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STABILITY, BOUNDEDNESS AND ASYMPTOTIC BEHAVIOUR
OF SOLUTIONS OF CERTAIN NONLINEAR DIFFERENTIAL
EQUATIONS OF THE THIRD ORDER

A. T. ADEMOLA ! AND P. 0. ARAWOMO 2

ABSTRACT. Criteria are established for uniform asymptotic stability, boundedness,
uniform ultimate boundedness and asymptotic behaviour of solutions of certain
third order nonlinear differential equations with the restoring nonlinear terms de-
pend on t and multiplied by functions of ¢. By constructing a complete Lyapunov
function, Lyapunov second method, the technique of Antoisewicz [8] and the limit
point of Yoshizawa [22] are employed to obtain the results. Recent results on third
order nonlinear differential equations and the results which have been discussed in
[16] are special cases of our results.

1. INTRODUCTION

Mathematical models of most natural, scientific and industrial phenomena result
in nonlinear differential equations which are not readily solvable, therefore the deter-
mination of behaviour of solutions has attracted the attention of researches over the
years. In particular, the determination of stability, boundedness, periodicity and as-
ymptotic behaviour of solutions of third order non autonomous differential equations
where the restoring nonlinear terms do not depend explicitly on the independent real
variable ¢ have been investigated by many researchers. See for instance: Ademola et
al, [6] and Ezeilo [14] worked on stability of solutions; Ademola and Arawomo [1], [2],
3], [4] and Swick [17] on stability and boundedness of solutions; Ademola et al, [5],
Wand phrases. Third order differential equations, uniform asymptotic stability, uniform
ultimate boundedness, complete Lyapunov function, asymptotic behaviour.
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Chukwu [9], Ezeilo [10]-[13], Mehri and Shadman [15] and Tejumola [18] on bound-
edness of solutions; Tung [19] worked on asymptotic behaviour of solutions; Reissig
et al, [16] and Yoshizawa [21]-[23] which contain the general results on the subject
matter. Complete, incomplete and Yoshizawa functions were constructed and used
by these authors to obtain their results.

However, the problem of uniform asymptotic stability, boundedness and asymptotic
behaviour of solutions of certain third order nonlinear differential equations, where
the restoring nonlinear terms depend and multiplied by functions of ¢, has so far
remained open. The aim of this paper therefore is to tackle this problem. Motivation
for this study comes from the works of Ademola and Arawomo [1], [3], [4], Mehri and
Shadman [15] and Tung [20] where uniform stability and boundedness results of third
order differential equations were proved. In this paper, we shall investigate uniform
asymptotic stability (when p(t,z,y,z) = 0), when p(¢,z,y, z) # 0 boundedness and

asymptotic behaviour of solutions of the nonlinear differential equation

(1.1) T+ f(t,x, &, %)%+ q(t)g(x, @) + r(t)h(z, &, %) = p(t, z, &, T),

or its equivalent system

(12) @=y, y==z 2=p(tzy2) - f(t,2,y,2)z —qt)g(z,y) —rt)h(z,y,2),

where the functions f, g, h, p, ¢ and r are continuous in their respective arguments and

the derivatives %f(t,x,y,z) = filt,z,y,2), %f(t,a:,y,z) = f.(t,x,y,2),
% (t7$7yaz) = fz(t,fL',y,Z), %g(fﬁ,y) - gx(x,y), %h(xag%Z) hx(xvyaz)a

Dh(w,y,2) = hy(w,y,2), Zh(x,y,2) = ho(w,y,2), 42 = (t) and 52 = #(t) exist

and are continuous for all ¢, 2,y and 2. Condition for existence and uniqueness will

be assumed and the dots as elsewhere, stand for differentiation with respect to the

independent real variable t.

2. MAIN RESULTS

We have the following results for the system of first order differential equations
(1.2).

Theorem 2.1. Further to the basic assumptions on the functions f,g,h,p and r,

suppose that a, aq, b, by, c,d, 01 are positive constants and for allt > 0:

(i) a < f(t,x,y,2) < ay for all z,y and z;
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< glx,y)/y < by for allz and y # 0;
0

c < ab;
(VI) ny(t7x7y72) Z O; hy(‘rJy?O) Z 0; hz(l',(),Z) Z 0 fOT' all x,y and 2

(vii) [ [p(t. 2.y, 2)ldt < oo.
0
Then the solutions of (1.2) are uniformly ultimately bounded.

