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Abstract: In this work, we consider a system of coupled nonlinear second
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1. Introduction

The existence and multiplicity of positive solutions for nonlinear second order
BVP of ordinary differential equations have attracted many authors’ attention
and concern.

Johnny Henderson and H. Wang [6] considered a nonlinear second order
eigenvalue problem

u'(t) + Xa(t) f(u(t)) = 0, 0<t<I, }

w(0) =u(l) = 0. (1)

They determined the value of A (eigenvalue) for which there exist positive so-
lutions to the BVP(1).
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Ling Hu and Lianglong Wang [7] studied the existence of multiple positive
solutions for systems of nonlinear second order BVP.

—u”(x) - f(xav)a

—u'(z) = g(z,u), (2.)
au(0) — fu'(0) = 0, ~yu(l)+ o0u/(1) =0, ’
av(0) — o' (0) = 0, yv(l)+6'(1) =0

By the application of Krasnosel’skii [8] fixed-point theorem, the existence of
positive solutions of BVP (2) is established. Motivated by the works of [6]
and [7], this paper is concerned with the existence of positive solutions for the
coupled system of nonlinear second order eigenvalue problem

u”(t) + Aa(t) f (v(t)) =0,
0

v (t) 4 pb(t) , (3)
au(0) — pu'(0) =0, ~yu(l)+ou/(1) =0,
av(0) — B0’ (0) =0, ~yv(l) +dv'(1) =0,

where f,g € C([0,1], Ry), a,be C([0,1},Ry), «,f,7,6 >0 and
p=oy+By+ad>0.

A fixed-point theorem due to Krasnosel’skil [8] is applied to obtain positive
solution x s of the BVP(3), for each A,y belonging to an open interval.

2. Preliminary Notes

Obviously, (u,v) € C?[0,1] x C?[0,1] is the solution of the BV P(3) if and only
if (u,v) € C[0,1] x C|0, 1] is the solution of the system of integral equations

u(t) = A /O G(t, s)a(s)f(v(s))ds

1 (4)
o(t) = p /0 G(t, 5)b(s)g(u(s))ds

where G(t, s) is the Green’s function defined as follows:

Gt 5 (Y+6—)(B+as), 0<s<t<l,
t,s) =
(B+at)(y+d—7s), 0<t<s<1,

DI =
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The integral equation (4) can be transferred to the nonlinear integral equation

—)\/Gts </Gsr ())dr>ds,te(0,1) (5)

Lemma 2.1. (see [1], [3], [4], [7]): - The Green’s function G(t, s) satisfies

(i) G(t,s) < G(s,s), for 0 <t, s<1,
1
(i) Gt,5) > M- Gls,5), for § <1< Z 0<s<l1,

where

M:min{’y—ﬂm a+4ﬁ)}<1

4(y+0) " 4la+p

The proof of this lemma is standard and omitted.

Definition 2.2. The values of A, 1 for which there exist positive solutions
to the BVP(3) are called eigenvalues and the corresponding solutions u(t) >
0, v(t) > 0 are called eigenfunctions.

Let B = C]0,1] be a Banach space with norm |lu|| = Jax |u(t)|. Define a

cone K in B by
K=queB:u(t)>0and min u(t) > M|ul. ;.
1

Define an integral operator A : K — B by

—)\/Gts (/Gsr ())dr)ds,ueK (6)

Lemma 2.3. ( see [7]) If the operator A is defined as in (6), then A :
K — K is completely continuous.

Proof. : For each u € K, Au > 0 since the functions G,a,b, f and g are
non-negative. Hence Au(t) > 0. From lemma (1) and for u € K,

Au(t) = /Gts (/Gsr ())dr)d
/OGS,S (/Gsr ())dr>d

IN
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By the non-negativity of the functions G, a,b, f and g, we have

[Aul| < A/Ol G(s,s)a(s)f (M /OlG(S,T)b(T)g(U(T))dT) ds (7)

3

1
Also, for u € K and for 1 <t< T we have
1 1
min Au = min X [ G(¢s)a(s)f <,u G(s,r)b(r)g(u(r))dr) ds
1<t<3 <t<3 Jo 0

1

Vv

S
«Q
»
NG

S
@
~

T~

=

; ; G(s,r)b(r)g(u(r))dr) ds
= M| Au.

Hence, Au € K and consequently A(K) C K.
Since the functions G, a, b, f and g are continuous, it follows that A: K — K

is completely continuous. This completes the proof.
O

From the above arguments, we know that the existence of positive solutions
of the BVP(3) is equivalent to the existence of positive fixed points of the
operator A in the cone K.

