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Abstract

In this paper we extend the theory of integral inequalities to interval valued map-
pings in two independent variables. By this, set inclusions are used instead of partial
order relation and this enables us to obtain simultaneous upper and lower bounds in-
stead of a pair of inequalities.
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1. Introduction

The use of integral inequalities in the establishment of boundedness, estimate of
bounds and determination of the behaviour of solutions of differential equations'which
are hitherto not solvable in closed forms cannot be overemphasised. Moore [6] consid-
ered the extension of the fundamental Gronwall’s integral inequality and some of its
variants to interval value mappings. In this paper we consider the interval extension of
some Wendroff type integral inequalities which are the two variable generalisation of
Gronwall inequality. A host of authors including Bondge and Pachpatte [1], Bondge,
Pachpatte and Walter [2], Fink [4], Sergiy Borysenko and Gerudo lovane [8], Wing
Sun Cheung [9], and Wing Sun Cheung, Qing-Hua Ma and Shiojenn Tsenghave [10]
have considered various extensions of the Wendroff integral inequality, however, the
extension to interval valued functions are not readily available in existing literature.

Let IR denote the set of real valued intervals X —[x,x] = {X:X < x < X, X ER}
and let interval valued functions be defined by F(X) = [F(X),F(A)], X GIR, from
which we have extensions of real value functions / given by f(X) —{f(x) :x G X} as
special cases. The basic theory of interval analysis have been extensively developed in
recent years, details can be found in Moore[5], Rail [7], and Caprani et al [3]. However,
we highlight some properties that are peculiar to operations in interval analysis which
are needed in the establishment of our results here. For X, Y, Z G IR we have
Z(X -fY) C ZX + ZY. If X C Y, and / is an interval function defined on IR, then
f(X) C f(Y). Also if X(t) and Y(t) are interval functions defined on 0 < t < x such
that X(t) C Y(t), then their interval integrals exist and satisfy, J* X(t)dt C J*Y(t)dt
[3]. Next in the main result we recast a type of Wendroff inequality in two independent
vaiiables given in [2] and extend the result to interval valued mappings.
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2. Main Result.

The main result reported here is based on the work of Bondge et al [2] which is a

sharpei general version of of the Wendroff's inequality and it is given in the theorem
below.

Theorem 2.1

Let ¢, v, g,9X gy and gxy £ C(/?), where R is the first quadrant x > 0,7/ > 0, or a
rectangle 0 < x < a,0<y< 6,c>0,gx>0,gy > 0and gxy > 0.

rx ry

ix,y) < g{x,y) + / [ c(s,t)v(s,t)dsdt (2.1
Jo Jo
Then
vi{x,y) < g(x,y)ec(xV), (2.2)
where
rx ry
C(x,y)= [ | c(s)t)dsdt
Jo Jo

We recast the theorem in the new form:

Theorem 2.2

Let c,v and g £ C(i2), where R is the first quadrant x > 0,y > 0, or a rectangle
O<x<a, 0<y<b cx,y)> 0. and

rx ry

vV(x,y)<g(x,y)+ I c(s,t)v(s,t)dsdt V (x,y) GR 2.1
Jo Jo
Then
X ry rx ry rs rt
VIx,y) < g(x,y) (1+ J c(s,t)dsdt + [ I c(s,t) / | c(si,ti)dsidt\dsdt + ...
°Je Je Je° (2.3)
Proof:

Setting the right hand side of (2.1) to be w(x,y)twe then have v(x,y) < w{x,y)
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and using this repeatedly n times in (2.1) gives

rx ry

v(T.y) < g{x,y)+ J [ c(s)t)w(s,t)dsdt
Jo Jo

< g(x,y) + X T QST (ff(s,t) + c(si, ti)w(si,ti)dsidti”™ dsdt

f f *
— 9{x-¥) + po JV c(s,t)dsdt _IT}X Ir‘y c(s,£) J rc(si,t\)ds\dt\dsdt

rx rv rsn rtn
+ eeet/ | c(s,1)... I c(sn+i,fn+1l)dsn+1cftn+1...ds<£f)
Jo Jo Jo Jo
rx rv rsn rtn
‘et~ /[ c¢(5,t)... | [ c(-Sn+i7En_]_iu(sn_j_i, ...dsdt
Jo Jo Jo Jo

Let M > JJux,?)Land K > |Jlcxyll V(x,y) E then we have

fx fy f f*n
i/ / c(s,E)... [/ / tn L7 (sn_}i, M _MN)<i5n-j-idtn-(-i...d5(it] |
To TO
la ry />sn rtn
< A777n [/ dsn+\dtn+\...dsdt

Jo Jo Jo Jo

-mT

—»0 as n — 00

and hence the result follows.
An extension of this result to interval valued mappings is given in the following theorem.