Theorem 2.2. If in addition to the assumptions of Theorem 2.1, ¢(0,0) = 0, then
every solution (x(t),y(t), z(t)) of (1.2) is uniformly bounded and satisfies

(2.1) tlim z(t) =0, tlim y(t) =0, tlim z(t) = 0.

Theorem 2.3. Under the assumptions of Theorem 2.1, any solution
(x(t),y(t), z(t)) of (1.2) with initial condition

(2.2) 2(0) = o, y(0) =50, 2(0) = 2z
satisfies
(2.3) () < D, [y(t) < D, |=(H)] < D

for all t > 0, where the constant D > 0 depends on a,b,c,dy, 01 as well as on
to, To, Yo, 20 and on the function p appearing in (1.2).
If the function p(¢,x,y, z) =0, (1.2) becomes
(24) T = Y, y =z, zZ= _f<t7$> Y, Z)Z - Q(t)g(x7y) - T(t)h<x7y7 Z)
and we have the following results.

Theorem 2.4. If g(0,0) = 0 and assumptions (i)-(vi) of Theorem 2.1 hold, then the

trivial solution of (2.4) is uniformly asymptotically stable.

Corollary 2.1. Under the hypotheses of Theorem 2.1, the solutions of (1.2) are

ultimately bounded.



434 A. T. ADEMOLA AND P. O. ARAWOMO

Remark 2.1.
(i) If the function p(t,z,y,2) = p(t) # 0, p : Rt — R, Rt = [0,00), R =
(—00,00), Theorem 2.1, Theorem 2.2 and Theorem 2.3 hold true for the special

case
T+ f(t, @, 2, 2)3 + q(t)g(x, ) + r(t)h(z, &, &) = p(t).

(ii) Whenever f(t,z,y,2) = ¢¥(t) f(x,y, z) the hypotheses and conclusions of The-
orem 2.1 and Theorem 2.4 coincide with that discussed by Ademola and Ara-
womo [3]. The main tool (the Lyapunov function) used in this investigation is
a direct generalization of that used in [1]-]6].

(iii) The results of Mehri and Shadman [15] and Tung [19], [20] are special cases of
our results.

(iv) Whenever g(x,y) = ¢g(y) and h(z,y, z) = h(x) our hypotheses and conclusion
coincide with [4] except the inequality between ¢(t) and 7(¢) which is reversed

here. Thus, these results include and extend [4].

3. PRELIMINARY LEMMA

The main tool used in the proofs of the results is the function V = V (¢, z,y, 2)
defined as

(3.1a) V=eP0Op
where

(3.1b) Pt) = [ p(ps, 9. )\
and

2 = 2(a + a)r(t) /O h(€,0,0)dE + 4q(t) /Oyg(:c, 7dr

+2(a+a)yz +22° + 2(a + a) /y Tf(t,x,7,0)dT + By* + bBx®
0
+ 4r(t)yh(x,0,0) 4+ 2afxy + 26xz

(3.1¢)

where o and (3 are positive fixed constants satisfying

(3.1d) ble<a<a
and
1
(3.1e) 0 < < min {(ab —c)at, (ab— c)d1yy §(a - a)%_l}



STABILITY, BOUNDEDNESS AND ASYMPTOTIC BEHAVIOUR OF SOLUTIONS 435

where
2

2
Yo i=1+a+d"6" (q(t)g@y,y) - b) and 71 := 1+ 6,6 (f(t,x, y,z) — a) ,

2

2
y #0, (14 a)dpd; # (q(t)g(x’y) — b) and 601 # <f(t,x7y, z) — a) . The following

y
lemma proves beyond doubt that the function V' is a Lyapunov function for the system

(1.2).

Lemma 3.1. Under the assumptions of Theorem 2.1 there exist finite constants Dy >
0 and Dy > 0 such that for the function V defined by (3.1), we have

(3.2a) Dy(22(t) + 92 (t) + 22(t) < V(t, 2,9, 2) < Do(2?(t) + y*(t) + 22(t))
and
(3.2b) V(t,2(t),y(t), 2(t)) — 4oo as x(t) + y*(t) + 2*(t) — oo.