3. Main Results

We begin this section by stating the Krasnosel’skii fixed-point theorem which
is also given in ( [2], [5], [8] ) for it important in establishing our main result.

Theorem 3.1. Let B be a Banach Space and K C B_be a cone in
B. Assume 4, are open subsets of B such that 0 € Q1,Q; C Qo. If
A: KN (52\91) — K is a completely continuous operator such that either

(i) ||Aul| < ||ul|, v € K NOQy and ||Aul| > ||ul|, v € K NI, or
(ii) ||Aul| > ||ul|, v € K N9oQy and ||Aul|| < [Jul], we K N 0Qe,
then A has a fixed point in K N (Q2\$1).

Next, the following conditions are assumed true:
Cy. f:]0,00) — [0,00) and ¢ : [0,00) — [0, 00) are continuous.

Cy. a:[0,1] — [0,00) and b : [0,1] — [0, 00) are continuous and
a(t) #0, b(t) # 0 on any subinterval of [0, 1].
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o fw) . oglu)
Cs. uli>r(r)lJr T N fo and ulig)lJr T = Yo
Cy. lim M = f. and lim M =g,
u—o0 U uU—o0 U
Theorem 3.2. Assume that conditions Cy,Cy,C3 and C4 are satisfied
and let
3/4 1 1
M/ G (—,s> a(s)ds | f.o > (/ G(s,s)a(s)ds) fo
1/4 2 0
and

<M lj:4G(r,r)b(r)dr> o > ( /0 1 G(r,r)b(r)dr) o

Then for each X\, p satisfying
1

1
i <A< T (8)
M G(=,s)a(s)ds | f., (/ G(s,s)a(s)ds) o
and
1 1
v <p < ] : (9)
M G(r,r)b(r)dr | g, </ G(r,r)b(r)dr) 9o
1/4 0
there exists at least one positive solution (u,v) of the BVP (3) in K.
Proof. : Let A, u be given as in (8) and (9). Choose £ > 0 such that
! <\ < !
3/4 1 - - 1
M G(z,s)a(s)ds | (f. —e) ( / G(s, s)a(s)ds> (fo +o)
1/4 2 0
(10)
and
! << ! (1)

1
<M 3/4 G(r,r)b(?”)d?”> (g —2) < ; G(r,r)b(r)dr> (9o +€)

1/4
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Now consider f, and g,: There exists a constant H; > 0 such that
flu) < (fy, +e)u, g(u) < (g, +¢e)u, for 0 <u < Hj.
For u € K with |lu|| = Hi, we have

/Gts (/Gsr ())dr)ds.

1 1
JAul < A / G(s, 8)a(s)(f, + ) / G(s, r)b(r)g(u(r))drds.

< / G(s,s)a(s)(f, +e)ds - ,u/ G(r,r)b(r)g(u(r))dr.

< / G(s,s)a(s)(f, +e)ds - M/Grrb(r)(go—i—e)udr.

< /Gss )(f, +e)ds - u/Grrb(r)(gO—l—s)-Hldr

< / G(s,s)a(s)(f, +e)ds - ,u/ G(r,r)b(r)(g, + €)l|ul|dr.
Using (10) and (11), we have

l4a] < Jull.
If we set Q1 = {u € B : ||ul]| < H1}, then
|Aul| < |lu]|, for u € (K N o).

Next, consider f._ and g_: There exists a constant Ho, > 0 such that
flw) > (f, —e)u and g(u) > (goo — €)u, for all u > Ha,.
Let Hy = max{2H,, Hoy /M}.

Then for v € K with ||u]| = Ha, we have

min_ wu(t) > M||u|| > Has and

1 1 1
) = 3 [ GG (i [ Gt d
03/4 1 0 3/4
> A [ GGt = [ Gl rbr)gulr)drds
1{;;4 1 14 3/4
> A [ GG et~ 2ds [ GnH) g, ~ uds
14 2 1/4
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3/4 1 3/4
> A G(5:8)als)(f —e)ds - pM? G(r,r)b(r) (9o —€)l|ulldr.
1/4 o 1/43/4
> M G(5,s)a(s)(f. —e)ds - uM G(r,r)b(r)(g. — €)llulldr.
14 2 1/4