Theorem 2.3

Let P(x,y), A(x,y), B(x,y) and U(x,y) be bounded interval valued functions
defined on / x/, where 7 = [0, r] such that [[PXxVII] < a, 1IAWI] < a [IPYI] <

6and JIf7x VIl < AV (X,y) € 7x 7. If

P(x,y)CU(x,y) + A(x,y) [ [ B{s,t)P{s,t)dsdt (2.4)
Jo Jo
holds forO< x < randO<y<r
Then
P(x,y) C~ P fix,y) (2.5)
k=0
where
PO(x,y) = U(x,y) (2.6)
and
(2.7)

P*(x,y) = A(X,y) f [ B(s,t)Pk-i(s,t)dsdt, k= 1,2,...
70 70
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Proof

We shall show by induction that for n = 1,2,...

n
P(x,y) Q J2Pk(x,y)
k=0
+ [ [ R(s,t) [ [ R(si,ti)... [ [ R(sn,tn)P(8n,tn)dsndtn...dsdt (2.8)
Jo Jo Jo Jo Jo Jo
where

R(s,t) = A(x,y)B{s,t)

Let Jo = rhs of (2.4) and Jn = rhs of (2.8). By the hypothesis (2.4) of the theorem,
(2.8) is true for n = 0. For n —1, we have,

I+ y)

Po{x,y) + P{(x,y)+ [ [ R(s,t)[ [ R(si,ti)P(si,tx)dsidtidsdt
Jo Jo Jo Jo

rx ry
= Uy + Ax,y) /| B(s,t)U(s,t)dsdt
Jo Jo
rx ry rs rt

+ /| AMXYy)B(s,t) / | A(s,t)B(si,ti)P(si,ti)dsidt\dsdt
Jo Jo Jo Jo

rx ry
D U(x,y) + A(x,y) [/ B(s,t)J0(s,t)dsdt
Jo Jo
2 Jo(x,y) DP(x,y). \

Thus the hypothesis is true for n=1. We now assume it is true for n = m, so for n =
m-f1 we have

71+ 1

Mr1e1 = NN PleA|V)

k=0
rx ry rs rt rSm rtm
+ [ R{s,t) /| | R{suh)... [/ /[ R(sm+l,tm+1)
Jo Jo Jo Jo Jo Jo
X P ((5M+I? ~77A+DNT71HINT71+] ==glsdt
v, rx ry rs rt csm-i  rtm_i
DY]Pk(x,y) -f I | R(s,t) /I | R(si,ti)... / / R(sm,tm)
Jo Jo Jo Jo Jo Jo

X Jo(Sm? m)dSxndtwi’ "dsdt
N Jo(x,y) DP(x,y)

Hence, P(rr,y) C JnVn therefore (2.8) holds true.
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Now taking the norm of the iterated integral in (2.8) we have

rx ry rs rt rsn-i

I | R(s,t) I/ / / R{sn,tT) P (sn,tn¥sndtn...dsdt
Jo Jo ( )Jo Jo Jo Jo t P ¥
fx O fSi rtnl
< (@B)n+la // e e =/ / dsndtn...dsdt
Jo Jo Jo Jo

a(abr2)ntl
<

[(n+1)!2 =
(2-9)

This integral is uniformly bounded in the norm by the last expression in (2.9) and thus,

as n —moo, it converges to zero.
The series in (2.5) converges, since from (2.6) [[Ra(x,Yll < A and from (2.7) we

have

\\Pk(x, DI \\A(x,y) I f B{s,t)Pk"i(s,t)dsdt\\
Jo Jo

X(abr2)k
(kN2
0 as k —yoo.

Hence, the result follows.

Remark 2.1

If we set P(x,y) = [0, v(x,y)], U(x,y) = [0,9(x,y)], A{x,y) = [0,1] and B(x,y) =
[0, c(x,y)] in Theorem 2.3, we recover Theorem 2.2 as a special case with (2.5) given

by
n y rx ry rs rt
c(s,t)g(s,t)dsdt+ [ c(s,t) / | c(si,t])g(sl,tx)dsidtidsdt+
Jo Jo Jo Jo
<9(x,y)(l+J3 J Vc(s,t)dsdt+j J c(s,t)J c(si,tx)dsldtldsdt+ ..

which gives the inequality (2.3).
Remark 2.2

Ifweset P(x,y) = [0,0(x,j/)], U(x,y) = [0,iz(x,y)], A(x,y) = [0,a(x,y)] and B(x,y) =
[0, fo(x, 2)] in Theorem 2.3, the expression (2.4) in Theorem 2.3 becomes the integral

inequality (1) of Theorem 1 in
Bondge B. K. and Pachpatte B. G. [1], Therefore, the result in the theorem is a

special case of our theorem here with (2.5) given by:
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<t>(xy) < u{x,y) H Y a(x,y)b(s,t)dsdt

fx ry rs rt
4- | | a(x,y)b(s,t) / | a(s,E)b(si,Ei)dsicZ/;idscfl/; 4 ..
Jo Jo Jo Jo

as the result corresponding to the integral inequality (2) in Theorem 1 of [1].
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