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Abstract: In this paper, we consider the Hyers-Ulam stability of some non-
linear second order ordinary and functional differential equations. As math-
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1. Introduction

Hyers-Ulam stability which started with Ulam [19] at a wide range talk given
before the Mathematics-Club of the University of Wincosin in 1940 on many
important unsolved problems had attracted the interest of many researchers.
Since then several authors have investigated the stability of linear differential
equations, some of these authors include: Hyers [11], Alsina and Ger [1], Miura
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et al [8,9], Takahasi et al [17,18].

However, only few authors have considered the Hyers-Ulam stabilty of non-
linear differential equations. These include: Rus[15,16], Ravi et al[14], Jing-
hao[6], Qarawani[11,12], Qusuay et al[10] and Motaza and Omid[7]. Motivation
for this study came from the work of Qusuay et al[10] where Hyers-Ulam sta-
bility of nonlinear differential equations of second order was considered using
Gronwall lemma.

In this paper, we consider the Hyers-Ulam stability of the nonlinear differ-
ential equation

u’(t) + f(t,ut), ' (t) =0 (1.1)
where u(t) € C*(I, R ), I = [tg,b)(b < 00) and f € C(I x R, % R,)

2. Preliminaries

In this section, we give some definitions, theorems, and lemma which will
be useful in subsequent discussion.

Lemma 2.1. (see Bihari [2,3]) Let u(t), f(t) be positive continuous func-
tions defined on a <t < b,(< o00) and K > 0, M > 0, further let w(u) be a
nonnegative nondecreasing continuous function for u > 0, then the inequality

u(t) < K + M/t f(s)w(u(s))ds, a<t<b (2.1)

implies the inequality

u(t) < Q7! (Q(k:) + M/tf(s)ds> ,a<t<V<b (2.2)
where “ g
Qu) = / @) 0<wup<u (2.3)

In the case w(0) > 0 or (0+) is finite, one may take up = 0 and Q7! is the
inverse function of Q for ¢ in the subinterval [a, ] of [a, b] such that

Q(k) + M/t f(s)ds € Dom(Q71).
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Definition 2.2. A function w is said to belong to a class S if it satisfies
the following conditions:
i w(u) > 0 is nondecreasing and w € C(R4,R4) for u > 0
1
i (—)w(u) < w(g) for all wand v > 1
v v
iii there exists a function ¢, continuous on [0,00) with w(u) < w(au) <
d(a)w(u) for >0, u>0.
Theorem 2.3. (see [4]) Suppose that
i u(t),'r(t),g(t) € C(I>R+)

il w(u) is a nonnegative, monotonic nondecreasing, continuous, submulti-
plicative function for u > 0
if
t t
u(t) < K —l—/ r(s)u(s)ds +/ g(s)w(s)ds, tel (2.4)

to to
for K > 0, a constant, then

u(t) exp (- /t:'r(s)ds>

<! (Q(K) + /tg(s)w <exp /Sr(é)d5> ds> tel (2.5)

to to
where
Q(u)z/uﬁ, 0<up<wu (2.6)
o @(8)
and Q7! is the inverse of {2 and t is in the subinterval (0,b) € I so that
QK) + /tg(s)w <exp /sr(é)d5> ds € Dom(Q™1). (2.7)
to to

Definition 2.4. Equation (1.1) is said to be Hyers-Ulam stable if there
exists constants K > 0, € > 0 and the solution u(t) € C*(I, R) of

u"(t) + f(t ut),u' (1) < e (2.8)

satisfies
lu(t) — up(t)| < Ke.

where ug(t) € C?(I,R) is a solution of equation (1.1) and K is the Hyers-Ulam
constant.
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3. Main Result

Our main results are presented in the following theorems.
In the first theorem we consider the Hyes-Ulam stability of a second order
differential equation which is nonlinear in only w(t)

i;mw+gwfw@>=o (3.1)
where a,b,g,€ C(I, Ry). and f € C(R4,R;) with f € S.

Theorem 3.1. Suppose that u(t) € C*(I,Ry) satisfies the differential
inequality:

u”(t) +a(t)u'(t) +

[u”(t) + a(t)u' () + Tlt) () +9@)f (u(t))] < e (3.2).

Then, if

t

1

j/—ds<pforp>0, and all t e Ry
to b(S)

L als) > /
ii —_— — u(s)|lds < m. for m >0
l;<w@ (s)lds < >
iii |[u/(t)] <A for A > 0.

t
1
iv limtﬁoo/ ——ds =M < oo for M >0
to bZ(S)
"g(s)
limtﬁoo/ ——ds=T < oo forT >0

to b(S)

are satisfied, equation (3.1) is Hyers-Ulam stable with the Hyers-Ulam constant

K defined as

K = (|E(to)] + A +p+m) MQ™ (1) + Tw(exp M)) (3.3)

Proof. Inequality (3.2), implies that

—e < u(t) +a(t)u'(t) + ﬁ () +9(t)f(u(t)) <€ (3-4)

it follows that

u%w+awwur+£5<w+gwfww>s6 (3.5)
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Define ”

E(t) = Z ((t)) Fult), u(t) £0, b0)#£0
clear]

' td (u(s)
E(t) = E(to) —i—/t 7 < b(s) + u(s)> ds
here
v u'(to)
E(to) b(to) +U(t0)
E(t) = E(ty) + /t (u/(s) + ZZ/((;;) - d’;(;) Z;EZ;) ds

Since b(t) is an increasing function, %(tt) > 0.