Using (10) and (11), we have

u(5)| = Tl

1
Thus, 4] 2 4 (5) | 2 Jull = 140] 2 .

If we set Qo = {u € B : ||ul]| < Ha}, then ||Aul| > ||ul|, for u € (K N 0Ny).
By the first part of Theorem 1, it follows that the operator A has a fixed point

in K N (Q\ Q). O
Theorem 3.3. Assume that conditions Cq,Cy,C3 and C4 are satisfied
and let
3/4 1 1
M/ G <§,5> a(s)ds | f, > (/ G(S,s)a(s)ds) I
1/4 0
and

(M v G(r,r)b(r)dr) Gy > (/01 G(r,r)b(r)dr) G-

1/4
Then for each X\, p satisfying

1 1
<A< (12)
3/4 4 1
<M N G(i,s)a(s)d8> fo (/0 G(s,s)a(s)ds) foo
and
7 ! <p < T ! , (13)
r.m)b(r)dr G(r,r)b(r)dr | g,
(M 1/4G(,)b()d>g0 </0 (r,7)b(r) >g

there exists at least one positive solution (u,v) of the bvp (3) in K.

Proof. Let A, pu be given as in (12) and (13). Choose € > 0 such that

1 1
1

(M 3/4 G(%7s)a(s)ds> (4, </0 G(s,s)a(s)ds) (fo +e)

(14)

<A<

1/4
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and

3/4 : S T ! .
<M G(r,r)b(r)dr) (g, —€) (/0 G(T,T)b(?”)d’r) (9., +¢)

1/4
Consider f, and g,: There exists a constant H; > 0 such that f(u) > (f, —¢€)u
and g(u) > (g, —€)u, for 0 <u < Hj.

For u € K with |lu|| = Hi, we have

Au(l) = )\/ %,s)a </G5r ())dr>d
e

3/4
> (é, ) o [ Gls,rb(r)g(u(r))drds.
: 1/4 w
> (5, > —e)ds - uM » G(r,7)b(r)(g, — €)udr.
> <l ) —&)ds - pM> i G(r,m)b(r)(g, — &) ||ulldr
- 2’ 1/4 ’ ’ .
3/4 3/4
> MW/%G<2J>G(Kf—€WSLM4 [ Grn)a, i

Using (14) and (15), we have

‘Au(g)'zuuw

1
A (5)] 2 el = 1wl >

If weset Q; = {u € B : ||u|| < H1}, we have || Au|| > ||ul|, for v € (KNOQy).
Next, consider fy, and goo: Then there exists a constant Ho, > 0 such
that f(u) < (f. +¢)u and g(u) < (goo + €)u, for all u > Hy,.
There are two cases:

Thus, ||Aul| >

Case 1: Suppose f and g are bounded. Then there exists a constant
N >0, Ny > 0such that f(u) < N and g(u) < Ny, for 0 < u < 0.
i

Let Hy = max. {2H1, )\N/ G(s,s)a(s)ds}. Then for u € K and |ju|| = Ha,
0
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we have

1
Au(t) = X[ G(t,s)a(s) (,u/o G(s,r)b(r)g(u(r))dr) ds.

|[Aul] < X G(s,s)a(s)

IN
Q
—~
»
»
~—
S
—~
»
S—

IN
\
«Q
CtJ
CIJ

IN
\
«Q
CtJ
CIJ
>
oy

IN
Q
—
QI)
VA
~—
IS
—~
VA
~—
IS
VA

< w2l

= || Aul] < lull
If we set Qy = {u € B : ||u|]| < Ha}, then ||Aul| < ||lul|, for u € (K N 0Ns).

Case 2: Suppose f and g are not bounded and let Hy > max{2H;, Hs.}
be chosen such that Hy, < u < Hy. Then for u € K with ||u|| = Ha, we have

/Gts (/Gsr ())dr)ds.
/Gss (/lerbr u(r))dr)ds.

) (f +€) / G(s,r)b(r)g(u(r))drds.

< A G(s s)a(s) (f, +¢e)ds- u/ G(r,r)b(r)(g., +¢e)u-dr.

[ Au]

IN

IN
\
«Q
CIJ
ff/

< N[ G(s,8)a(s)(f, +¢e)ds- u/ G(r,m)b(r) (9., +¢&)|ulldr.
0

Using (14) and (15), we have || Au| < [jul.
If we set Qy = {u € B : ||u|]| < Ha}, then ||Aul| < |lul]| for u € (K N0Ns).
Therefore, in either case,

|Aul| < |lu||, for we (K NO0Qs).

By the second part of Theorem 3.1, the operator A has a fixed point in K N
(Q2\21). O
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