In addition, there exists a positive constant Ds such that along a solution

(x(t),y(t), 2z(t)) of (1.2) we have
(3.2¢) V < —Ds(2%(t) + y2(t) + 23(t)),

for all (t,z,y,2z) € RT x R3.

Proof. If z(t) = y(t) = 2(t) = 0 for all t > 0 in (3.1), it follows that V'(¢,0,0,0) = 0.
Since h(0,0,0) = 0, (3.1c) can be arranged in the form

2U = 2b 'r(t) /Om [(a +a)b — 2he(€,0, O)] h(&,0,0)d¢ + By?

+ 2br(t) <y b h(z, 0, o)) L 4r(t) /Oy <q<t)9<x’ ™) _ b) dr

r(t) T

+2 /Oy [(a a)f(t,z,7,0) — (a® + ﬁ]m

+6(b— B)a* + (ay + 2)* + (B + ay + 2)*.
Applying the hypotheses of Theorem 2.1, we have

U > ; o+ a)b — 2] b0, + A6 — B)] 2 + ;(ay +2)?

1 1
+5lale—a) + 0y + 3

(3.3) '
(0o +by)* + 5 (B + ay + 2)*.
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In view of the inequalities in (3.1d) and (3.1e), ab—¢c > 0,ab—¢c >0, a—a > 0
and b — [ > 0. The right hand side of the estimate in (3.3) is positive definite, hence

there exists a constant 7, > 0 such that
(3.4a) U > y(z® +y° + 2%

for all ¢ > 0,2,y and z. By (3.1b) and condition (vii) of Theorem 2.1, there exists a
constant Fy > 0 such that

(3.4Db) 0 < P.(t) < F

for all t > 0. Using estimates (3.4) in (3.1a), we obtain

(3.5a) V > ys(a® + 7 + 27,

for all t > 0, x,y, 2 where v3 = e~ 10 > 0. From (3.5a), V(t,2,y,2) = 0 if and only
if 22 +9%+22 =0, V(t,2,y,2) > 0if and only if 22 + y* + 22 # 0, it follows that
(3.5b) V(t,z,y,2) — +oo as 2° + y* + 22 — oo.

Moreover, h(0,0,0) = 0 implies that h(z,0,0) < cz for all = # 0, also ¢(t) < 7(t) <0
imply that q(t) < qo and r(t) < o where go = ¢(0) > 0 and ry = r(0) > 0 are positive
constants. From these estimates, the upper bounds for the functions f and g, and

the obvious inequality 2xy < 2% + 3%, Eq. (3.1c) becomes
(3.6a) U <u(@®+y* +2%)

where 7, = %max{741,742,743}, ya1 = (a+a+2)erg+ (a+b+1)8, a2 = (a+
a)(a; + 1)+ B(a+ 1) + 2(b1go + cro) and 43 := a+ [ + a + 2. From the estimates
(3.4b) and (3.6a), Eq. (3.1a) yields

(3.6b) V <y(@® + 7+ 2%,

for all t > 0,2,y and z. Now the derivative of the function V' defined in (3.1) along
a solution of (1.2) is defined as

(37) "/(1‘2) = _6_P*(t) [U|p(t7 Ty, Z>| o U(12)]

where P.(t) and U = U(t,x(t),y(t), 2(t)) are the functions defined by (3.1b) and

3.1c) respectively and U, 1.2, after simplification, is defined as
(1.2)

Uz < Wi+ Wa+aBy® +28yz + (Bx + (o + a)y + 22) p(t, 2.y, 2)

(38) — Wy — W4 — ﬂ[q(t)g(xyy) — b] Ty — ﬁ[f(ta xhy) - a]xz,
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where
Wii= (a+a)i(t) [ h(€,0,0)d€ +24(t) [ glw, 7)dr +2i(t)yh(r,0,0),
Ws == (a +a) /Oy 7tz 7, 0)dr + 2q(t)y /Oy gol, 7)dT
+(a+a)y /Oy T fot, @, 7, 0)dr,
Wi = r(t) [(a + )y + 22] [A(x, y, 2) — h(z, 0,0)
+ (a+a)yz [f(t,z,y,2) — f(t,7,9,0)]
and

