on isothermal plates and channels. In this work,
trends relating the velocity and temperature boundary layer thicknesses and profiles to other parameters such as Reynolds
number and viscosity were clearly identified using convectional flow along a flat plate and a flat channel. For the case of a
flat plate, the velocity exhibited asymptotic growth from a value of zero at the plate wall to its free stream velocity. The
temperature distribution for the flat plate also showed an asymptotic decrease from the plate wall temperature to the free
stream temperature. The temperature distributions for the channel had parabolic profiles for free stream temperatures that
were lower than the channel wall temperatures, for both the symmetric and asymmetric cases considered here. However,
the pattern of velocity distributions did not have well defined parabolic profiles. This could only be attributed to slight
overestimation of the velocities. Both the asymptotic growth and decay exhibited by the velocity and temperature for the flat
plate and parabolic profiles of the temperature distributions for the channels have a strong support in literature support
(Incropera and Dewitt, 2005). However, despite the fact that the model’s relationship between Nu and Re, as well as Prwas
not the same as that of Incropera and Dewitt (2005), this study has established the fact that the diffusion velocity method is
a viable numerical tool capable of modelling fluid and heat transfer problems.

7.0  RECOMMENDATIONS

It is recommended that future work undertakes a comparative analysis of the various methods available for developing
solutions of problems on forced convection on isothermal plates and channels, such as the methods of Virtual Flux,
Rayleigh-Ritz, Boundary Element and Finite Element. Their performance and limitations should also be compared with the
proposed approach in this work. Possibilities of forming hybrids using some of these methods with the diffusion velocity
method should be looked into. Further possibilities of incorporating other simulation approaches into the method proposed in
this work should also be explored. Further work which focuses on experimentation is desirable. Experimental investigations
are necessary in the determination of the logarithmic plot of Nusselt number versus Reynolds number for forced convection
on single horizontal plates and for forced convection in horizontal channels. This would serve to validate the models
developed here.
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