It follows from(3.8) that

E(t) < E(ty) + /tt <u’(s) + UN(S)) ds

Substituting for «”(¢) in (3.9) using (3.5), we have

B(0) < B(o) + | (u%s) - L (a<s>u’<s> T+ us) 1 g()Fuls)) ¢

b(s) b(s)

Replacing E(t) in (3.10) with (3.6), we have

=28 ((28 )t

81

))e
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u(t)] < |E(to)| +

+£(G§}—)ww+WQW@H§%mmeﬂ%)u

1
Using conditions (i-iii) with — < 1, we get

b(t)

t t s
|u(t)|<\E(t0)\—|—)\—|—ep—|—m+/t bQL(S)|u(s)|ds+/t % (Ju(s))ds (3.11)

Setting

and using them in (3.11), we have

\u(t)\<|E(to)\+A+ep+m+/t a(s)\u(s)\ds—i—/t () f(Ju(s))ds  (3.12)
with
f(lu(@®)]) = w(|u®)]) and e > 1
(3.12) becomes

lu(t)| < C’—l—/t a(s)\u(s)\ds—l—/t v(s)w(|u(s)|)ds (3.13)
where
C = 6(‘E(t0)| —I—)\—l—p—i-m)

thus, we have

u t u\s t
i [awtSlass [ Sha @

the application of theorem 2.3 then yields

u(®)] < CQ7H(Q(1)
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+ /t:’y(s)w <exp /t:a(é)cw) ds) <exp /tt a(s)ds>

using the condition (iv), we obtain
lu(t)] < CMQ 1 (Q(1) + Tw(exp M)) (3.15)
Substituting for C' in (3.15) gives
Ju(t) = uo(t)] < |u(t)] < €(|E(to)] + X+ p+m) MO (1) + Tw(exp M))
Therefore, equation (3.1) is Hyers-Ulam stable with the Hyers-Ulam constant
K = (|E(t))] + A +p+m) MQ ™ (Q(1) + Tw(exp M)) .

Example. To investigate Hyers-Ulam stability of the second order nonlin-
ear differential equation

u’(t) + 2/ () + t2u(t) + t 5P (t) =0

all the conditions (i-iv) of Theorem 3.1 are satisfied so the equations is Hyers-
Ulam stable.

Next we consider the Hyers-Ulam stability of a second order differential
equation which is nonlinear in both u(t). and u/(¥)

u”(t) + ¢(t)g(u(t)) h(u'(t)) = 0 (3.16)
together with initial condition
u(to) == u,(to) =0

where h,¢ € C(I,R;), g€ C(R4,Ry) and h(u) > 0.
Theorem 3.2. Let u(t) € C%(I, R, ) satisfy the differential inequality

" (£) + ¢(£)g(u(®))h(u/ (t))| < € (3.17)

for all t € T and for some € > 0, then there exists a solution ug(t) € C?*(I,R)
of equation(3.17) such that |u(t) — uo(t)| < Ke, for

K = %PQ*1 (Q(l) + %M) (3.18)

with G € S, provided the following conditions are satisfied:
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u(t)

i G(u(t)) = /(t )g(s)ds < 00
u(t) s

it R(u(t)) = /(t ) Ws)ds < 00

t
i1t limy oo [ |0 (8)]ds = M < oo
to
v aft) >0, where § >0
toq,
) [u /(S)‘ ds < P
to [h(u'(s))]
Proof. From (3.17), it follows that

—e <" (t) + o(t)g(u(t))h(u' (t)) < e for all t >t

u"(t) + o(t)g(u(t))h(u'(t)) < e forall >t

i oatuo (1) < s
Using (i) and (ii), we get
7dR(§t(t)) (t)dG(CZ(t)) < hulf/?t;) for all ¢ > to
Integrating by part from ¢ to ¢
RO(1) — oG () + [ (5)C(u(s))ds < / ION
u u " S u\s S S € ' h(ul(s)) S

Taking the absolute value of both sides, we have

|w'(s)|
h(]w'(s)])

t t
|R(u/ (1) — ¢()G (u(t))] < E/t ds+ | ¢'(s)G(|u(s)])ds

Setting
[R( () — ()G (u(t))| = alt)|u(t)||u(¢)]
for a(t) € C(I,Ry) So by (3.8), equation (3.7) becomes

a()u(t)|[d (t)] Se/ W/ (s)]

e

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Using condition (iv), we get

t u/ t
Shu(o)ll' o) < [ %m o IG s (3.25)

It follows that

« 1w L
0 < s ) e y™ s [, 1 OIC s 329

Using condition(v) and setting |[v/(¢)| < A, for A > 0, we have

\(())\_Mm—/w )IG(u(s) s
From the fact that G € S for

G(lu®)]) = w(fu®))

it follows that

)] < 5P+ 55 [ Ok(ueas (327
Setting /
L==P (3.28)
We have
D) <14 5 [0 a, (3.29)
using lemma 2.2 and equation(2.3) we obtain

O <ot (o) + 5 [ 1oeas)

By condition (iii), we have

lut)| < LO™! (Q( )+ 51)\M> (3.30)

Substituting for L from (3.28), equation (3.30) becomes

ju(t)] < = PO~ <Q(1) + %M)
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Since
[u(t) —u(to)| < |u(t)]
we have

MM%WWM<%HT%MD+%M>

Hence, equation(3.16) is Hyers-Ulam stable with Hyers-Ulam constant K
given as

R 1
K = = PQ (Q(l) + ﬁM> .

Example. To investigate Hyers-Ulam stability of the second order nonlin-
ear differential equation of the form

u (t) + 3P (t)u (t) = 0,

where —3 /t d—j < oo and h(u'(t)) = u(t)), u(ty) = u'(tg) = 0.

t()S
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