Wiy = Br(t)eh(z, y, 2) + (1) l(a +a) 2
+[2f(t, 2.y, 2) — (a + a)] 2°.
Now rearranging the terms in Wi, we have
Wi = q(t)Wn

where

Wiy = a+a / 500d§+2/ deT—l—Qquyh(a:,O,O).
Since ¢(t) < 7(t), for all t > 0, h(0,0,0) = 0, h(x,0,0) > doz (z # 0), g(z,y) > by
for all z and y # 0 and h,(z,0,0) < ¢ for all x it follows that

Wi > 21b(ab — ¢+ ab —c)dox® + b~ Sz + by)>.

By (3.1d), ab > ¢ and ab > ¢ so that Wi, is positive semi definite for all  and y.
Thus, ¢(t) < 0 for all ¢ > 0 implies that

Wi = ¢(t)Wn <0,
for all t > 0,z and y. Also, using the assumptions of Theorem 2.1, we have
Wy <0

for all t > 0,z and y.

Moreover, by the mean value theorem, we have

W3 =r(t) {(04 + a) y*hy(x, 01y,0) + 22%h,(x,0, 922)] + (a4 a)2yf.(t, 2, y,032) >0

0<6;,<1(i=1,2,3)forallt>0,z,y and z, but W3 =0if y =0 = z.
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Also, by hypotheses of Theorem 2.1, we have
Wy > B00612° + 61 [(a + a) b — 2] y* + (a — )22,

for all ¢ > 0,2,y and z. Using estimates W; (i = 1,2,3,4) and the fact that 2yz
y? + 22 in (3.8), we obtain

1
Unay < s (I + [yl + [2]) p(t, 2, y, 2)| = Ws — W — 555051372
—&(ab—c+ab—c— B35 (1+a)y® — (a—a— B)27

(3.9)

where 75 = max{f,a + a,2}, Wy = i55051x2 - ﬂlq(t)g(g;y) — b} xy and Wy :
iﬁégélxz + Bf(t,x,y, z) — alrz. Completing the squares in the right hand sides
W5 and W estimate (3.9) becomes

2
l‘?
Unzy < s (Jz] + [yl + [2]) [p(t, 2y, 2)| = lw +20 107" (W)g( y v _ b)?/]

2
1
— lx + 205 L6 (f(t, w,y, 2) — a)z] — §ﬁ5051$2 —61(ab —c)y?

- ;(a — ) — {&(ab —¢) - 6[1 +a+0y0 (q(t)g(fj’ Y b) T }zﬁ

- {;(CL — Oé) - ﬁll + 50_151_1 (f(t,l‘,y, Z) - a) ]}22

From estimates (3.1d) and (3.1e), this inequality becomes

(3.10) Una) < (2] + [yl + [2DIp(t, 2,9, 2)| = v6(a® + 47 + 2%),

where 7 = min{1 38001, 6 (ab — ¢), 3(a — @)}. Using estimates (3.4a) and (3.10) in

(3.7), we have

iy e S (Wf P+ 28) — (] + [yl + |z|)> p(t, 2.y, 2)]

— yse PO (2 442 4+ 22).

<

of

Now, since (|z| + |y| + |2])? < 3(z% 4 32 + 2?), choosing (22 + ¢ + 22)1/2 > 312451y,

and noting hypothesis (vii) of Theorem 2.1, we have

(3.12) Ving) < —1(a® + 4 + 2%)

for all t > 0,2,y and z, where v; = y5e~ (> > 0. This completes the proof of the

lemma. O
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4. PROOF OF THE MAIN RESULTS

Proof of Theorem 2.1. Let (z(t),y(t), z(t)) be any solution of (1.2). From estimates
(3.5a), (3.5b), (3.6b) and (3.12), the assumptions of Theorem 10.4 pp. 42 in [23] hold,
thus by Theorem 10.4 the solutions of (1.2) are uniformly ultimately bounded. This

proves the theorem. 0

Proof of Theorem 2.2. The proof of this theorem depends on the continuously differ-
entiable function V' defined by (3.1). Let (z(t),y(t),2(t)) be any solution of (1.2).
From estimate (3.12), we have "/(1.2) < Oforall (¢,7,y,2) € RT xR3, thus from this in-
equality, estimates (3.5) and (3.6b), the solutions of (1.2) are uniformly bounded (see
[23] Theorem 10.2 pp.38-39). Next, let W(X) = v7(2? + y? + 2?) clearly W(X) >0
for all X € R3. Consider the set
Q:={X = (2,y,2) € R*| W(X) = 0}.

From the continuity of the function W (X), the set €2 is closed and W (X) is positive
definite with respect to €2 and

Vs (t, X) < —W(X)
for all (¢, X) € R* x R3. Furthermore, the system (1.2) can be recast in the form
(4.1) X =F(t,X)+G(t, X)
where X = (z,y,2)", F(t. X) = (y, 2z, — f(t,x,y,2)2—q(t)g(z,y) —r(t)h(z,y, 2))" and
G(t,X) = (0,0,p(t,z,y,2))T. From the continuity and boundedness of the functions
f,g,h,q and r it follows that the function F(¢, X) is bounded for all ¢ when X belong
to an arbitrary compact set in R®. Also, in view of the hypotheses of Theorem 2.2
the function F'(¢, X) tends to F/(X) as t — oo. It is easy to show that the conditions
(a) and (b) of Theorem 14.2 pp. 61 in [23] hold true, thus every solution of (1.2)
approaches the largest invariant set of
(4.2) X = F(X)
contained in € as ¢t — oo. Since W(X) = 0 on £ and by hypotheses of Theorem 2.2
h(0,0,0) =0 = ¢(0,0), Eq. (4.2) becomes

(4,9,2)" = (0,0,0)"

and the solution is given by

({E, Y, Z)T = (’Yga Y9, 710)T
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where 7; (1 = 8,9,10) is a constant. To remain in Q, 753 = 79 = 710 = 0. Hence,
the largest semi invariant set contained in € as ¢ — oo is the set {(0,0,0)}. This

completes the proof of theorem. O

Proof of Theorem 2.3. Let (x(t),y(t), z(t)) be any solution of (1.2). We apply the
strategy introduced in [8] to establish (2.3) for all £ > 0. Noting that 2 +y*+ 22 > 0,
lz| <1422 |yl <1+ y? and |z| < 1+ 22 estimate (3.11) becomes

‘./(1.2) S 756_P*(t) {3 + ($2 + yQ + 22)} |p(ta z,Yy, Z)|7
forallt > 0,2,y and z. In view of estimates (3.4b) and (3.5a) this inequality becomes

Via =95 slp(t, =, v, 2)[V < 33slp(t, 2,9, 2)].
Solving this first order differential inequality using integrating factor exp[—~v; 'vs P.(t)],

we obtain
(43) V(t,l‘,y,Z) S Y6

for all t > 0,2,y and z, where 75 := [V (to, %0, Y0, 20) + 375 P0] exp[y; "5 F]. Now
from the inequalities in (3.5a) and (4.3), estimate (2.3) follows immediately with
73 'v6 = D. This completes the proof of the theorem. 0J

Proof of Theorem 2.4. The usual limit point argument as contained in [22] is used
to show that if Lemma 3.1 holds, then U(t) = U(t,z,y,2) — 0 as t — oo. Setting
p(t,z,y,2z) = 0in (3.1b), the function V' in (3.1a) coincide with U defined in (3.1c).
From estimate (3.4a), we find that U(t,z,y,2) = 0 if and only if 22 + y* + 2% = 0,
U(t,z,y,z) > 0 if and only if 22 + y? + 2% # 0 and U(t,z,y,2) — +oo if and only
if 22 + y?2 + 22 — o0o. The remaining of this proof follows the strategy indicated in
[6]. O

Ezample 4.1. A particular case of equation (1.1), is given by the following third order
nonlinear ordinary differential equation
5

T 447 + - —
1+t + |zz| 4+ exp(1/(1 4 |2Z]))

+<1+ ! ) ST
-t — x
4 14 1+ |zl

1 1 T

S+ —— (5
* <4 * 2+t2> ( T e/ + !wlﬁlfi’\)))
B 1
142 a2 a2 4 @2

(4.4)
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Equation (4.4) is equivalent to

T=y, Y=z,
. 1 4
z = — 4z
L4124+ 22 + y2 + 22
(4.5) z 1 1 Y
— —(=+— 3+
1+ 12 + |zy| + exp(1/(1 + |yz])) 4 1+1¢2 y 1+ |y

1 1 T
- (34 53%) o+ e v )
Comparing (1.2) and (4.5), we have the following:
(a) The function f(t,z,y, z) is defined as
4_ 1
L+t + |ay| + exp(1/(1+ |yz]))
1
1482+ |zy| + exp(1/(1 + |yz]))

(4.6)

(i) Now, since 0 <

<1lforallt>0,z,y and z,
it follows that
A< ft,2,y,2) <5
forall t > 0,z,y and z, where a =4 > 0 and a; =5 > 0.
(ii) From (4.6), we have
—2t

Flo9:2) = T oy (01 Tp2)E =

forallt > 0,2,y and z.
(iii) The derivative of the function in (4.6) with respect to x > 0 is

—y|

fo(t x,y,2) = 142+ |zy| + exp(1/(1 + |yz|))]?

and
.9
y <0
142 + |zy| + exp(1/(1 + [y2]))]? —

yf$<t7x7y7 Z) = [

forallt > 0,z,y and z.
(iv) Also, if z >0

y2

>0
L4 2+ |oy| + exp(1/(1 + [y2])]* —

yf-(t,z,y,2) = [
forallt > 0,2,y and z.
(b) The function

(4.7) g(w,y) =3y + —2

14 |zy|
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(i) Clearly ¢(0,0) = 0.
(ii) Since 0 <

< 1 for all z and y, it follows that
1+ |2y

9(z,y)
Y
for all x and y # 0, where b=3 > 0 and by =4 > 0.

(iii) For > 0, we have

3 < <4

_y2
9o, y) = ——F—=5 <0
D= P
for all z and .
(¢) The function h(z,y, z) is defined as
x
14 exp(1/(1 + |z|y?[2]))
from which we have the following estimates:
(i) Clearly, h(0,0,0) = 0.
1

ii) Since 0 < for all z,y and z, it follows that
) T exp(L/(1 + [2[2])

h,y, z)
x
for all x # 0,y and z, where o = 5 > 0.

ox +

>5

(iii) Furthermore,

[1+ lfy?2?[L + e*] + |z]y?[z]e"

h:c y Yy _5:
(:9,2) L+ [aly2 P + o

1
where 4w = —— . Since
1+ |z|y?|z]
[+ [2ly?[2P[1 + ] + |ly?|2le” _ 1
[T+ |z[y?[2[]2[1 + ev]? B

for all  when y = 0, it follows that

ho(z,0,0) < 6

for all x where ¢ =6 > 0 and ab > ¢ implies that 2 > 1.
(iv) Also,
22|y z et
h =———=2>0
y(ZE,y,Z) [1“‘6“]2 -

for all z,y and z.
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(v) Similarly for z > 0, we have

2,2, u
T4y“e
y >0

h =
(09:2) = T o 1 el 2

for all z,y and z.

(d) The functions ¢(t) and r(t) are

1 . 1 d 1 L 1
- and — + ——.
4 142 4 242
respectively.
1 1
(i) Since e > SR > 0 for all ¢ > 0, we have

<r(t) <q(t)

B~ =

1
for all t > 0, where 6; = 1 > 0.
(ii) Differentiating the functions ¢(t) and r(t) with respect to ¢, we obtain

. —2t . —2t
—2t —2t

Now, since 5 < 0 for all t > 0, we obtain

(1+1¢2)2 = (2+1t2)
q(t) <7(t) <0

for all ¢ > 0.

(e) It is not difficult to show that the function p(t,z,y, z) satisfies the integral in-
equality
1

/0 L+12 + 22 + 2 + 22

for all t > 0,2,y and z. Hence, all the assumptions of the theorems are satisfied and

dt < 0o

the conclusions follow.
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